
Chapter 2 Notes

2.1 Linear Differential Equations; Method of Integrating Factors





2.3 Modeling with First-Order Differential Equations



2.4 Differences Between Linear and Nonlinear Differential Equations



2.5 Autonomous Differential Equations and Population Dynamics





2.6 Exact Differential Equations and Integrating Factors



2.8 The Existence and Uniqueness Theorem



2.9 First-Order Difference Equations





clear,clc;
u = zeros([1 15]);
n = zeros([1 15]);
p = 0.8;
u(1) = 0.3;
n(1) = 0;
for i = 2:15
    n(i) = i - 1;
    u(i) = p*u(i-1)*(1 - u(i-1));
end
plot(n,u)
xlabel 'n', ylabel 'u_n'
title 'p = 0.8   u_0 = 0.3'



clear,clc;
u = zeros([1 15]);
n = 0:1:14;
p = 1.5;
eq = (p-1)/p;
u(1) = 0.8;
for i = 2:15
    u(i) = p*u(i-1)*(1 - u(i-1));
end
hold on
plot(n,u)
plot(n,0*u + eq, '--')
grid on
xlabel 'n', ylabel 'u_n'
title 'p = 1.5   u_0 = 0.8'

clear,clc;
u = zeros([1 15]);
n = 0:1:14;
p = 2.8;
eq = (p-1)/p;
u(1) = 0.3;
for i = 2:15
    u(i) = p*u(i-1)*(1 - u(i-1));
end
hold on
plot(n,u)
plot(n,0*u + eq, '--')
grid on
xlabel 'n', ylabel 'u_n'
title 'p = 2.8   u_0 = 0.3'

clear,clc;
steps = 40;
u = zeros([1 steps]);
n = 0:1:steps-1;
p = 3.2;
eq = (p-1)/p;
u(1) = 0.4;
for i = 2:steps
    u(i) = p*u(i-1)*(1 - u(i-1));
end
hold on
plot(n,u)
plot(n,0*u + eq, '--')
grid on
axis([0 steps 0 1])
xlabel 'n', ylabel 'u_n'
title 'p = 3.2   u_0 = 0.4'



Chapter 3 Notes

3.1 Homogeneous Differential Equations with Constant Coefficients



3.2 Solutions of Linear Homogeneous Equations; the Wronskian









3.3 Complex Roots of the Characteristic Equation

clear, clc
syms a b t
u = exp(a*t)*cos(b*t);
v = exp(a*t)*sin(b*t);
A = [u v; diff(u) diff(v)]
simplify(det(A))  % Compute Wronskian



3.4 Repeated Roots; Reduction of Order





3.5 Nonhomogeneous Equations; Method of Undetermined Coefficients





3.6 Variation of Parameters



3.7 Mechanical and Electrical Vibrations





3.8 Forced Periodic Vibrations





















clear,clc;
t = 0:0.01:100;
sq = sqrt(255);
sq_16 = sq/16;
A = -1.2911; B = -0.1216;
uc = exp(-t/16).*(A*cos(sq_16*t) + B*sin(sq_16*t));
R = 3.2939; d = 0.041185; w = 0.3;
u = uc + R*cos(w*t - d);
hold on
plot(t,u)
plot(t, 3*cos(w*t), 'r--')
grid on

clear,clc;
w = 0.3;
syms u(t)
Du = diff(u,t);
eqn = diff(u,t,2) + (1/8)*Du + u == 3*cos(w*t);
cond = [u(0) == 2, Du(0) == 0];
uSol(t) = dsolve(eqn, cond);
t = 0:0.1:100;
hold on
plot(t,uSol(t))
plot(t, 3*cos(w*t), 'r--')
grid on



clear,clc
syms t A B w0 m
c2 = 1; c1 = 0; c0 = w0^2;  %coeffs of diff eq
y = (A*t)*cos(w0*t) + (B*t)*sin(w0*t);    %attempt
u = c2*diff(y,t,2) + c1*diff(y,t,1) + c0*y;
collect(u, [cos(w0*t), sin(w0*t)])





Chapter 4 Notes

4.1 General Theory of nth Order Linear Differential Equations



4.4 The Method of Variation of Parameters







Chapter 5 Notes

5.1 Review of Power Series









clear, clc
A = [0, 1, 0, -1/6]'
B = [1, 0, 0, 0;
     0, 1, 0, 0;
     -1/2, 0, 1, 0;
     0, -1/2, 0, 1]
D = rats(inv(B)*A)





5.2 Series Solutions Near an Ordinary Point, Part I



clear, clc
x = 0:0.01:10;
hold on
ylim([-2 2])   % set vert axis range
grid on
S = 1;
for n = 1:10
    y = S + (-1)^n*(x.^(2*n))/factorial(2*n);
    S = y;
    plot(x,y)
end
xlabel 'x', ylabel 'y'
title('Polynomial approximation to y = cos(x)')
legend('2n=2','2n=4','2n=6','2n=8','Location','southeast')



clear, clc
x = 0:0.01:10;
hold on
ylim([-2 2])   % set vert axis range
grid on
S = x;
for n = 1:10
    y = S + (-1)^n*(x.^(2*n+1))/factorial(2*n+1);
    S = y;
    plot(x,y)
end
xlabel 'x', ylabel 'y'
title('Polynomial approximation to y = sin(x)')
legend('2n+1=3','2n+1=5','2n+1=7','2n+1=9','Location','southeast')



5.5 Series Solutions Near a Regular Singular Point, Part I



5.6 Series Solutions Near a Regular Singular Point, Part II 



Roots r1 and r2 differing by an integer N





























5.7 Bessel's Equation







Bessel Equation of Order One







Chapter 6 Notes

Section 6.1 Definition of the Laplace Transform







Section 6.2 Solution of Initial Value Problems



Section 6.3 Step Functions



Section 6.4 Differential Equations with Discontinuous Forcing Functions

clear, clc
syms t
h(t) = 1/2 - (exp(-t/4)/2)*(cos(t*sqrt(15)/4) + (1/sqrt(15))*sin(t*sqrt(15)/4));
y(t) = heaviside(t-5)*h(t-5) - heaviside(t-20)*h(t-20);
fplot(y(t), [0,40])
ylim([-0.3, 0.8])
grid on
y_5 = y(5)
h1(t) = diff(h(t),t,1);
y1(t) = heaviside(t-5)*h1(t-5);
y1_5 = y1(5)
h_15 = vpa(h(15))
h1_15 = vpa(h1(15))
y2(t) = diff(y(t),t,2);
l = vpa(limit(y2(t),t,20,'left'))
r = vpa(limit(y2(t),t,20,'right'))
r-l



clear, clc
syms s t
d = s^2*(s^2+4)
partfrac(1/d)
h(t) = t/4 - (1/8)*sin(2*t);
y(t) = (1/5)*(heaviside(t-5)*h(t-5) - heaviside(t-10)*h(t-10));
fplot(y(t), [0,20])
grid on
ylim([-0.05, 0.35])
y1(t) = diff(y(t),t,1);
mx = vpasolve(y1(t)==0,t,[10, 11])
mn = vpasolve(y1(t)==0,t,[12, 13])
ymax = y(mx)
amp = (y(mx)-y(mn))/2



Chapter 7 Notes

7.4 Basic Theory of Systems of First-order Linear Equations







7.5 Homogeneous Linear Systems with Constant Coefficients



7.6 Complex-Valued Eigenvalues



7.7 Fundamental Matrices



Definition of Norm of Matrix

The Matrix exp(At) and Convergence



Definition of Convergent Series of Matrices

Lemma





Theorem Test for Convergence of a Matrix Series



Theorem Convergence of exp(A)



7.8 Repeated Eigenvalues





Chapter 8 Notes

8.1 the Euler or Tangent Line Method





8.4 Multistep Methods

Adams Methods

Second-order Adams-Bashforth formula





clear
syms t tn h fn fn1 fn2
A = [ tn^2,      tn,     1;
     (tn-h)^2,   tn-h,   1;
     (tn-2*h)^2, tn-2*h, 1];
B = [fn; fn1; fn2];
X = A\B  % solve AX = B
% X holds coefficients of the polynomial
% integrate the polynomial from tn to tn+h
int(X(1)*t^2 + X(2)*t + X(3), t, tn, tn+h)

clear
syms t tn h fn fn1 fn2 fn3
A = [ tn^3,       tn^2,      tn,     1;
     (tn-h)^3,   (tn-h)^2,   tn-h,   1;
     (tn-2*h)^3, (tn-2*h)^2, tn-2*h, 1;
     (tn-3*h)^3, (tn-3*h)^2, tn-3*h, 1];
B = [fn; fn1; fn2; fn3];
X = A\B  % solve AX = B
% X holds coefficients of the polynomial
% integrate the polynomial from tn to tn+h
int(X(1)*t^3 + X(2)*t^2 + X(3)*t + X(4), t, tn, tn+h)



Backward Differentiation Formulas



clear
syms t tn h yp1 yn yn1 yn2 fp1
E = [ (tn+h)^3,    (tn+h)^2,   tn+h,  1;
          tn^3,        tn^2,     tn,  1;
      (tn-h)^3,    (tn-h)^2,   tn-h,  1;
     (tn-2*h)^3, (tn-2*h)^2, tn-2*h,  1];
F = [yp1; yn; yn1; yn2];
x = E\F;  % solve Ex = F
% x holds coefficients of the polynomial
eqn = 3*x(1)*(tn + h)^2 + 2*x(2)*(tn + h) + x(3) == fp1;
yp1 = simplify(solve(eqn, yp1))

clear
syms t tn h yp1 yn yn1 yn2 yn3 fp1
E = [  (tn+h)^4,   (tn+h)^3,   (tn+h)^2,   tn+h,  1;
           tn^4,       tn^3,       tn^2,     tn,  1;
       (tn-h)^4,   (tn-h)^3,   (tn-h)^2,   tn-h,  1;
     (tn-2*h)^4, (tn-2*h)^3, (tn-2*h)^2, tn-2*h,  1;
     (tn-3*h)^4, (tn-3*h)^3, (tn-3*h)^2, tn-3*h,  1];
F = [yp1; yn; yn1; yn2; yn3];
x = E\F;  % solve Ex = F
% x holds coefficients of the polynomial
eqn = 4*x(1)*(tn + h)^3 + 3*x(2)*(tn + h)^2 + 2*x(3)*(tn + h) + x(4) == fp1;
yp1 = simplify(solve(eqn, yp1))



8.6 More on Errors; Stability

Vertical Asymptotes



Example 3



Chapter 9 Notes

9.1 The Phase Plane: Linear Systems













9.3 Locally Linear Systems









clear
% set plot boundaries around critical points
Xmin = -3*pi - 0.5; Xmax = 3*pi + 0.5;  
Ymin = -10; Ymax = 10;
% set how fine to make the grid of values
Step = 0.5;

% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        [hz, vt, ls] = DirFieldVec(x(i), y(j));
        % make slope vector a unit vector
        dx(i,j) = hz/ls;
        dy(i,j) = vt/ls;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel 'x1', ylabel 'x2'
st1 = 'Direction Field for ';
st2 = ' dx/dt = y, dy/dt = -9sin(x) - (1/5)y';
title(strcat(st1,st2))

% use ode45 to plot trajectories
hold on
% ode45 uses a function handle
% x = z(1), y = z(2)
f = @(t,z) [z(2);
            -9*sin(z(1)) - 0.2*z(2)];
tspan = [0,20];  % time interval for plot
% xy0 is several initial values as [x;y] points
% split points into 2 arrays for display purposes
A = [0, -10, -10, -10, -10, -10, -3.141;
     5,   7,   9,   6,   5, 3.87,  0];
B = [ 0, 10, 10, 10, 10;
     -5, -7, -9, -6, -5];
xy0 = [A,B];
for Col = 1:size(xy0, 2)  % # of columns of xy0
    [t,z] = ode45(f, tspan, xy0(:,Col));
    plot(z(:,1), z(:,2), 'b', 'LineWidth', 1)
end

function [hz, vt, ls] = DirFieldVec(x, y)
% Supply hz = dx/dt, vt = dy/dt from problem
% Output horiz, vert components of slope vector
% ls = length of the slope vector
hz = y;
vt = -9*sin(x) - 0.2*y;
ls = sqrt(hz^2 + vt^2);
end



9.4 Competing Species

clear
% set plot boundaries around critical points
Xmin = -0.05; Xmax = 1.5;  
Ymin = -0.05; Ymax = 1.2;
% set how fine to make the grid of values
Step = 0.05;

% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        [hz, vt, ls] = DirFieldVec(x(i), y(j));
        % make slope vector a unit vector
        dx(i,j) = hz/ls;
        dy(i,j) = vt/ls;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel 'x1', ylabel 'x2'
st1 = 'Direction Field for ';
st2 = ' dx/dt = x(1-x-y), dy/dt = y/4(3-4y-2x)';
title(strcat(st1,st2))

% use ode45 to plot trajectories
hold on
% ode45 uses a function handle
% x = z(1), y = z(2)
f = @(t,z) [z(1)*(1 - z(1) - z(2));...
            z(2)/4*(3 - 4*z(2) - 2*z(1))];
tspan = [0, 12];  % time interval for plot
% xy0 is several initial values as [x;y] points
% split points into 2 arrays for display purposes
A = [1.5, 1.4, 1.4, 1.4, 1.4, 0.8, 0.6, 0.4;
     0.2, 0.4, 0.6, 0.8, 1.0, 1.1, 1.1, 1.1];
B = [1.4,  0,  0.2, 0.1,  0.05, 0.05, 0.05, 0.1,  0.01;
      0,  1.0, 1.1, 0.05, 0.05, 0.1,  0.2,  0.01, 0.1];
xy0 = [A,B];
for Col = 1:size(xy0, 2)  % # of columns of xy0
    [t,z] = ode45(f, tspan, xy0(:,Col));
    plot(z(:,1), z(:,2), 'b', 'LineWidth', 1)
end
plot(1,0,'k','Marker','.', 'MarkerSize', 25)
plot(0,0.75,'k','Marker','.', 'MarkerSize', 25)
plot(0,0,'k','Marker','.', 'MarkerSize', 25)
plot(0.5,0.5,'k','Marker','.', 'MarkerSize', 25)

function [hz, vt, ls] = DirFieldVec(x, y)
% Supply hz = dx/dt, vt = dy/dt from problem
% Output horiz, vert components of slope vector
% ls = length of the slope vector
hz = x*(1 - x - y);
vt = y/4*(3 - 4*y - 2*x);
ls = sqrt(hz^2 + vt^2);
end



clear
% set plot boundaries around critical points
Xmin = -0.02; Xmax = 1.3;  
Ymin = -0.02; Ymax = 2.1;
% set how fine to make the grid of values
Step = 0.05;

% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        [hz, vt, ls] = DirFieldVec(x(i), y(j));
        % make slope vector a unit vector
        dx(i,j) = hz/ls;
        dy(i,j) = vt/ls;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel 'x1', ylabel 'x2'
st1 = 'Direction Field for ';
st2 = ' dx/dt = x(1-x-y), dy/dt = y(0.5-0.25y-0.75x)';
title(strcat(st1,st2))

% use ode45 to plot trajectories
hold on
% ode45 uses a function handle
% x = z(1), y = z(2)
f = @(t,z) [z(1)*(1 - z(1) - z(2));...
            z(2)*(0.5 - 0.25*z(2) - 0.75*z(1))];
tspan = [0, 20];  % time interval for plot
% xy0 is several initial values as [x;y] points
% split points into 2 arrays for display purposes
A = [1.2, 1.2, 1.2, 1.2, 1.2, 1.2, 1.2, 1.2;
     0.2, 0.4, 0.6, 0.8, 0.9, 1.2, 1.4, 1.6];
B = [ 0,  0.2, 0.1,  0.05, 0.05, 0.05, 0.1,  0.01;
     1.0, 1.1, 0.05, 0.05, 0.12, 0.15, 0.01, 0.1];
xy0 = [A,B];
for Col = 1:size(xy0, 2)  % # of columns of xy0
    [t,z] = ode45(f, tspan, xy0(:,Col));
    plot(z(:,1), z(:,2), 'b', 'LineWidth', 1)
end
plot(1,0,'k','Marker','.', 'MarkerSize', 25)
plot(0,2,'k','Marker','.', 'MarkerSize', 25)
plot(0,0,'k','Marker','.', 'MarkerSize', 25)
plot(0.5,0.5,'k','Marker','.', 'MarkerSize', 25)

function [hz, vt, ls] = DirFieldVec(x, y)
% Supply hz = dx/dt, vt = dy/dt from problem
% Output horiz, vert components of slope vector
% ls = length of the slope vector
hz = x*(1 - x - y);
vt = y*(0.5 - 0.25*y - 0.75*x);
ls = sqrt(hz^2 + vt^2);
end











9.5 Predator-Prey Equations

clear
% set plot boundaries around critical points
Xmin = -0.05; Xmax = 8.0;  
Ymin = -0.05; Ymax = 6.0;
% set how fine to make the grid of values
Step = 0.3;

% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        [hz, vt, ls] = DirFieldVec(x(i), y(j));
        % make slope vector a unit vector
        dx(i,j) = hz/ls;
        dy(i,j) = vt/ls;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel 'x', ylabel 'y'
st1 = 'Direction Field for ';
st2 = ' dx/dt = x(1 - 0.5y), dy/dt = y(-0.75 + 0.25x)';
title(strcat(st1,st2))

% use ode45 to plot trajectories
hold on
% ode45 uses a function handle
% x = z(1), y = z(2)
f = @(t,z) [z(1)*(1 - 0.5*z(2));...
            z(2)*(-0.75 + 0.25*z(1))];
tspan = [0, 8];  % time interval for plot
% xy0 is several initial values as [x;y] points
% split points into 2 arrays for display purposes
A = [3.0, 4.0;
     1.0, 2.0];
B = [1.0, 0.2;
     3.0, 5.0];
xy0 = [A,B];
% more ode45 points => smoother plot
opts = odeset('Refine', 8);
for Col = 1:size(xy0, 2)  % # of columns of xy0
    [t,z] = ode45(f, tspan, xy0(:,Col), opts);
    plot(z(:,1), z(:,2), 'b', 'LineWidth', 1)
end
% plot critical points
plot(0,0,'k','Marker','.', 'MarkerSize', 25)
plot(3,2,'k','Marker','.', 'MarkerSize', 25)

% plot individual species over time
tspan = [0, 25];
% initial condition x(0) = 2, y(0) = 1
[t,z] = ode45(f, tspan, [2,1], opts);
figure
hold on
plot(t,z(:,1))
plot(t,z(:,2))
xlabel 't', ylabel 'x, y'
legend('x - prey', 'y - predator')

function [hz, vt, ls] = DirFieldVec(x, y)
% Supply hz = dx/dt, vt = dy/dt from problem
% Output horiz, vert components of slope vector
% ls = length of the slope vector
hz = x*(1 - 0.5*y);
vt = y*(-0.75 + 0.25*x);
ls = sqrt(hz^2 + vt^2);
end



clear
A = sym([0, -3/2;
         1/2, 0]);
[evec,eval] = eig(A);
t = 0:0.1:30;
evec1 = evec(:,1);
x = evec1*exp(eval(1,1)*t);
u = real(x);
v = imag(x);
B = [u(:,1), v(:,1)];
C = linsolve(B,[2;1]);
p = C(1,1)*u + C(2,1)*v;
x1 = p(1,:);
x2 = p(2,:);
plot(t,x1)
hold on
plot(t,x2)







9.6 Liapunov's Second Method









9.7 Periodic Solutions and Limit Cycles





clear
syms r
partfrac(1/(r*(1-r^2)))



clear
figure
hold on
grid on
t = 0:0.1:5;
for p = [0.1, 1, 2]
    for a = [0, pi/4, pi/2, 3*pi/4, pi,...
             5*pi/4, 3*pi/2, 7*pi/4]
         r = 1./(sqrt(1+((1/p^2)-1)*exp(-2*t)));
         th = a - t;
         x = r.*cos(th);
         y = r.*sin(th);
         if p == 1
             plot(x,y, 'r', 'LineWidth', 2)
         else
             plot(x,y)
         end
    end    
end
axis equal





clear
% set plot boundaries around critical points
Xmin = -4.0; Xmax = 4.0;  
Ymin = -4.0; Ymax = 4.0;
u = 0.2;

figure
axis([Xmin, Xmax, Ymin, Ymax])
xline(0);  % show x and y axes
yline(0);
xlabel 'x', ylabel 'y'
st1 = 'Trajectories for ';
st2 = ' dx/dt = y, dy/dt = -x + u(1 - x^2)y';
title(strcat(st1,st2))

% use ode45 to plot trajectories
hold on
% ode45 uses a function handle
% x = z(1), y = z(2)
f = @(t,z) [z(2);...
            -z(1) + u*(1 - z(1)^2)*z(2)];
tspan = [0, 50];  % time interval for plot
% xy0 is several initial values as [x;y] points
xy0 = [-3.0, 0;
        2.0, 1/3];
% more ode45 points => smoother plot
opts = odeset('Refine', 8);
[t,z] = ode45(f, tspan, xy0(:,1), opts);
plot(z(:,1), z(:,2), 'r', 'LineWidth', 1)
[t,z] = ode45(f, tspan, xy0(:,2), opts);
plot(z(:,1), z(:,2), 'b', 'LineWidth', 1)

% plot u = x(t) over time
tspan = [0, 50];
figure
grid on
hold on
[t,z] = ode45(f, tspan, [-3,2], opts);
plot(t,z(:,1),'r')
[t,z] = ode45(f, tspan, [0,1/3], opts);
plot(t,z(:,1),'b')
xlabel 't', ylabel 'u(t)'



clear
% set plot boundaries around critical points
Xmin = -4.0; Xmax = 4.0;  
Ymin = -4.0; Ymax = 4.0;
u = 1.0;

figure
axis([Xmin, Xmax, Ymin, Ymax])
xline(0);  % show x and y axes
yline(0);
xlabel 'x', ylabel 'y'
st1 = 'Trajectories for ';
st2 = ' dx/dt = y, dy/dt = -x + u(1 - x^2)y';
title(strcat(st1,st2))

% use ode45 to plot trajectories
hold on
% ode45 uses a function handle
% x = z(1), y = z(2)
f = @(t,z) [z(2);...
            -z(1) + u*(1 - z(1)^2)*z(2)];
tspan = [0, 10];  % time interval for plot
% xy0 is several initial values as [x;y] points
xy0 = [-3.0, 0;
        2.0, 1/3];
% more ode45 points => smoother plot
opts = odeset('Refine', 8);
[t,z] = ode45(f, tspan, xy0(:,1), opts);
plot(z(:,1), z(:,2), 'r', 'LineWidth', 1)
[t,z] = ode45(f, tspan, xy0(:,2), opts);
plot(z(:,1), z(:,2), 'b', 'LineWidth', 1)

% plot u = x(t) over time
tspan = [0, 50];
figure
grid on
hold on
[t,z] = ode45(f, tspan, [-3,2], opts);
plot(t,z(:,1),'r')
[t,z] = ode45(f, tspan, [0,1/3], opts);
plot(t,z(:,1),'b')
xlabel 't', ylabel 'u(t)'



clear
% set plot boundaries around critical points
Xmin = -3.0; Xmax = 3.0;  
Ymin = -8.0; Ymax = 8.0;
u = 5.0;

figure
axis([Xmin, Xmax, Ymin, Ymax])
xline(0);  % show x and y axes
yline(0);
xlabel 'x', ylabel 'y'
st1 = 'Trajectories for ';
st2 = ' dx/dt = y, dy/dt = -x + u(1 - x^2)y';
title(strcat(st1,st2))

% use ode45 to plot trajectories
hold on
% ode45 uses a function handle
% x = z(1), y = z(2)
f = @(t,z) [z(2);...
            -z(1) + u*(1 - z(1)^2)*z(2)];
tspan = [0, 50];  % time interval for plot
% xy0 is several initial values as [x;y] points
xy0 = [-3.0, 0;
        2.0, 1/3];
% more ode45 points => smoother plot
opts = odeset('Refine', 8);
[t,z] = ode45(f, tspan, xy0(:,1), opts);
plot(z(:,1), z(:,2), 'r', 'LineWidth', 2)
[t,z] = ode45(f, tspan, xy0(:,2), opts);
plot(z(:,1), z(:,2), 'b', 'LineWidth', 1)

% plot u = x(t) over time
tspan = [0, 50];
figure
grid on
hold on
[t,z] = ode45(f, tspan, [-3,2], opts);
plot(t,z(:,1),'r')
[t,z] = ode45(f, tspan, [0,1/3], opts);
plot(t,z(:,1),'b')
xlabel 't', ylabel 'u(t)'



9.8 Chaos and Strange Attractors: The Lorenz Equations

clear
syms r n
J = [   -10,               10,                0;
           1,              -1,          -sqrt(8*(r-1)/3);
      sqrt(8*(r-1)/3), sqrt(8*(r-1)/3),      -8/3];
p = det(J - n*eye(3));
p = collect(-3*p,n)  % positve integer leading coefficient
dp = diff(p,n,1);  % find rel max and min of p
c = coeffs(dp,n,'all')
rdp = roots(c)  % values of n where derivative is 0
% the two values are a function of r
pr2 = subs(p,n,rdp(2));  % take p value of rel min
% pr2 is a function of r
s = vpa(solve(pr2==0),8)  % value of r where rel min is 0
p = subs(p,r,1.4);  % example plot
fplot(p)
xlim([-15,5])
ylim([-100,500])
grid on



clear
s = 10; b = 8/3;
r = 28;
cp = [5,5,5];

% use ode45 to plot trajectories
% ode45 uses a function handle
% x = z(1), y = z(2), z = z(3)
f = @(t,z) [s*(-z(1) + z(2));...
            r*z(1) - z(2) - z(1)*z(3);...
            -b*z(3) + z(1)*z(2)];
tspan = [0, 25];  % time interval for plot
% more ode45 points => smoother plot
opts = odeset('Refine', 10);
[t,z] = ode45(f, tspan, cp, opts);
figure
hold on
grid on
plot(t,z(:,1), 'b')
plot(t,z(:,2), 'r')
plot(t,z(:,3), 'g')
title(strcat('r =  ',num2str(r)))
yline(0)

clear
s = 10; b = 8/3;
r = 28;
cp = [5,5,5];

% use ode45 to plot trajectories
% ode45 uses a function handle
% x = z(1), y = z(2), z = z(3)
f = @(t,z) [s*(-z(1) + z(2));...
            r*z(1) - z(2) - z(1)*z(3);...
            -b*z(3) + z(1)*z(2)];
tspan = [0, 25];  % time interval for plot
% more ode45 points => smoother plot
opts = odeset('Refine', 10);
[t,z] = ode45(f, tspan, cp, opts);
figure
hold on
grid on
plot(t,z(:,1), '--b', 'LineWidth', 1)
cp = [5.01,5,5];
[t,z] = ode45(f, tspan, cp, opts);
plot(t,z(:,1), 'k', 'LineWidth', 1)
title('x(0) = 5.0 vs. 5.01')
legend('5.0', '5.01', 'Location', 'northwest')
yline(0)



clear
s = 10; b = 8/3;
r = 21;
cp = [3,8,0];

% use ode45 to plot trajectories
% ode45 uses a function handle
% x = z(1), y = z(2), z = z(3)
f = @(t,z) [s*(-z(1) + z(2));...
            r*z(1) - z(2) - z(1)*z(3);...
            -b*z(3) + z(1)*z(2)];
tspan = [0, 30];  % time interval for plot
% more ode45 points => smoother plot
opts = odeset('Refine', 10);
[t,z] = ode45(f, tspan, cp, opts);
figure
hold on
grid on
plot(t,z(:,1), 'b')
plot(t,z(:,2), 'r')
plot(t,z(:,3), 'g')
title(strcat('r =  ',num2str(r),'  P1 = (3,8,0)'))
yline(0)

clear
s = 10; b = 8/3;
r = 21;
ip = [5,5,10];  % initial point

% use ode45 to plot trajectories
% ode45 uses a function handle
% x = z(1), y = z(2), z = z(3)
f = @(t,z) [s*(-z(1) + z(2));...
            r*z(1) - z(2) - z(1)*z(3);...
            -b*z(3) + z(1)*z(2)];
tspan = [0, 50];  % time interval for plot
% more ode45 points => smoother plot
opts = odeset('Refine', 10);
[t,z] = ode45(f, tspan, ip, opts);
figure
hold on
grid on
plot(t,z(:,1), 'b')
plot(t,z(:,2), 'r')
plot(t,z(:,3), 'g')
title(strcat('r =  ',num2str(r),'  ip = (5,5,10)'))
yline(0)



clear
s = 10; b = 8/3;
r = 21;
ip = [5,5,5];  % initial point

% use ode45 to plot trajectories
% ode45 uses a function handle
% x = z(1), y = z(2), z = z(3)
f = @(t,z) [s*(-z(1) + z(2));...
            r*z(1) - z(2) - z(1)*z(3);...
            -b*z(3) + z(1)*z(2)];
tspan = [0, 150];  % time interval for plot
% more ode45 points => smoother plot
opts = odeset('Refine', 10);
[t,z] = ode45(f, tspan, ip, opts);
figure
hold on
grid on
plot(t,z(:,1), 'b')
plot(t,z(:,2), 'r')
plot(t,z(:,3), 'g')
title(strcat('r =  ',num2str(r),'  ip = (5,5,5)'))
yline(0)

clear
s = 10; b = 8/3;
r = 28;
ip = [5,5,5];  % initial point

% use ode45 to plot trajectories
% ode45 uses a function handle
% x = z(1), y = z(2), z = z(3)
f = @(t,z) [s*(-z(1) + z(2));...
            r*z(1) - z(2) - z(1)*z(3);...
            -b*z(3) + z(1)*z(2)];
tspan = [0, 25];  % time interval for plot
% more ode45 points => smoother plot
opts = odeset('Refine', 10);
[t,z] = ode45(f, tspan, ip, opts);
figure
hold on
grid on
plot(z(:,1),z(:,2), 'b')
xlabel('x'); ylabel('y')
title(strcat('r =  ',num2str(r)))



clear
s = 10; b = 8/3;
r = 28;
ip = [5,5,5];  % initial point

% use ode45 to plot trajectories
% ode45 uses a function handle
% x = z(1), y = z(2), z = z(3)
f = @(t,z) [s*(-z(1) + z(2));...
            r*z(1) - z(2) - z(1)*z(3);...
            -b*z(3) + z(1)*z(2)];
tspan = [0, 25];  % time interval for plot
% more ode45 points => smoother plot
opts = odeset('Refine', 10);
[t,z] = ode45(f, tspan, ip, opts);
figure
hold on
grid on
plot(z(:,1),z(:,3), 'b')
xlabel('x'); ylabel('z')
title(strcat('r =  ',num2str(r)))



Chapter 10 Notes

10.1 Two - Point Boundary Value Problems









10.5 Separation of Variables; Heat Conduction in a Rod



clear
a = pi^2/2500;
x = 0:0.01:50;
figure
ylim([0,30])  % make room for legend
yline(20)     % f(x) at t = 0
hold on
grid on
for t = [20,50,150,300]
    sum = 0;
    for n = [1,3,5]
        e = (80/pi)*exp(-n^2*a*t);
        s = sin(n*pi*x/50);
        sum = sum + e*s/n;
    end
    plot(x,sum)
end
xlabel('x')
ylabel('u(x,t)')
legend('t = 0', 't = 20', 't = 50',...
       't = 150', 't = 300','Location',"north")

clear
a = pi^2/2500;
t = 0:0.1:500;
figure
yline(0,'b','LineWidth',2)    % u(x,t) at x = 0
hold on
grid on
for x = [1,5,15,25]
    sum = 0;
    for n = [1,3,5,7,9]       % first 5 terms
        e = (80/pi)*exp(-n^2*a*t);
        s = sin(n*pi*x/50);
        sum = sum + e*s/n;
    end
    plot(t,sum,'LineWidth',2)    
end
xlabel('t')
ylabel('u(x,t)')
legend('x = 0', 'x = 1', 'x = 5',...
       'x = 15', 'x = 35','Location',"northeast")

clear
a = pi^2/2500;
% skip 5 on t array to spread out colors
[x,t] = meshgrid(0:50, 0:5:250);
u = zeros(size(x,1), size(x,2));
for n = 1:2:19      % first 10 terms
    e = (80/pi)*exp(-n^2*a*t);
    s = sin(n*pi*x/50);
    u = u + e.*s/n;  % u(x,t) to 10 terms
end

sc = surfc(u);   % plot surface and contours
ax = gca;        % these lines move contour
ax.ZLim(2) = 30; %  plot to z = 30
sc(2).ZLocation = 'zmax';

xlabel('x')
ylabel('t')
% relabel y-ticks since skipped x5 in meshgrid
yticklabels({50,100,150,200,250})
zlabel('u(x,t)')

view([132.8 26.5]) % from experimentation



10.6 Other Heat Conduction Problems



clear
a2 = 1;
L = 30;        % length of rod
x = 0:0.01:L;  % extent of plot
u0 = 60 - 2*x; % initial condition
v = 20 + x;    % steady-state temp
Nterms = 20;   % # of terms in series
figure
hold on
grid on
for t = [2,10,30]
    w= 0;
    for n = 1:Nterms
        coef = (80 + 100*cos(n*pi))/(n*pi);
        e = exp(-n^2*pi^2*a2*t/L^2);
        s = sin(n*pi*x/L);
        w = w + coef*e*s;  % Fourier sum
    end
    u = w + v;
    plot(x,u,'LineWidth',1.5)
end
plot(x,u0,'g','LineWidth',1.5) % init condition
plot(x,v,'c','LineWidth',1.5)  % steady-state temp
xlabel('x')
ylabel('u(x,t)')
legend('t = 2','t = 10','t = 30',...
       'initial', 'steady-state',...
       'Location','north')



clear
a2 = 1;
L = 25;        % length of rod
x = 0:0.01:L;  % extent of plot
N = 5;         % # of terms
figure
hold on
grid on
plot(x,x,'LineWidth',1.5)    % t = 0
c0 = 25;
for t = [2,10,40]
    u = c0/2;
    for n = 1:2:2*N    % just odd terms
        coef = -100/(n^2*pi^2);
        e = exp(-n^2*pi^2*a2*t/L^2);
        c = cos(n*pi*x/L);
        u = u + coef*e*c;  % Fourier sum
    end
    plot(x,u,'LineWidth',1.5)
end
yline(c0/2,'LineWidth',1.5)  % steady-state temp
xlabel('x')
ylabel('u(x,t)')
legend('t = 0', 't = 2','t = 10','t = 40',...
       't = inf','Location','north')

10.7 The Wave Equation: Vibrations of an Elastic String

clear
syms n x
L = 30;
s = sin(n*pi*x/L);
f1 = (x/10);
f2 = (30-x)/20;
cn = (2/L)*(int(f1*s,x,0,10) + int(f2*s,x,10,30))



clear
a = 2;
L = 30;        % length of rod
x = 0:0.01:L;  % extent of plot
               % initial condition
ic = x/10.*heaviside(10-x) +...
     ((30-x)/20).*heaviside(x-10);
N = 25;        % # of terms
figure
hold on
grid on
plot(x,ic,'k','LineWidth',1.5)   % t = 0
for t = [4,7.5,11,15]
    u = zeros(1,length(x));  % initialize
    for n = 1:N  
        coef = 9*sin(n*pi/3)/(n^2*pi^2);
        sc = sin(n*pi*x/L)*cos(n*pi*a*t/L);
        u = u + coef*sc;  % Fourier sum
    end
    plot(x,u,'LineWidth',1.5)
end
yline(0)  % x-axis
xlabel('x')
ylabel('u(x,t)')
legend('t = 0', 't = 4','t = 7.5','t = 11',...
       't = 15','Location','northeast')



clear
a = 2;
L = 30;        % length of rod
t = 0:0.01:60; % 2 periods
N = 25;        % # of terms
figure
hold on
grid on
for x = [0,5,10,15,25]
    u = zeros(1,length(t));
    for n = 1:N
        coef = 9*sin(n*pi/3)/(n^2*pi^2);
        sc = sin(n*pi*x/L)*cos(n*pi*a*t/L);
        u = u + coef*sc;  % Fourier sum
    end
    plot(t,u,'LineWidth',2)
end
xlabel('t')
ylabel('u(x,t)')
legend('x = 0', 'x = 5', 'x = 10',...
       'x = 15', 'x = 25','Location','south')

clear
a = 2;
L = 30;        % length of rod
N = 25;        % numbrr of termd
[x,t] = meshgrid(0:30, 0:30);
u = zeros(size(x,1), size(x,2));
for n = 1:N
    coef = 9*sin(n*pi/3)/(n^2*pi^2);
    sc = sin(n*pi*x/L).*cos(n*pi*a*t/L);
    u = u + coef*sc;  % Fourier sum
end

sc = surfc(u);   % plot surface and contours
xlabel('x')
ylabel('t')
zlabel('u(x,t)')

view([-245.76 34.69])  % after interacting trial-and-error



10.8 Laplace's Equation

clear
syms n y
a = 3;
b = 2;
f1 = y;
f2 = 2-y;
s = sin(n*pi*y/b);
kn = (2/b)*(int(f1*s,y,0,1) + int(f2*s,y,1,b));
cn = simplify(kn/sinh(n*pi*a/b))

clear
a = 3;
b = 2;
[x,y] = meshgrid(0:0.1:a, 0:0.1:b);
u = zeros(size(x,1), size(x,2));
for n = 1:20      % first 20 terms
    cn = 8*sin(n*pi/2)/(n^2*pi^2*sinh(3*n*pi/2));
    sh = sinh(n*pi*x/b);
    s = sin(n*pi*y/b);
    u = u + cn*sh.*s;  % u(x,y) to 20 terms
end

sc = surfc(u);    % plot surface and contours
ax = gca;         % these lines move contour
ax.ZLim(2) = 1.1; %  plot to z = 1.3
sc(2).ZLocation = 'zmax';

xlabel('x')
ylabel('y')
% relabel x-ticks, y-ticks
xticklabels({0.5,1.0,1.5,2.0,2.5,3.0})
yticklabels({0.5,1.0,1.5,2.0})
zlabel('u(x,y)')

contour(u,9,'ShowText','on')
xticklabels({0.5,1.0,1.5,2.0,2.5,3.0})
yticklabels('')



Dirichlet Problem for a Circle



Appendix A

Derivation of the Heat Conduction Equation





Chapter 11 Notes

11.1 The Occurrence of Two-Point Boundary Value Problems



clear
syms x
figure
axis([0,20,-10,20])
hold on
xline(0)
yline(0)
fplot(x)
for n = 1:6
    fplot(-tan(x-n*pi),[0,20])
    % start estimation just to right of pi/2
    a = vpasolve(tan(x)==-x,x,(2*n-1)*pi/2 + 0.1);
    n,a
end

figure
hold on
fplot(-tanh(x))
fplot(x)
xline(0)
yline(0)



11.2 Sturm-Liouville Boundary Value Problems











11.3 Nonhomogeneous Boundary Value Problems





clear
syms x
figure
sq2 = sqrt(2);
y1 = -x/2 + sin(sq2*x)/(sin(sq2)+sq2*cos(sq2));
fplot(y1,[0,1],'r')  % exact solution
ylim([0,0.4])
% solve for lambda
u1 = vpasolve(-tan(x)==x, x, pi/2 + 0.1);
u2 = u1^2;
y = 4*sin(u1)*sin(u1*x)/(u2*(u2-2)*(1+cos(u1)^2));
hold on
fplot(y,[0,1],'b')  % plot just one term
grid on

clear
x = 0:0.005:1;
% get exact solution
sq2 = sqrt(2);
y_ex = -x/2 + sin(sq2*x)/(sin(sq2)+sq2*cos(sq2));
y_est = SolEst(3);
plot(x,y_est - y_ex,'r')
grid on
ylabel('y'); xlabel('x');

y_est = SolEst(15);
plot(x,y_est - y_ex,'r')
grid on
ylabel('y'); xlabel('x');

function y = SolEst(NumTerms)
syms z
x= 0:0.005:1;
y = 0;
for n = 1:NumTerms
    % start estimation just to right of pi/2
    e = (2*n-1)*pi/2;
    u1 = vpasolve(-tan(z)==z, z, e + 0.1);
    u2 = u1^2;
    y = y + 4*sin(u1)*sin(u1*x)/...
            (u2*(u2-2)*(1+cos(u1)^2));
end
end



11.5 Further Remarks on the Method of Separation of Variables





11.6 Series of Orthogonal Functions: Mean Convergence

clear
syms x
f = 1;
Nmax = 20;     % number in series
N = [1 Nmax];  % array for x-axis
Rn = [1 Nmax]; % array for mean square error
Sn = 0;        % initialize for partial sums
for m = 1:Nmax  % compute partial sums, error
    N(m) = m;
    coef = 2*(1-cos(m*pi))/(m*pi);
    Sn = Sn + coef*sin(m*pi*x);   % next partial sum
    Rn(m) = vpaintegral((f-Sn)^2,x,0,1);  % mean square error
end

plot(N,Rn,'b*','LineWidth',1.5)
grid on
xlabel('N');ylabel('Rn')
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