Chapter 2 Notes

2.1 Linear Differential Equations; Method of Integrating Factors
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2.3 Modeling with First-Order Differential Equations
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2.4 Differences Between Linear and Nonlinear Differential Equations
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An important geometrical consequence of the uniqueness parts of Theorems 2.4.1 and
2.4.2 is that the graphs of two solutions cannot intersect each other. Otherwise, there would
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point where it fails to exist and to be differentiable. The one exceptional solution shows that
solutions may sometimes remain continuous even at points of discontinuity of the coefficients.
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2.5 Autonomous Differential Equations and Population Dynamics
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in the ¢ y-plane. Thus, although other solutions may be asymptotic to the equilibrium solution
as 1 — 00, they cannot intersect it at any finite time. Consequently, a solution that starts in
the interval 0 < y < K remains in this interval for all time, and similarly for a solution that
starts in K < y < oo.
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2.6 Exact Differential Equations and Integrating Factors
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2.8 The Existence and Uniqueness Theorem
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2.9 First-Order Difference Equations
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clear,clc;
u = zeros([1 15]);

n zeros([1 15]);
0.8;

3(2) = 0.3;
n(1) = 0;

for i

end

= 2:1§
ugig = pruCi-1)*(1 - u(i-1));



clear,clc;
u = zeros([1 15]);

n =0:1:14;
p=1.5;

eq = (p-1)/p;
u(l) = 0.8;

for i = 2:15
u(i) = p*u(i-1)*(1 - u(i-1));
end

hold on

plot(n,u)

plot(n,0*u + eq, "--%)
grid on

xlabel "n", ylabel "u n-
title "p =15 u 0 =0.8"

clear,clc;
u zeros([1 15]);
n 0:1:14;
p = 2.8;
eq = (p-1)/p;
u(l) = 0.3;
for i = 2:15
u(i) = p*u(i-1)*(1 - u(i-1));
end
hold on
plot(n,u)
plot(n,0*u + eq, "--7)
grid on
xlabel "n", ylabel “u n~
title "p = 2.8 uo0=0.3"

clear,clc;
steps = 40;
u zeros([1 steps]);
n 0:1:steps-1;
p=3.2;
eq = (p-1)/p;
u(l) = 0:4;
for i = 2:steps
u(i) = p*u(i-1)*(1 - u(i-1));
end
hold on
plot(n,u)
plot(n,0*u + eq, "--7)
grid on
axis(JO steps 0 1])
xlabel "n", ylabel "u_n®
title "p = 3.2 u—0=04"
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Chapter 3 Notes

3.1 Homogeneous Differential Equations with Constant Coefficients
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3.2 Solutions of Linear Homogeneous Equations; the Wronskian
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On the other hand, if W = 0, then the denominators appearing in equations (10) and (11)
are zero. In this case equations (8) have no solution unless y, and y; have values that also
make the numerators in equations (10) and (11) equal to zero. Thus, if W = 0, there are many
initial conditions that cannot be satisfied no matter how ¢; and ¢, are chosen.
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Theorem 3.2.4

Suppose that y; and y- are two solutions of the second-order linear differential equation (2),
Liyl=y"+ p(0)y +q(t)y =0.
Then the two-parameter family of solutions
y=cyi(1) +cay2(1)

with arbitrary coefficients ¢| and ¢, includes every solution of equation (2) if and only if there is a
point ¢, where the Wronskian of y, and y, is not zero.

/k/OYLC 7"4avl no /'ml/‘a/ cmoﬂyf'ﬁns ayt szaﬁo/ /h /er/'Sf.



That (5, Y, andy, S‘«v/r'siy A /majrmous Cguc
without inifial condifions given, T soyron 324
says you (méf neid 2 /’mc/</ona/rn/ solulrons 5.
WTY, 9,3 20 af some X, in ovde to Find 2]

Sof i bims.



3.3 Complex Roots of the Characteristic Equation
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clear, clc

syms a b t

u = exp(a*t)*cos(b*t);

v = exp(@*t)*sin(b*t);

A = [u v; diff(u) diff(v)]
simplify(det(A)) % Compute Wronskian

A =

( e?’ cos(bt) e?!sin(bt) )

ae*’cos(bty—hbevsin(bt) ae‘’sin(bt)+ be* cos(bi)
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3.4 Repeated Roots; Reduction of Order
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3.5 Nonhomogeneous Equations; Method of Undetermined Coefficients
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the right-hand side of equation (33). Note that if ac:®> + ba + ¢ is zero, then e®' is a solution
of the homogeneous equation.
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If both aar? 4+ b + ¢ and 2ac + b are zero (and this implies that both ¢®’ and 7e®’ are
solutions of the homogeneous equation), then the correct form for u(¢) is t>(Agt" +- - -+ A,).
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fummar\/ .

TABLE 3.5.1 The Particular Solution of ay” 4 by’ +cy = gi(¢)

&i(t) Y; (1)

P,(t) =apt" +ayt" ' +---+a, B (Agt" + A" 4. 4+ Ap)
P,(1)e™! PCAGtY 4 At L o A, e
¢ ) sin Bt 1
Py(t)e® {cosﬁt t* ((Aot" + A" 4 Ay) e cos(Bt)

+(Bot" + Byt"' + - + B,)e"" sin(31))

Notes: Here, s is the smallest nonnegative integer (s = 0, 1, or 2) that will ensure
that no term in Y;(#) is a solution of the corresponding homogeneous equation.
Equivalently, for the three cases, s is the number of times 0 is a root of the

characteristic equation, « is a root of the characteristic equation, and ov + i3 is a
root of the characteristic equation, respectively.
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3.6 Variation of Parameters

u (D) y1(t) + us(2) y2(r) = 0. 21

W (1) ¥ (1) + ub(2) vy(t) = g(1). (25)
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3.7 Mechanical and Electrical Vibrations
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The motion is called a damped oscillation or a damped vibration. The amplitude factor R
depends on m, -y, k, and the initial conditions.
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3.8 Forced Periodic Vibrations
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5 (3)

j- /i\ra/a,,( — ): -0.0$3/4

= JF-0.08014 = 3 5¢qE

p 1 <T¢2 s
0/(;3_' cq S O M:'T(< 2 (/(Mo/rra/a/o hg

anq/ fZesenance Can (’x/'syl—

Solu drom *

£/ 255 /255
u(z‘):e’/”’(Acos( T r)+Bsin( T

u(o)= 2. u'l)=0

)) ¢ Peos(wit-1)

W=03: ylo)~ A 3-2739505/0.0‘///Y5'>
2

At 32911 2, A=-/29//
U’lo) = L (A) + (/5 ﬁ?r) (wszh(‘b

= g0%069 1t R (4.7720) + /3.2735’>(6.3>(ﬁ.04)l7>




= (0.9950) 8 r0.(213¢ =0, R=-6./20
From AMATLAR

clear,clc;
t = 0:0.01:100; !
sq = sqrt(255);

sq_16 = sq/16; LU | [ /

A = -1.2911; B = -0.1216; ELEE L :
uc = exp(-t/16) .*(A*cos(sq_16*t) + B*sin(sq_16*t)); 1 o 111 [ \
R = 3.2939; d = 0.041185; w = 0.3; | \ I - {1
U = uc + R*cos(w*t - d); LBt F ¥ -
hold on HOE=E % .
plot(t,u) 2 S \ \ \
plot(t, 3*cos(w*t), "r--") b \ ' '

grid on N ' :

Or, move s/'nf)/ﬂ/yi

clear,clc;

w = 0.3;

syms u(t)

Du = diff(u,t);

egn = diff(u,t,2) + (1/8)*Du + u == 3*cos(W*t);
cond = Ju(0) == 2, Du(0) == 0];
uSol(t) = dsolve(eqn, cond);

t = 0:0.1:100;

hold on

plot(t,uSol(t))

plot(t, 3*cos(w*t), “r--%)

grid on
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Fﬁr(w/ Vf'!rayf/'ms Without F)
prm /-/é/) //0) /'S

a W,/,'n@

U(t) = Rcos(wt — 6). (10)
F, m(wy — w?)
- w
R = KO’ cosd = OA , and siné = %, (11)
A = \/mz(uj2 — w2 4422 and w. = x (12)
0 0=

5{?"?[/}13 F=0, A - m(wf—wz)) and =0

U(L) - Fo  CosCud)  uscd in (18)"

m(w>- )

A W5 7 @

u=rc Cos(wor) + > sin(wot) + cos(wt). (18)

m(wé —w?)

Whon w0~ t, similar o /mg/m,, 29 Secdion 5.5,
u'ewas beoslug)  wts K For the gartical
Solation, /<t ult)= Atcos(ut) + BA sinluf)

TRTLAR: Sty o,

c2 =1; c1 = 0; cO = won2; Y%coeffs of diff eq

y = (A*t)*cos(wWO*t) + (B*t)*sin(wO*t); Y%attempt
u = c2*diff(y,t,2) + cl*diff(y,t,1) + cO*y;
collect(u, [cos(wO*t), sin(wO*t)])

ans = (2 Bwy) cos(twy) + (=2 A wy) sin(t wy)
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Chapter 4 Notes

N

4.1 General Theory of nth Order Linear Differential Equations
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4.4 The Method of Variation of Parameters
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Chapter 5 Notes

5.1 Review of Power Series

/CMM/M / Zz‘f SM = Za,' . z_; /I'M 5,,, =Z)
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N ~F o
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ﬁmﬁm/y {, p.170

4. If the power series » . a,(x — xp)” converges at x = Xx\, it converges absolutely for
n=0
|x — x0] < |x1 — xol|; and if it diverges at x = x, it diverges for |x — x| > |x; — xo].

oA

ff: (/) AS'SUWH E ﬁn(%,—XQM mefrﬁts) and

n-o

assume X, £ X,

ﬁ/ emma/ KOV() /}VV] C(’,,,(7< 7‘103 =0

F(/r é'=/) ZA/>O S.qt. /.7r /17/\/, Y—Zeq
[am(x,-xo)ml</ LI
CFov all x st [x-xl< I, ] /(X%B/d

(%= %,)
and (x-m)" < |
(X, = %)

Vo For a// % >A/’ and X s.¢ [x-%.]< [5,-%1,

&h(x~—)<o)”l:/&,‘ (x/-)(")’l (K")(o>n) < (X—XCJJH
(%, =%) (X, %,)
Using 1]

N f /a (x-x)"| s c/mwmqv/cM 5/ 2 /x Xo/

V)Zl\lf') n= ;.}
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3ro mﬂzm'c Ssrylcs.

aL)

Z /G,,,(X-XD) (V)wn/jzs , ama/ $a
n:n

A

g (GV,(X‘YQI C(/M(/IVS(S‘

n=o

<2> 7%/0“ /X,‘Xo/> [X,=x, | and OZ_O la, (x"-x,)"

CMmVergrs. T hen 47 (1) ) since Ix,-xgl < [x'-x],

Z /‘?m (X,—Xqu{ I/HMSVL (mﬂ(/rric) & cm/;ylraa/;‘cﬁzn'

N=o0p

/fa/f/i’ly 7, f./cf/

7. The two series can be formally multiplied, and

f(x)g(x) = (Z an(x — m") (Z ba(x — xo)”) = enlx —xp)",
n=0

n=0 n=0

where ¢, = agb, + a1b,_1 + --- + a,by. The resulting series converges at least for
|x — xo| < p.

Tét Vlrrm ¢, (K—Xoy 'S 7L4€ Sum d7L a// V%z 7(qc720r5
0{ 7{/7(\ am&/ 5(70 hhoSe ()(fonan/S GO/O/ L{/ %a N.
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Z &IK {l’i‘k = &-0!1’1* Glé’l“l PN &mé

Further, if by # 0, then g(x() 0, and the series for f(x) can be formally divided
by the series for g(x), and

fx) &
= d,(x —x0)".
2(0) g (x — xp)

In most cases the coefficients d,, can be most easily obtained by equating coefficients in
the equivalent relation

Zan(x —x))" = {Zd (x —xo)"} {Z ba(x —Xo)"}
n=0

n=0 n=0

ZOO: (Z dib, —k) (x —x)".

n=0 \ k=0

g AN o/l‘aiona/ and . invertille f §O¢O

Can 56/(/: 7{0’7
Sih (x)
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Sin(R) = fan(xX) cos(x)

. 3 g !
Sin(K)= X - KT 4 X - Ky
3/ ¢! 7!
ros(X) = [ - x*, \fi? - _Z&F +
2! @ ¢!
/ 6 B, =1 0 60 ]A-[d
3 3 3 o
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X3 0 xs 2 0 | o 0/2
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Al : /gz AS ) Ag /3;/43 x//)ov’g b=l 0
%S/'MS /NAT LA,
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clear, clc A=
A =1[0, 1, 0, -1/6]" o
B -1 0. 0 o 1.9992
0, 1, 0, O; -0.1667
-1/2, 0, 1, O;
0, -1/2, 0, 1] ° -
_ - > 1.0000 @ a a
D rats(inv(B)*A) 8  1.0008 @ @
-@.5@e8 e  1.ee0@ e
& -0.5000 2 1.eeee
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o
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o
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X 2
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5.2 Series Solutions Near an Ordinary Point, Part |

/;XQWI/O‘ // /0/??

yV'+y=0, —oo<x< oo. )

D" 4 ~ (=D"
a“:i:: 2! — (2n Tnr (1

We identify two series solutions of equation (4):

1
)l(x) Z (2 )'xz and )Z(x) Z ( )1)' Zn-l—l.

Mote Hhont Y(x) dffined .47 (0) sabsties (4)
snd no §v[7’wév[/om am/uYL o G, o q, .

y(x) wit] g =l and a=0 in (1) satishic
(4), ¢cs dors y(x) wi'll 4,70 ana/G/:/.
_7—4/'5 j'usv’/f/'fs Sa/»'ms o servs soludions S (D"
fotio frsl  for y,0x):

/Qn”( ) (_/)hw X2n+z (2h> / _
U (Zﬁfl)( ('

aVl+l

Qn /: y/”'_:""c }(zni)(zml)} =0, for all .

X~ )
(2/1 £2) <2nf’/>

[
N =0



ﬁq?llrc) f(ﬂ[ ;W }lz/r> j

Qa +l | = (~}>M’ xlnﬁ, (Zy) r-/>( = 7<L

—_—t

a, (2n#3) L ()7 20 (24 +3Y 20 +2)

As above, lin, ]'qz":")?(), for all x.

N—>,

MSMB /W47—14/2 Yo /O/OVL :

clear, clc

X = 0:0.01:10;

hold on

yviim([-2 2]) % set vert axis range
grid on

S =1;
for n

y
S

y!
plot(x,y)
end

xlabel "x", ylabel "y
title("Polynomial approximation to y = cos(X)")
legend("2n=2","2n=4","2n=6","2n=8", "Location™, "southeast™)

1:10
S + (-D)™Mn*(x.~M(2*n))/factorial (2*n);

Polynomial approximation to y = cos(x)
| I I

| I\J
15} - /

.-‘: JIJ /
1 | f ——

\ f / / N\
N\ | /; \
05 \\ / / \
_— \&\ ; /
-0.5 \ ~—
\‘\ N /
A \-, ~—
\,\ 2n=2
\ 2n=4
=B \ 2n=6
\ 2n=8
P \ -




clear, clc
X = 0:0.01:10;

hold on

viim([-2 2]) % set vert axis range

grid on

S = Xx;

for n = 1:10
y =S + (-Dn*(x.~(2*n+1))/Factorial (2*n+1);
S=vy;
plot(x,y)

end

xlabel "x", ylabel "y~

title("Polynomial approximation to y = sin(x)")
legend("2n+1=3", "2n+1=5","2n+1=7","2n+1=9", "Location”, "southeast”)

Polynomial approximation to y = sin(x)

1.5

0.5

051

-1.51




5.5 Series Solutions Near a Regular Singular Point, Part |

O » pl20,
T S :xrianxn ~ ianerr”, )
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5.6 Series Solutions Near a Regular Singular Point, Part Il

OV, /.227, IEW /;7om//oo7l'5\ e S)Laléf57

of the indicial equation were equal. We consider r to be a continuous variable and determine
a, as a function of r by solving the recurrence relation (8). For this choice of a,(r) forn > 1,
the terms in equation (6) involving x”*!, x"+2, x"+3, ... all have coefficients equal to zero.

Llg] = aoF(r)x"

-1
+ Z(F(r+n)a +Zak((r+k)]9 ik + —A)) =0, ©)

n=1 k=0

n—I1

F(r4+nma, + > a((r +k) poi+qusi) =0, n=>1. ®)
k=0

-//—Aﬂf /'S, {2/ 50/(/[7’3 (?f) IC(/f Qn \ /mr art
Ffjul'r/‘mS ﬂ// ('0(}{/'61'(%{5 ag ><r+l) x”l) .. o ét 0.

-/

A, = - 2 QK[(rv‘k/) I J

K=0 Vl>/

Flren)

Ny d< F(NV*) l/fr/ um/f/(«é, o de O simce [F(r)

0'746« Zevo cf =1 S0 nN+r L(/&u/ﬂ/ /muc Yo

]
€fu£{/ /\(. /47/ VP41’§ /0/;/;%, J.MSVL Ylf)//mj Vlb

é{ 3(/{/\47/«\///'/? 7(;,4 /(mj anoYlZ(r SG/MYZI‘W Farm.
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/qu/( &,,,(f) at =71, : nole F/r, ry) 0 7’;)/

N 2/ Since F/") M// Eereo a7L /=00

—

Roots r1 and r2 differing by an integer N

%(F(f(l/l('( /‘S /ch/( fo C?N ) /\/oyl( V"AI'S I's no?L a, .
T/\C Cc}ﬂ;'vlcz/ /\/ /’()(rfs 10 /\/: f, ‘V} ) A/Zf/c rozr,
So /'F /\/: /, VLAU, QN - 4, ) 7_4,'5 ma/'m? oceyrs

'Vl ‘ a = lim(r —ry)ay(r). (20)

F—r;

S'Mésvlf'ylom /‘A( l/a/vtc 0/£ /\/ ]ﬁof N orh:

n-1

<, QK[(P-/‘/O/)VIJ( a ?n—K]
F(r+n)

ﬁfOOZ{ 0{ . cn(r2) = %[(r —r2)an(r)]

A, = -

, o n=1,2, ..., (19)

a= lim(r —r)an(r). 20)

r—rs




Lot o (x,0)= 4,%x" + Xr?:&,((r>xk) 4 #0
ano olefine the folowing
a.(r)= 4, 4o
FOD = rir=r) + pr g,
[11 FCren)a,(r)= = D,(", a functron of r where
0,00 2 [(rer)py v g, Jac) | 02
cnef

xp(x) =3 pax".  x*q(x) = gnx", @
n=0 n=0
Liyl =x*y" + x(xp(x))y + (xzq(x))y =0, (1)

Thas, Hhe 2,00, a Function of | s determined
recursively, and From The ﬂ/(w/o/amfzni/ in Fhe
Fex! o p 228, since
Flren)a, i) + A, (r) =0 foy n=(,
[[8) = 4 F(r)x" | so 1hay
LLES(r) = 6. FGX" = O since r, 1s a rool
(Yhe Jorger root) of F(r).



o
7,

Yy ()= §(x,n) = X 4 (r) 5

Now [t 1, | The sccond root of Flr), {e sf.
ro-ty= N, so v, = 1N gpd r=r+ N,
N g positive infeger.

If a 40 (s 3/ch4, a,(r), 4C(n) ., a, (n)
all exist as finide numbers from [11 Since
Flrytn)# 0 for 12n=n-l, as F() ow//
has 2 roods, and rath = for (2n=N-/

At n=N, Flr,+n)=F(r)=0
I Lecomes 0-q,(r) = - Ryr,)

F(r) can de pressed as Flr)z (r-1)(r- L)
Since 1, and v, arc its resls, and so

Fria) = (ron-n)ren-1,)

=L r-Cr-A) (re A= 1)

= (r-r) (red- 1)



(a) Lt PNy(r)=0, Then R, (r) has (r-r,) as
o Sactor © Dy (D) =(r-r,) A (r) | ard ss
L1l Lecomes (r-f,_\(rfN-rz>dN(r)-’(r-r,)/j:(r)
and so, (N)¢,(r,)- /b/t(rﬂ,
So a,(r,) can $c calcuhicd  as can

aN;H(n), &’,\HZ(VZ)) . Since

/’f—(/‘,)_Hq)iO 7(&)/ n > M4+

ROE x™ 7 4,0)x", a,(r) #o

where the 6 (1) are determin as above
Thus. Yo check Yo Thic S/a)'a/ case, just
Ferate ap o Py () o sec F Pyln)=0
T+ so, COM/_;MV[( - Ny (r) and

NCr 17y

QQS/S‘VI QN(VJ Y"AavL l/cz/uc, w/w/ Uuse YL//'S

r=v,

ﬁ/\/(’ﬁ) Yo Cdm/amvlt 4,\,,,0’7),..



a,(r,) con b set Ho any nom gers Vel
¢.¢. a(n)=I
(1) I Du(r,) 0. then there is o solution for
Oay (1) Since F(G*N)'QN(VZ = ~/)A,(r2\
Lecomrs 0-G,(6) = =Ly(r,) 0
/s/awwe/) !7 c/oosmj a,(r)=r-v, Flew sinee
D, (r) is a lincar comSination of a///m'mf
cocflreienls by (1) 400, 6(0), 40r) .., 4, (1)
T hen From [13 mc//orfw Go(0) has (rer,) as
6 foctor and . so dbes A, (r)
CThic e sett d<r)c x Vianm %" where
6.7 r-ty and Fhe rest o} Gp ave decbined
o< i 1] Becouse oF the detinidjon o each
Gy F(ren)g,(n+ A 6 =0, so
;j [F(VM)&,,(V‘)?‘ Dyt IX™" =0, and s




(I8 en) = (r-n)FCr) x” as a = (r-1)
G n) =0, 0 Vo (0 = Jx0) i
A solutiog ¢ /_fﬂ =0 .
Mite 4.(r)= (r-6)=0  and . so obrs
& () = 4 ln)=-q, (r)=o0.
For a (), Flren) g (n)=-A,(n)
From a!ow, F(m/\/):(r—fz)(rw\/-rz)
AT NAL NG EVING
Bt now Dy(r) has a Factor of (r-0.) sine<
F s a lincar combnation of i &)
- After /acv[m'nj out (r-1,),

dM[VZ): - @M/I’> , @ 7[/'ﬂ/.7[< N de

/\/(/‘“rz) =1y
ar, //.m &N(r) S Oﬂ! (r)
r—r, ,\/(,nrz\ r=r

Sihce an(;’5 am;/ /;)n(fy ar< KWY[/'//]aa(xS.



/\/d%( /.l’) Y—Zf VleV/) Since Qn(r) /(7(#5 VLO 7l/< P
devivid From

n—1

F(r+ma,+» a((r+k) pai+gui) =0, n=1. ®)
k=0

The a,(r) derivid abovc wiss From sifiing

Gp 1)z (M7 LF e mu/vfy,// The G, /n the
{ oxt 4/ (r-r,) Jou gt Fl< 7(,{/‘(/9/(;47/ to (e
by (V) used cboue.

//VV) QN(r> aéavz 15 rAc Sami< 4§ VLA /(XYL

r—r,

farm ) //'m (f-/ﬁﬁ,\,(f)

V\Afz

(‘a// ﬁ/S //.Wwi'Z oYy Ca/cu/a}//'m/; \\ﬁ// as i 7%( {f)cil.

(X) = LIy ) T )(G jd,,(xfi)x"
) = 7, ) <z,

o>

niN o _ r,+N S
= sz ?q’”/\[ (r2>)( + = X 2t ? ar)+ﬁ/(r2) X"i
=0

N= 6 n=



= X 7am,,

Note That The @, (r) arc dedermined
/‘ccursf(/'céz) éej/‘nm‘ng Wit Gy (r,), and He
reeursie pormala  [13, js Vhe Same as Vht
used Sor (<) Thus, this 3,00, olfained
Zy sefting g=r=ry, 15 jusl dyin) v,
Y, (<) ob tancol 4/ sctfing g,/
To betfer ser this, cefer fo the recarsion formala:

¢ = - 2 [(r+k)ﬁ_k+ 9. e, n>nN, g=v-r,

//])MYLQS noyltJ agav() 40 (rz>= Ql(rﬂ:..,:dN'/(/‘z)rO

" The above recarsion can e wrilten Srlarvz/'ng with
L£=N

-/

n
4, = - ZN F(r#k)/n_k,t s ——

F(r+n) )
now hift Judex




[(m/(!-/ﬂ/&’
Flrin)
/\/ow [ct m=n-N and st g,,ﬁ a, n>AN.

)

) W/fl/] V)= /('F/\/) m=K 50 6/<: aK,.,q

]a
o (K+N 7—(;<N Ktn
K= +N) n-(K+N) a)i’l>/\/

S e 5m T - /(Z:o[(rfk+/v)/m_l<+ C}M_kjég
FCr+min) B
Ano/’g = 4/\/(’3)

T(Vlrzmg r=r, amo/nov‘/nj N Tr,  we get

m = |

4, (r,) = 4 (r.) = Z[("“O/) f ?m%} 4y
F(r,+m7

y Mz

These coufficients are sl those of y,(x)
Wit d by= 4y (r,) insted o 4=/

. '/_A( \/Jx) als i< j’uﬂ‘ q /Vz\) )’,00

S Just a< i the case of n= 2, we wll [ook ¥

%"_?i ) 7"46 Qé()() Oévla/'k;(o/ (,(S/r[j QO:- V‘—/‘z .



". MS/IhS Zf@’Z(x)r) = (r-r,) F(r)x"

>/ [¢](><,r> - ¥ [(r-rg ~(r) xrj
dv o

= D%t (r-r)E DR+ (o) Flr) It x”
P Zf¢3<7<’f‘>' 0 sinee Fp)=q.
31(‘ f=f2

= .17
Koﬁ/ %L[ﬁl(x,r) L[aﬁrZ(K,'Q éfcausc
dy' €7’ma/z'v/?/ OIC m/xrc//?orv[/'ct/ O/(r‘/'t/ﬂ[/'(/cs

(5/'/;(( 4// O/Ff/'t/arl/}/(s Qrr (mfz)[/‘naaw).

. }_Q(x,rz) /S G SO/MYL/VVI VLO L[/} =0.
oY

0
From $ads X 2,5, wheee 4,60- -1,

ﬁn&/ a,, (r) avy At finced 4>/ [/Z,

FE )= ln(x) % Za(»)x X 74n(r)><

Q)
-

()(,ﬂ) /I/I(X>X Z C? (V>>< s x Zd (r, )x

L;

Qr

r



r, < “ .
45 W!GVf) X 2 4,,//’2 X lWIVZ a,(r) = r-ry , s
7%( Samc as ﬁyl (7< M/Arrr a = 4 (f\

A/Arfr &4y () were Oﬂ/(rm;mro/q&mi [/] ﬂgol/r)

&l/lo/ ﬁ/H:V"Q.

y2 (%) = G [nG) 7)/;0 b X2 24”'02) x

where G (v)= r-r,
The G, (r) in Vhe toxt wos nof dlerind esing
G.(A:=rrs. . Thi factor wauct Le
m«//z/'a//r/ 8 Phe fexts notation of 2,07)
1o e efm(/a/mf W Vhe abow a,(r).
CThe d als) alove s equivalont ¥ Ve
ir /

Vexf j/ (v-r,)a, (r)



The casc of r-f,= N @ posilive infeqer

After eo/m@ For ), hen Sing The sufstsbetion
method fox finding 1), 100 2y, )+ 452 6"
0 n< encounters situations in which a coc fresent, c; |
(s undtermned . and so an arlz'y‘rc,// asi/'ﬁnmmV"
ok i is pudk
Lo determined based o Hhe recarrence relition.
Led )fl/x) b one solution Srom o agg/'fl/;mmf
ot ¢\ and [cf y3(x) Lo anclher scludion From a
diflercat assigmment of ¢, 1 L[] < 2Ip]=0
[ 7’2(@ -Gy, fn) + X" nf;ocn X"

50 d// 5%!&7&1{147( (015;/.0‘/14{5 (au?

VS(K) gy, ha(x) 1 X 2/‘1 X"
MNote Co=dh cod Co zde,, 4t 4 d)
 Sinee L0y y o0
LI x"Z to-a)x'] =0



[ cf fn:C,,‘Oé L N20
/f/mm &gm/( ¢,xe,=48,=..€- =0

/\/T/c a/so fm’ //(x) >< Zé’ ><" Z[Y,Z:O) 407Lo

/erm l[(/z /3)~571] =0 ) S*Q ,a (o’nsfanf
XGZ@X ‘—fxrfax

NZ)D
> - o
n o -2 ] N L
Ze,,x = sx'izamx - sx 2 ¢ x
n-o N0 Nn:=o

: = . A 7 2 p—
‘ Ee,,x = Z,enx = SZ—QV.X
nzi n=0

n:=o

. ' W
ilﬁ(c 9, 70 ) f;X{ =S4, X A/AI'CA means /=N

3.0 ce e (s the First nov-zero cocSfecient
of ()%, F [ sAl Then $4,-0, a
mwvzmo//cf/&w snce g 0. [ F i< N, Fhen e, =9,
a/so o contyadiction. . ;=N
Thus, Vhe coeSbiciont of mé,;/m/ ass/gament,
F it occurs, s ot Gy fer v, (x).



) o? o

Al N
2 e, x = S Z&’nxm = sx 2 &,,Xn
Vl’-l\l n:=o n=do

u/y[///n§ 507'4 S/p/{s Z X

szz—/\/(’y,xn i VM/ZQ,,,X = $x! Zam - §>/I(x>
/]:'

r, = "
Wofe that y,60- 3,00 = X* Z e.x

. yz(x)- 72(70—" Sy,(ﬂ T ¥, = SY, ()
.o 433/'341.")3 a a//'f;cermvl (/o//uz 7[0 7%(
(/("10/<7LCVVV]/'W(6/6077(7(/'(1/17/ 014// /.ﬁvzfoc/urrS

ao///'hﬁ as §Méf7facvz/h@ a ma/vif/z o ) (x).



5.7 Bessel's Equation

/43-:’ 232, 0%'):1(‘(;/(14?[/‘%’) d'):-.

f) = —apf(x—a)(x —a)h - (x —an™,

/s /ajar:‘ﬂmz'c o fSerentration:
/wj f/x) - /6 /03 (x-a) + ...+ %M/aj[y—a(,,\
%[/MK o/f’r/'t/avll'x/(s of éov% S)b/Z’S,

-!- . 7(,(7<> - ,é’ T /3,,

—

£(x) X~ o, X=X,

7f/f7<); [{i—' PR .&]7[/70

XX,

From Fhe foxts gm0

(r+2)2---(r +2m)%’

for cacl m, can chiose 4. fo b /as/v/z}/c ar nrjc{v‘im
SO Canm Vake /oj[(—/f"a.,z CThis is a constant 56
drcivative is 0.

Mo la,, (S = o[- [~ 2 [ Lo () 2.0 loglrs25)]
oy any m(r) 2 [ Loy o+ ]

B rt2 rt2m
6’2»1 (r)




/03( 134-235
[rese/ Equctyon of Orcler ]

1
Llyl = x*y" 4+ xy' + (x2 - —)y =0. (16)

Mo ke ></0(x>=/, So ﬂ-—/,/(w

-

QN

X7(x> Z; ,50 7= )7/-—0)7;/

.. 7Crm F(r +n)ay +gak((r+k)19n—k+5]n—k) =0, n>=1 ®)

O

/{‘_(f+/>4, - ’Z 40[(r+o\/0(+?[]

Flrer) = (rer)p + (fv‘—/)/&o £og
S p et 4= () -3

F(at)=0  Sutp-g=0
0-4,= 0
Gy Gy - Can Je C’(SSIjﬂ(o/ So i necd
/Oj v‘rrm, and )'L(X)f X 2 24 X"

This s Yhe s~/ec,;/ sitaation in Coolilingdon

/. /63 af goff'om.



grm/n €70(017[/‘mq (/7) m/]/ 2?8/,
Z[&} (X7r>: (rz-fﬂ%xr t+ [(rﬂ)t"%/ Q,KN/
2 [(Hml*fﬂam r &,,_Z] x"" =0

ﬁW r\:_i‘.\

ns2
dm = - Agea N >22 a,, q, /'no/%pno%n}’l
V)(n—/)
&\2 = - qo as - ql
2 3.2
4= 7" %2 . Yo Ge= "4z . 4
4.3 4.3-2.1 - S~ 4.32./
N n
QZ - (—/) G, azn / - (—/3 q ) n=10,27 ..
h (21’)); <2nrl>.'



Bessel Equation of Order One

The Bessel function of the first kind of order one, denoted by Ji, is obtained by choosing
ap = 1/2. Hence

o0

—_1m 2m
Ji(x) = %Z _ (D™ 27

— 22"(m + 1) Im!’

The series converges absolutely for all x, so the function J; is analytic everywhere.

. m
g o= E)
2-2°7 (mi) ! m!

)VVH-' 2m+ 2

(-1 , Z'ZZM(mr/)'m-’/
2 227 () ()l Enym 3!

X ]
2° (M»‘Z)(mf/)

A S /z'n/) “m | = O for a//)(
M- o &VV;

a4 )/2 (X> : yva(x) =aJi(x)Inx 4+ x~! (1 + ZC,,X") , x>0 (28)

n=1

yzfx3 < 0,3.’ /V)(X) 4 ZC’])(” | )q>0) Cd:/
nN=o

72/ = 4]{’/#:(7(3 + 47, (;/<> " ZC)(’I“’)C,,X’H

\/l// = le/l /y,(xy t 243’1/(%) + Qj' (‘7%23 fz(")&anl)Can-z

§(A 4;711 '9[(,11[(— ,.;7 * Llyl =x*y" +xy +(x* = 1)y =0. (23)



G ekt Z[(n ey tC %" 2axT

2 7

)(72 : ﬂxzj, [ (x) *qu?, - Qj, +Zo(n-2)(n-l)a.xm’

ancc/ ‘z\(anef/

X 72’ = 4 x J’/' /[/;(7() l// 7L G J_/ + go(h—l)cnx'i-)

(Xl—/> Y, = &(xz-/)\/_, fnx) fc,\x"” = % X"
n=90 =0

Z[-Yzz: Z&’XJ Z[(V\Z)(n 1) + (h-)) - /]Cnx +§~Chxn#

(n-1) -1~ n(n- 2) e

= n- = N+l ;
2 ninale,x 2 X 2ax] G-l
n-—~o

n=o0

Pe.)
" OG X Zr)(m-z)cnx 1 C % ZC = -2 axd,

n:—-g N =l

-C, +(0. (’2+ij t Z (nHCn—O ,,HK t Z—ZC.HK” = Loxd,
N=
C=1

)

x (_l)mx2m
From #0=3 monm @

/ {aQ (-/m wm it/ 2"")
I:EZ‘ ) (2 )X

=) 22»7(1/;4”)):14’),/




_—! Z m 2mt |
-2axJ, = -a /. /)" Cmn)x

o 2 Cme) ) m ]

Z2m¢l

1) 2mir
C-’-(K*’Z[O;}C ”13 :-42 & )X

he2 nti = =5 sz(mﬂ),’ VV)_]

~ o é imi/
ca(xr 2 Dl

per 227 (mer) ! m

5/‘/’(( 0!4// oo/a//&au/h's m )"fj/?l) €(/rn—-/)aw{r(o/
KOCHICNVH/S ov /1((’ are 0 (n- /) VHI n =0) Nn=24...

S[ﬂ(( C(=0) C[;CS'—'CS‘:—:"O,

o n Laaid (_) (2 2m+1
Z [(,,2,/) Casr? Cm/z X = Z 2’:(»141-1)’7-:1)’
n=3

m=1

/(V[ 7 = 2m+/ m=/, 2’3)

2‘ [((z»w—}) /)C .’ M] Zrm-l Z‘ (/) (Zmr/)

= 2 ( H)'}n/

2M~H

[(zmw)-z—/}CmfZ +1 G, * (“/)M(Znn-rl) ;om=h25.

22”7(m+1)_’m'

T//‘S 'S €7w4f/'mﬂ (3/) m7/0‘237 ot He foxt,



Chapter 6 Notes

Section 6.1 Definition of the Laplace Transform

Mote Fhat Frr L {500 - f z"”‘ Ht) At
RYIOE ie’” {lat) df and

[§ 5] fe‘“‘ ()t

So, wbat js Ledween Fhe Lrackets §( OWé/
affects 1l Junclion 1O\ in Fhe Jntegrand
T does poit o$feet the "1 /oarv‘ of 37
ov the A of dt. The i //jaSYj s/occ;ﬁ/rs
what [s The vorialle of integration.

So (f A= sintt), Likals [e st dt,
end 7 {8GD] - f‘ SinGA) dit

filso, The "4 part of LS5 s Tl Same as the
Voriabh ¢ {/hvlifai//w, so L= ( <) A



Drollowr # 23 siaies :

23. The Gamma Function. The gamma function is denoted by
I'( p) and is defined by the integral

oo
Fip+1) = / e “x’dx. (7
J0

The integral converges as x — oo for all p. For p < 0 it is also
improper at x = 0, because the integrand becomes unbounded as
x — 0. However, the integral can be shown to converge at x = 0
for p > —1.

(]> ﬁ >0 - 7/'ffC (X/SYLS an /}/)V[fi(:'f v 5.1. ﬁ<M
7 oo s
Consioe r f €“x)<np/x - -C—Xx"/ Fon J C,xxm/&/&
0 0 o
xh 29 o0
- "//'”/] ?( -0 + //1/ €—X)Cn\/0/>< - mf C_K;(VH”/X
X Do 0 0

o 4y 11/7?0/01%%/5 &/;
/?/ ,‘m/ucv‘r'mf,, f'c;'xx” v = 7! Oe"(p/x
= /ﬂ./[—éx]j = n!
Since e Xx"<e *x" foj’xx/)a/x l's
Lounoles! 4/ > /mwmjmf /'hfrﬁm/, Gnef
4/ L[] Comuerges

) p=0. f R

(o]



! D
(3\/)(0 : g‘ooé-xXPJx = (é*x@(x -IJ e—xx/’O/?(
0 !
. X
(‘oMS/ﬁ/é’)’“ ( ¢ % o/x’ (670){13

/
— - x_. X <
~vv 1 <X /SX/O So e Ze x| e FPT
f ) )

) B p/X < oc_é(_ - - “K/ao.\
j:exx“/o - (, ex - e . - /
T e/

J{ o 0/>o (o/lU{’fj(S 7(W a// p<o

. (anl/{Vﬁr//)(c 0//0(/1 s o f
A/V[< Yhat e <e on Lol sinee 1<e””

~ X
/ ! / /074/
P 2 rt e )
@J‘ >< O/)( - — [X ] - — [/" N4l X ]
0 e p X’ﬂo

74 —/</<0 0</4/</ so lm x" =0

[ X—=>0
B fex/dlx /W#crgcs ;m/ “/</<0, anO/ 56
0

y €g7<><p&/>< Kamt’/j(s 7[w ~/</0<0
(()*(3) =/ ( » /Oylx ComVerqrs 7[0)/ a///0>* ,

0




Section 6.2 Solution of Initial Value Problems

foges 2627253 finearidy o L
IE Ft) is continuows onef F(s)= L {5,
thea Ly uniguenrss, 27 fE@ T~ FO)
LR e Lt = Fos)
and L ﬂ ﬁ/ﬂ?{ = L] = F)
Mow sppose F()= F(e) oot B, (s)
[ef 1A= LT, 6= O(F3,  £)-2{Eca]
and seqppos- cach £, {00, L& are

Con tinuous.
oA = R B0
By lincarity oF L, I3 5e) ot )T
= J{rEe] o CEEL

= ) {['{E(S)gz bt é{[’{ﬁ,&)g;
z /{,(S\ oo Fh(8>



= F(s) = LS
4 {7{/1)% and Z{wf,(f) +-~+7{,,(HZ Za(/( Fhe Sarne
er'a*nS?(W)/W, &nc/ SO 7(//{'>': 7(,//{’3*)’1(,,(//)

4/ am[&wwrss of %Vaﬂsg'ormsl snce F F,),..ﬁ are

covi Fiauo us.

SRt L)
L) 1t ) = )= LT E
= /" {F,(S)* o Fn(s)z

. ~1 . '
. Z 'S a ynear O/V}’QY/U’)/,

Section 6.3 Step Functions

EXQM//C 3, /.260
.7? 7%1 ](uwcv‘/'w 7(//7‘) Aa/ Arm ?/(czyz'c/ as

Flr) = { ) _
cos(F-A4) L <7

71’A<n 7(//74 é(/ao//p/ 4{ 70(6/(/':/ N}

Sin () 0< A < Z



| () - u,

/4

/ﬂq] S/n(j) f 0/77/4 (05(/1"%{—)

é"’ c/f'/s sin(t) ot f al A : lZ

Section 6.4 Differential Equations with Discontinuous Forcing Functions

MATLAR code fo /,.7/0,/ Exw//e ! s

clear, clc
syms t
h(t) =
y(t)
fplot(y(t), [0,40])

ylim([-0.3, 0.8])

grid on

y 5 = y(5)

h1(®) = diff(h(),t,1);

y1(t) = heaviside(t-5)*h1(t-5);
yl 5 =y1(5)

h_15 = vpa(h(15))

h1 15 = vpa(hl(15))

y2(t) = diff(y(1t),t,2);

I = vpa(limit(y2(t),t,20," left™))
r = vpa(limit(y2(t),t,20, " "right"))
r=1

0.8

06

| A —
S \'\/ \ﬂ
|

- |
0____/ \ /f\\v//a\k{,-

0.2

172 - (exp(-t/4)/2)*(cos(t*sqrt(15)/4) + (1/sqrt(15))*sin(t*sqrt(15)/74));
heaviside(t-5)*h(t-5) - heaviside(t-20)*h(t-20);

1
o

y1l_5

h_15 = 0.50162057729687970867083762933591

hi_15 = 0.011248565972730313813257298127588

1 = —0.0072448602832448655774662783997024

r = —0.5072448602832448655774662783997

ans = —0.5



//77/4;72!/$}3 (Noéfi F;v’ l;;<4>;t7a/b 2

clear, clc

syms s t

d = s"2*(s"N2+4)
partfrac(l/d)

h(t) = t/4 - (1/8)*sin(2*t);

\

-

y(t) = (1/5)*(heaviside(t-5)*h(t-5) - heaviside(t-10)*h(t-10));
fplot(y(t), [0,20])

grid on

yHim([-0.05, 0.35])

yl(t) = diff(y(t),t,1);
vpasolve(yl1(t)==0,t,[10, 11
vpasolve(y1(t)==0,t,[12, 13])
ymax = y(mx)

mx =
mn =

amp = (y(mx)-y(mn))/2

0.35

03[

0.25

021

0.15

0.1

0.05

-0.05

/ \/

//

/

10

15

20

d =52 (s2+4)

V]
3
(0]

1]

1 1

452 4 (s2+4)

10.64159265358979323846264338328

mx

12.212388980384689857693965074919

mn
ymax = 0.2979462137331569234446577203078

amp = 0.0479462137331569234446577203078



Chapter 7 Notes

7.4 Basic Theory of Systems of First-order Linear Equations

Aralogos to Adeli Theorem (7.45), and wore
e;yg/,'c/'%// slated
TE X X" are sofutions to the nxn s ystem
)(/’ ﬁx oNn an 0/{;4 Joterval T and
W= WX xEUD, Then
0) Z5 5" X" ore /,'mmﬁ 0/}/004 Lat o T,
Hen =0 af m/er/ /om# of T
@ 1f % A are lincorly idependial solutions
7o X= Pxon L, then Wr0 af every point of 1.
Cont sa,/ W0 af cvery peint of T e,

)

X ,..\XM) cre 9/77’;4/;147',

)

/__Emz/?o/c: [;:r }]‘ W=0 a¥ ey /dozhf
747" [;:I_I >[},] are [ma/e/m/mf



This /< 213 of sectrion 1.3
Ceun §a7/r IF w0 of evrry POI'VIXL of I, Ihen
" are ,’n/c/ow/mf.
P/ f M(/ were /(/W/ﬂv‘, Then U =0
at cvery /oo/qu oF T
Mofe: Proct of @ il W20 at some pomt f,eL,
so Phat e, 1) vt CoX B0, Then
¢ e e e, SO 670{/%/4/(%7‘ fo
y(%)"() and - 7(’7‘6):0>, us/'nj Fhe
UniGucness Thearem - T his yses
(omv/fnu[// ot /(f)) so all /%3(/:‘).
The /0//007( of (O )56 direct vesult of Fhe
o m,m o fincar dperdnce
/\/mlf: [ he adove Stafements [ist n solations
7(W ay Nx2 Sys;/rm. 7 his o///aa/s use of



W XTI whd feguiles o sguare

matrix. he alove staferments are also

fruc tor K<n solutions, /e//c«c/'nj

ficorly dhgendad for -0, ond

[incard mo/c/m/m/ v Wio,

Thus' K solufions, k<n, ar //ﬂmr?
/'nc/c/om/mf on T /¥ 7%/ ar
/,m,f// ,'nJC/W/mf [on ary one value

it T



7.5 Homogeneous Linear Systems with Constant Coefficients

Puge 316 states n eienvectors with n dfferent
C/'jmuq/ws ar ¢ ;'M/f/fna/cnf-
proa}: Comside c, xm roG & =0 [15
A o) e X eaxT o [
Maltiplying 1S & Ay s
ks e w0 51
5«!7[rqcv[:‘m3 125 from [ 20,
< (/\,-/\J ><m =0, anod Since 7oA,
C =0. 51'%/0///) ¢, =0 .
X ond X are /’na/?/molﬂvl.
5/.%,/&//7 [, ij N N2



7.6 Complex-Valued Eigenvalues

From Brannon, /Za/cc, Mekiblen, 32, pp- 165, 17¢

Phase portraits for X’ = Ax when A has distinct real eigenvalues.

Eigenvalues Sample Phase Portrait  Type of Critical Point Stability
A F Ay Vi (0. 0) is a nodal source.  Unstable
Both positive
N
N
AMF A (0, 0) is a nodal sink. Asymptotically
Both negative stable
MFEM sl Vi, (0, 0) is a saddle. Unstable
Opposite signs \ //(
7T,
}\,1 = 0 Linepzf”:‘r;ic/alvo
and 2, > 0 j<
L
/‘/
/// I VA?
)\’1 =0 Line uf‘;lvsillc/a\v
and A, < 0 g
/./
ot Vi,

Phase portraits for x’ = Ax when A has complex eigenvalues.

Sample Phase Portrait Type of Critical Point Stability
(0, 0) is a spiral sink. Asymptotically

A=u+iv
<0 //L\ stable

A=u+iv
o (A\
AY

A=utiv (0, 0) is a center. Stable
H=0 E S

Eigenvalues

(0, 0) is a spiral source. Unstable




7.7 Fundamental Matrices

fage 320 af The fop stutes that a furdomentel
Matrix s mm;njm/w Mo {c mm/ def.
o fundamental set of solutyoms means Fhc set
&g veclsr solutions s /m/(/amp/wf at every
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st o/: so/mjs ifj/,m sy stm o F o Fleventsal
C7w{//'ms cannol behave Thic way {/ def.
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Mote Hhaf B4 15 ,m// [aw)]”
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ﬂlfl.ﬁ/hm/ 7({/1/\ a/W)f’WY/ﬁ/ M/)a?%’f)(\ ZCVan /—CXﬂ//w//t/

. <t _
1S [Qi” B 4‘] , Oﬂo/ 7L/1Lf [2 _;]
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Z -2 (5, o 0o I

/gﬁr 3352 The Matrix exp(At) and Convergence
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(){ TA( NSO v 076 a4 vnatri’X

Definition of Norm of Matrix

TE A s on mxn matrix of real o pom/a/«x
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V)OY)/’)ejaYl/(/t num der | 2(2 Gl




Definition of Convergent Series of Matrices

/(IZ {4;(? éc a v /’Vif/'rm’/c $€7utcncc oﬁ M XA
mﬂfﬂ’(v{’f) &/Aofr emér/‘zs cy< /w,/c/y /Ovm/ﬂ/(x‘
Mum!rxs / f 4.{/() ge 7#4( /;(.—81/}‘/)’/ )'/6;/ A
/4M f/? 1S canvey (;/IV/ {amo/w/ /'zC Z‘Q(/{)

% 3 / k=r
(s (Vﬂl/ffgcnf 7Cmr €f/f;7 ,4;4,) [<J 7t
2-/4( /S fwwfcrnf, /vls SUm 5 /S 7%( WﬁYLz’/f
61/405( cntries § Z az

Lemma

Lot A de an mxn matvic, Ban nxp matbrix,
both of real o m/m//m numders.
Thea A < (ANIS]
Prosf: By the aboe ofelindion of narm,

I agll - 2’”(? | (+8),, | )
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S ALABN = 1Al s)
Mote : (IAN] AT and !7 Snduction,
LA <IATS for £e123,.
Theorem  Test for Convergence of a Matrix Series
Jet SAT e s sequcnce ab mxn el iices.
T6 2 Al comverges, Hhen 2 Ac commrges.

K=
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Theorem Convergence of exp(A)
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7.8 Repeated Eigenvalues

afe 34/ - a/f’l/(:/a/;//;j @ Sa/w[/on
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Chapter 8 Notes

8.1 the Euler or Tangent Line Method

Om f46 407L{GVV) 4F/.§S_7) /'vé )'s S/dvl(c/)

Then, making use of a Taylor polynomial with a remainder to expand ¢ about 7,, we
obtain

1 _
Gty +h) = (1) + ¢’ (1) h + Eqb”(t,,)hz, (19)

T//E 0'/61”/'1/65 FV()VW 894 0;’ T/e Zaj/amg( fvrm 47(
fA( /en/m//n rr /’Vr fo.//ay; VZL’O/‘(MA. /’/rmm Atmr//)

21.8.2 Theorem. (Lagrange’s Form of the Remainder). [f f+D g
continuous in (b — r, b + r), where 0 < r < o, and x is in this interval, then
the Lagrange form of the remainder in Taylor’s theorem (21.7.1) is

R.(x) = p(u’%;—f% 0 (),

where u, is some number between b and x.

If }//)U sulstifute 4 = -0 fleo,
2.064) = L™ £770,)

(ni1)!
j’; \S‘ucy VL&k/‘nj 7%( 747/0;/ 6(7’/'75 YZO //':‘/) VL4('7
: 2, s ) Az -~
/,((#4) *247;//4,3) 4 # 371(/{:/)
Fac{mr 1'14 67(/141//'074 (/7)



014 /.ZK/) f§(/a7[/'VV) (Z?)

19¢*5(0.0025) _ _ 19¢%(0.0025)

1.0617 = = 1.2967 29
B = €0 = ) (29)

Come s fzfm/n The Fact That n=20 =7 20(”'055:/

40
6”” - e m"-cy. n= (9= 4N0.0s) =3¢

2.9 T
O Ay Sy < Agrh= 4,

i’n/;,’/w// Come (30)

57.06 = 1967'8((2).0025) . 1968((;0025) =~ 70.80 (30)
J=195 = = L2234 =200 =5 4= 90
‘- = < 2 < == < I} <7
A o 7 Ay <A <Ay, =7 1950, < 200

-~ Cé’(/jg) _ 64(,{3?3 - Ce‘(z.oo)

s a
2T M)

or. ¢ <e

]

g Ay 2
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8.4 Multistep Methods

Adams Methods

Second-order Adams-Bashforth formula

/Trom e /M(S/a%/imn, and ”5"“‘3/}: f-f
h

O{V‘O/ /3“: ][m-/]l-m-{n/fm) y
h

Vor™ In = A, 1)+ A4, /3

- ‘El 7{:4/ (fm; j>(/ —jn> (’{n-fjn-ﬁj"-JL
2L h

= (f-E VAT ¢ 205 4 -F 1)
2 2

- ;”jn 4 t 7{-;1/{}/1' 'g’l-/jhf'/‘;n-l/n t Z?Cn-/jn —-27& /7;-7
2

= 7(m (];”/ (-/M—ZJ,,./) - fm-/ (jk)ﬁ *L-Zi)

h
:{V,(J/h,‘) - // jr)l> 7(14’(]10%)— n)

- 3A7[,,,"/l7€1~/ ”“[I][ ””Ai(n/




MATLAS can be uscd o oliain the formudas
v Aodaws - Bashforth methods- For <xample, for
third ovdes Adms- Bashtortl, lef

Lo(h)= AF e Bt +C . 0 peed fAr«/ao;m{s fo
Determnine AR C psing A (/72>’§///h>‘~ W,,)y,)
A AT [y
Lo Ko LB EGL )
b A e LE, ).
MATLAL can gf/m for A B C
S VT Lk At*+ Ba+C df
and MATI AL can solve foy That as well. The
[€7 is to redace the umber of variables oy
MATLAS 0 order fo o6ain a s;m/)/,‘ﬁ,gd $5 vomala.
L Use ty s Ay by At e 24,

The codle /5 gn The /IfX‘//ang




clear

syms t tn h fn fnl fn2 X =
A= T2, tn, 1;
[(tn—h)’\2, tnlh, 1 fn—21fn, +fn,
(tn-2*h)"2, tn-2*h, 1]; 20
Bz LM Ml M2l & 3fnh—4fn, h+fnyh—2fntn+4fn, tn—2fnyin
% X holds coefficients of the polynomial 2 K2
% integrate the polynomial from tn to tn+h N .
INt(X(D)*tr2 + X(2)*t + X(3), t, tn, tn+h) 2fnh?+fntn? —2fn, tn> + fn,tn> — 3fnhtn +4fn; htn —fn, htn
2 h?
ans =
h (23fn—161fn; + 5 fn,)

/{mazmlg//, JATLAR docs all Mt a/jcérq/'c

12

/:—(/Y 47% Wv/f/ 4/QW5’K&SA¥0Wf4,

clear

syms t tn h fn fnl fn2 fn3

A= tn"3, tn"2,

tn, 1;

(tn-h)"3, (tn-h)"2, tn-h, 1;
(tn-2*h)"3, (tn-2*h)"2, tn-2*h, 1;
(tn-3*h)"3, (tn-3*h)”~2, tn-3*h, 1];

[fn; fnl; Tn2; n3];
A\B % solve AX = B

B
X

% X holds coefficients of the polynomial
% integrate the polynomial from tn to tn+h
INtX(L*"3 + X(2)*t"2 + X(3)*t + X(4), t, tn, tn+h)

yz'm/o //‘7{/'ca tron.

X =
fn =3 fn, + 3 fn, — finy
6 n
2fnh-5Mmh+4fm,h—Mmyh—fmtn+3m -3+ Mm;m
20
11 fnh? =18 fn A2+ 91ty h2 =2 fny A2 + 3 fnn? =9 fn, tn® + 9 fn, tn? = 3 fnytn? — 12 fnhtn 4+ 30 fn, htn — 24 fn, htn + 6 fny ki tn
6
6fnk =t +3fn, =3, +fmym*+6fmhm?—11fA%n —15fn, A2+ 18 fn, A2 tn + 12 fny A tn? = 9 fny A2 tn = 3 fny htn + 2 fny A% tn
6h

ans =

h (55fn—3591fn, + 37 fn, — 9 fny)
24




Backward Differentiation Formulas

Led P(#)= At r8s, ahere Lid)% Gh), and #08)=5tp)
SRV ACHERTGRERCAN VA BRI/
RV NG IR TSN
From Aty + 5=y, Aldnee-Aa) = Ab= Y nri=y,
A b uz—-yw,% e Rt
B2 Yo A = )= L 22 7,

: )/hﬁ‘ Vner Tt Yo b = }’n(“/’n)“/m(ﬁ
= /

>/n /TLm' - le /7V:
h

Si'nce ﬁ,(xi‘)‘- At +f3, /0[///‘0 =4 /?/(1;”&:/.}

‘ /(’(jlf?f/>: [(jnf()ym/): \/m/-yv ) Se
h

ynf/ < %/’ t A 7((]{,,,,,7,,,“)
A/z/'clzk Jtlng f/e gachuar/ /__:M/er me/%w/.




A Zro/ofﬂ/flf _/a(CA/Woufo/ 0//’;;@/(717[/'47179:4 {OVVVNA/Q 'S

clear
syms t tn h ypl yn ynl yn2 fpl

E = [ (tn+h)"3, (tn+h)"2, tn+h, 1;
tT"3, tn"™2, tn, 1;

(tn-h)"3, (tn-h)"2, tn-h, 1;
(tn-2*h)"3, (tn-2*h)"2, tn-2*h, 1];

F = [ypl; yn; ynl; yn2];
= E\F; % solve Ex = F
% X% holds coefficients of the polynomial

egn = 3*xX(L)*(tn + h)"2 + 2*x(2)*(tn + h) + x(3) == fpl;
ypl = simplify(solve(egn, ypl))
ypl =

18yn_9yn , 2yn, 6fpih
11 11 11 11

74e So/w /afOL /5 347;” r2/3/7‘,,“ t C = f,m(//m/)ym/)
Simee Sy l4) 28U Fy) | Lo AL BL Ch 1 )
And 144 oro/f;/ Zaokmﬂ&/ dfferentiation Fd;fmu/q:

clear
syms t tn h ypl yn ynl yn2 yn3 fpl

E=1[ (tn+th)*4, (tn+h)*3, (tn+h)*2, tn+h, 1; x(f):/}
tTh4, tTh3, T2, tn, 1; x(2)- (3

(th=h)"~4.  (tn-h)"3.  (tn-h)~2.  tn-h. 1: )=
(tn-2*h)™4, (tn-2*h)"3, (tn-2*h)"2, tn-2*h, 1; X(%)=2¢C
(tn=3*h)"4, (tn=3*h)"3, (tn-3*h)"*2, tn-3*h, 1]; x(d) = 0

F = [ypl; yn; ynl; yn2; yn3]; :
x = E\F; % solve Ex = F (<) ~ E

% X holds coefficients of the polynomial

egqn = 4*x(1L)*(tn + h)~A3 + 3*x(2)*(tn + h)~2 + 2*x(3)*(tn + h) + x(4) == Fpl;
ypl = simplify(solve(egn, ypl))
) qul( . X(/3 are in tferms
ypl =
48yn 36yn; 16yn, 3yn; 121p,h 0§ M,)\/,,,y_) R -
25 25 * 25 25 * 25 >/ -/ >% 2 Yﬂ 3

/7/€ff) /0171 (fm/> 6//ﬁl/ym j/j Y ZCf,q +A Fy)-}-;( Nl >,y;+l>



8.6 More on Errors; Stability

Vertical Asymptotes

ﬁajr 381 - 7/-‘ /7‘/7“, y(o) =/

/ £ v +
Ay - (/o/x = arctent| = 1]
(/f77‘ 5 | p

arcﬂlan /ﬁ’ / /-’ 7Lan 67‘7"7;
/2 _
ﬁmf\/-y,y/o) /\ 0/ ’J'j;”/’f

2 - Iy =
\/(—/'jl/—/f_"/)/ | -A

Fmr\/(a?) = /4305 ,
&chlcm(7>/ ! /IL/

4.30¢ 0.9
Qrc}l'an /7/>‘ QVCYLarq (/Z/ZOS/) // d. 9

= [ Sol
ar(f[am /> = /ft *0.40/(, yi%aﬂ(/fa@/)

/ )7 ,{/4_ U v 00350 = T-0.9
S _ = s, K 0061707 A0
7 143053 0.9 ) 7



[ /
0.90%%/ -A4=~. Vv =
) 0. 999 - 1
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Example 3

0% /agc 3?3’, 'f’AP SVLO«V/(VV](VWZ IS Mﬂaﬁ/c,

x(2(1,). The solution of the initial value problem with these data at 7, involves not only e~V 1077

but also e\/mﬂ. Because the error in the data at 7, 1s small, the latter function appears with a very

ZV/ jchtra/ V“A( Sﬁ/otv[z'm /'S:

X(t) = o] ! ]cm”’ o] ! ]c’f;'ﬁ
I T (2
Do T [%7/

7;"’ §0/U7[/'C/V) '/’0 7_46 /‘M/.f/'a/ Ua/w’ /Ofag{/em u//'Yl%

X (/7&\ [}'(Z(‘> K ) US'(O/QS a mreans Y[d
f I

éf'lﬂa/ysz crior am/ §Y/a !///// ﬁdl‘mﬂ Fom/am/

f)’Ol’I/I ][n) W(// /'M(/d/UC €W0\;7/{- ama/(.:?//gﬁjl

&s 0/}/05(&/ YLO '/Ac o V' S/W//( 504(71/074 a//'v%
X (0) = [ ' }
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Chapter 9 Notes

9.1 The Phase Plane: Linear Systems

ﬁm /.Z?Z”;?{‘) ?‘or (’0144//0( €)'jen(/czﬁfcg, /\ s l)b()
i i stated Flat Fhraeoh a lincar transhormation,
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7 fhe ceal party 157 the imaginary pact,
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S NF it e (At W) [T
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E guating Phe rea| aved /Wj,‘nm/ purts of [13,021,
A7 - M e [3]
Am S U Al [ ¢
Lonsider T7 w7 & 2x2 matnx
[l P=Lr w]. 0 ALF 7= AP
Note Ni7= it /3 6 2% matrix | as /s
Mt A, ind con §¢ iewed as 1x|
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S [
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If O/ff(/AB 7’[0, Fhen P~ ZX/'S\/S, and
LPIAP = X u
[;m lz
/'; gl:/l; /’5 VLA( 0/13;};4//)/04/(%,
/ff ;’/ﬂl; ) o&/lere ﬁ‘[sz o ?:/J;??
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9.3 Locally Linear Systems
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The critical point (0, 0) is an asymptotically stable node of the linear system (17) and of
the locally linear system (8).

2. If v — 4w? = 0, then the eigenvalues are real, equal, and negative.
The critical point (0, 0) is an asymptotically stable (proper or improper) node of the linear
system (17). It may be either an asymptotically stable node or spiral point of the locally
linear system (8).

3. If v2 — 4w? < 0, then the eigenvalues are complex with negative real part.
The critical point (0, 0) is an asymptotically stable spiral point of the linear system (17)
and of the locally linear system (8).
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clear

% set plot boundaries around critical points
Xmin -3*pi - 0.5; Xmax = 3*pi + 0.5;

Ymin -10; Ymax = 10;

% set how fine to make the grid of values
Step = 0.5;

% total # points on X and y axes

Nx = round((Xmax-Xmin)/Step, 0) + 1;

Ny = round((Ymax-Ymin)/Step, 0) + 1;

% set the actual x and y coords

x = linspace(Xmin, Xmax, Nx); % a row vector

y = linspace(Ymin, Ymax, Ny); % a row vector

% preallocate memory for coord, slope arrays

% to be used in quiver, must be same dimension

xcoord = zeros(Nx, Ny);

ycoord = zeros(Nx, Ny);

dx = zeros(Nx, Ny);

dy = zeros(Nx, Ny);

for 1 = 1:Nx

for j = 1:Ny

xcoord(i,J) x(i);
ycoord(i.3) = y();: ] ]
[hz, vt, Is] = DirFieldVec(x(i), v()):
%-make -slope vector-a unit vector
dx(i,J) hz/ls;
dy(i,j) = vt/ls;

end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r")
xline(0); % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel "x1*, ylabel “x2°
stl = "Direction Field for *;
st2 = * dx/dt = y, dy/dt = -9sin(x) - (1/5)y";
title(strcat(stl,st2))

%-use-oded45 to plot trajectories
hold on
% ode45 uses a function handle
% x =z, y = z(2)
T =0¢t,2) [z(2);
-9*sin(z(1)) - 0.2*z(2)]};
tspan = [0,20]; % time interval for plot
% xyO is several initial values as [x;y] points
% split points into 2 arrays for display purposes
A = [0, -10, -10, -10, -10, -10, -3.141;
5, 7, 9, 6, 5, 3.87, 0];
B=1[O0, 10, 10, 10, 10;
-5, -7, -9, -6, -5];
xy0 = [A,B];
for Col = 1:size(xy0, 2) % # of columns of xyO
[t,z] = ode45(Ff, tspan, xy0(:,Col));
plot(z(:,1), z(:,2), "b", "“LineWidth", 1)
end

function [hz, vt, Is] = DirFieldVec(x, Yy)

% Supply hz = dx/dt, vt = dy/dt from problem

% Output horiz, vert components of slope vector
% Is = length of the slope vector

hz = y;
vt = -9*sin(X) - 0.2*y;
Is = sgrt(hz”2 + vt™2);

end



9.4 Competing Species

/‘f_:xam,,/dc /) /42_/

clear
% set plot boundaries around critical points

Xmin = -0.05; Xmax = 1.5;

Ymin = -0.05; Ymax = 1.2;

% set how fine to make the grid of values
Step = 0.05;

% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;

Ny = round((Ymax-Ymin)/Step, 0) + 1;
%-settheactual x—andy coords

x = linspace(Xmin, Xmax, Nx); % a row vector
y = linspace(Ymin, Ymax, Ny); % a row vector

% prealtocate memory for
% to be used in quiver,
xcoord = zeros(Nx, Ny);

coord, slope arrays
must be same dimension

ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for 1 = 1:Nx
for j = 1:Ny
xcoord(i,j) = x(i);
ycoord(i,j) = y();
[hz, vt, Is] = DirFieldvec(x(1), vy());
% make stope vector a unit vector
dx(i,j) = hz/ls;
dy(i,j) = vi/ls;
end
end

% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r")
xline(0); % show x and y axes

yline(0);

axis([Xmin, Xmax, Ymin,
xlabel "x1°, ylabel "x2°

stl = “"Direction Field For—=;
st2 = " dx/dt = x(1-x-y), dy/dt =
title(strcat(stl,st2))

Ymax])

y/4(3-4y-2x) "

% use ode45 to plot trajectories

hold on
% ode45 uses a function handle
% x = z(1), = z(2)

= 0.2 [Z(l)*(l = z(1) - 2(D);-
z(2)/4*(3 - 4*z(2) - 2*2(1))]
tspan = [0, 12]; % time interval for plot
% xyO is several initial values as [x;y] points
% split points into 2 arrays for display purposes
A [1.5, 1.4, 1.4, 1.4, 1.4, 0.8, 0.6, 0.4;

0.2, 0.4,

B

[1.4,

0

1.

O

0.6
0.2
1.1

OOO
Ob—‘CO

1.0
0.
0.

0
0

1

5
5

OOoORr

1.1
.05,
1

.1
0.0
0.2

N
5,

0.
0

1,

xy0
for

end

plot
plot
plot
plot

func
% Su

0, , 5,
= [A.B]:

Col = 1:size(xy0, 2)
[t.z] =
plot(z(:,1), z(:,2),

(1,0, k", “Marker®,=_*

(0,0.75,"k", "Marker"®, "
(0,0, k", *Marker®,".",
(0-.5,0.5,"k", "Marker*®, "

tion [hz, vt, Is] =

ode45(f, tspan,

.01,

% # of columns of xyO

xy0(:,Col));
"b*, "LineWidth®, 1)
25)

“MarkerSize®, 25)
“"MarkerSize®, 25)
—, "MarkerSize*,;25)

——MarkerSize=,

DirFieldVec(x, Yy)
pply hz = dx/7dt, vt =

dy/dt from problem

% Output horiz, vert components of slope vector
% Is = length of the slope vector

hz
vt
Is
end

x*(1L - X - VY);
y/4*(3 - 4*y - 2*X);
sqrthz”2 + vtN2);

0.
0

01;
-11:
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///////////////////////f/
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% set plot boundaries around critical points slR=zzccccco oo oo oo
Xmin-=-0.02; Xmax = 1.3; O I P A A S s P
Ymin = -0.02; Ymax = 2.1; 1.6 F oI I I I I I I I I I D D D T
% set how fine to make the grid of values e St St i
Step = 0.05; 14} T et ettt bt o it i e
N = s R NI~ I A i~
% total # points on x and y axes 12§ N E T T T T T T o T T
— e
Nx = round((Xmax-Xmin)/Step, 0) + 1; o e el
Ny = round((Ymax-Ymin)/Step, 0) + 1; i — e
% set the actual x and y coords 08 L ==_=
x = linspace(Xmin, Xmax, Nx); % a row vector ’
y = linspace(Ymin, Ymax, Ny); % a row vector 0.6
% preallocate memory for coord, slope arrays
% to be used in quiver, must be same dimension 04
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny); 0.2
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny); 0
for 1 = 1:Nx .
for j = 1:Ny

xcoord(i,j) x(1);

ycoord(i,j) = y(); i i
[hz, vt, Is] = DirFieldvec(x(i), y(d)):
% make slope vector a unit vector
dx(i,j) hz/ls;

dy(i,j) = vit/ls;

end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r7)
xline(0); % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel "x1", ylabel "x2°
stl = "Direction Field for *;
st2 = " dx/dt = x(1-x-y), dy/dt = y(0.5-0.25y-0.75x)";
title(strcat(stl,st2))

% use ode45 to plot trajectories

hold on
% ode45 uses a function handle
% x = z(1), = z(2)

= 0(t,2) [2(1)*(1 - z(1) - 2(2));...
z(2)*(0.5 - 0.25%z(2) - 0.75*z(1))1;
tspan = [0, 20]; % time interval for plot
% xy0 is several initial values as [x;y] points
% split points into 2 arrays for display purposes
A=1[1.2,12,12,12,12, 1.2, 1.2, 1.2;

0.2, 0.4, 0.6, 0.8, 0.9, 1.2, 1.4, 1.6];
B=[O0, 0.2, 0.1, 0.05, 0.05, 0.05, 0.1, 0.01;

1.0, 1.1, 0.05, 0.05, 0.12, 0.15, 0.01, 0.1];
xy0 = [A,BT;

for Col = 1:size(xyO, 2) % # of columns of xyO
[t.z] = ode45(F, tspan, xy0(:,Col));
plot(z(:,1), z(:,2), “b", “LineWidth", 1)

end

plot(1,0, k", "Marker®,"_.", “MarkerSize", 25)

plot(0,2,"k","Marker®,".", “MarkerSize®, 25)

plot(0,0, "k", "Marker®,".", “MarkerSize", 25)

plot(0.5,0.5,"k",*Marker®," . ", “"MarkerSize", 25)

function [hz, vt, Is] = DirFieldVec(x, y)
%—Supply hz =—dx/dt, vt =-dy/dtFrom problem

% Output horiz, vert components of slope vector
% Is = length of the slope vector

hz =x*(1 - X -vVy);

vt = y*(0.5 - 0.25*%y - 0.75*x);

Is = sqgrt(hz”2 + vitN2);

end
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9.5 Predator-Prey Equations

Exm/o/c /,/o.ﬂ/w

clear

% set plot boundaries around critical points
Xmin-=-0-05; Xmax = 8.0;

Ymin = -0.05; Ymax = 6.0;

% set how fine to make the grid of values
Step = 0.3;

% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx); % a row vector
y = linspace(Ymin, Ymax, Ny); % a row vector
%-preallocate memory for coord, slope-arrays
% to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for 1 = 1:Nx
for j = 1:Ny
xcoord(i,j) = x(i);
ycoord(i,j) = y(3d);
[hz, vt, Is] = DirFieldvec(x(i), vy(d)):
% make slope vector a unit vector
dx(i,J) = hz/ls;
dy(i.j) = vt/ls;
end

end

% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r")
xline(0); % show x and y axes

yline(0);

axis([Xmin, Xmax, Ymin, Ymax])

xlabel “x*, ylabel “y*

stl = “Direction Field for *;
st2 = " dx/dt = x(1 - 0.5y), dy/dt = y(-0.75 + 0.25x)";
title(strcat(stl,st2))

% use ode45 to plot trajectories
hold on
% ode45 uses a function handle
% x = z(1), vy = z(2)
f = 0Ct,2) [z()*A - 0.5*2(2));---
z(2)*(-0.75 + 0.25*z(1))]:
tspan = [0, 8]; % time interval for plot
% xyO is several initial values as [x;y] points
% split points into 2 arrays for display purposes
A = [3.0, 4.0;
1:
B=1[ ;

Wk R
[eNo)s)

.0, 2.0

.0, 0.2

.0, 5.0];

xy0-=TA,B];

% more ode45 points => smoother plot

opts = odeset("Refine”, 8);

for Col = 1:size(xy0, 2) % # of columns of xyO
[t,z] = ode45(Ff, tspan, xyO0(:,Col), opts);
plot(z(:,1), z(:,2), "b", "LineWidth®, 1)

end

% plot critical points

plot(0,0, k", "Marker®,=_*=,

"MarkerSize®, 25)
plot(3,2, k", "Marker®,".",

"MarkerSize®, 25)

irection Field for dx/dt = x(1 - 0.5y), dy/dt = y(-0.75 + 0.25x)
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% plot individual species over time
tspan = [0, 25];

% initial condition x(0) = 2, y(0) =1
[t,z] = oded5(f, tspan, [2,1], opts);
figure

hold on

plot(t,z(:,1))

plot(t,z(:,2))

xlabel "t*, ylabel "x, y*

legend("x - prey®, "y - predator®)

function [hz, vt, Is] = DirFieldVec(x, y)

% Supply hz = dx/dt, vt = dy/dt from problem

% Output horiz, vert components of slope vector
% Is = length of the slope vector

hz = x*(1 - 0.5*y);

vt = y*(-0.75 + 0.25*x);
Is = sqgrt(hz”2 + vtN2);
end
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clear

A = sym([0, -3/2; 7
1/2, 0D; N N
[evec,eval] = eig(A); 2| [ [\ {1
t = 0:0.1:30; “
evecl = evec(:,1); A\
x = evecl*exp(eval(1,1)*t); Ty
u = real(x); \
v = imag(Q; of |

linsolve(B,[2;1]); \
C(1,1)*u + C(2,1)*v; AT A
x1 = p(1,:); \
x2 = p(2,:); IS
plot(t,x1) g
hold on
plot(t,x2) 2 5 10 15 20 25 30

Fov v = tiVac and /T,= 0 ’O(C/a’]

va/, %)
;‘ FZV‘VA:/WZZ;/Q‘fIRL -fﬁ; NAQA/Y[;]::O
ra/s - Vac JLV
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Ta cos(Tac +) Ta sin(da: 4)
Tak,'mg real and imaginary ports, usisg Th. 745
u) = Kk (-~ /) sinTa ) ¢ £, (‘ﬁ/ﬂws(’r&c‘t)
v(A)= Kk, Ta cos(Tac£) + K, Ta sin (Tac #)
For ult) | /[ef
/@sg K(THY) L RsincD)~ K ()
LA PN, tanig) = %
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Let K= Vi ek e
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9.6 Liapunov's Second Method

Exam//e 2 ,// Y35- 4%
The ooymain A W/o/acm/// be -T<x<7,
amJ (/ 0(/01//0/ Sf/// ée /)OS/YZ/i/t 0/€7£/m¥(' Vrema/'ms
Zero 7fmf a// / perAa/S 64066 < 2 ) ),,> LM/Cé

~
N

Fal/frsfwn/g 7L0 QC(‘M,;,)? O }/ﬂOV’C/}Z)/S/‘C&/&

F(&//s Yic /n f(r-l/a /

'/-Zveorrm 764

The function

Vix, ¥) = ax® + bxy +cy* (14)
is positive definite if, and only if,

a>0 and dac — b >0 (15)
and is negative definite if, and only if,

a < 0 and 4ac —b* > 0. (16)

Proof © Note Y(0,0)=0 . Assume c,c 50 ar a,c<0 .
Ofherwisc, fac-L*>0 /s fafse
- a[><+ \><’f A
= a[(xf L) - PAVR
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(a0 = I /omfu/e oAe finite
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(2) (/(x,/> ‘s /as/'rz/'vc A finite
Consioler the points (x,0) or (0,¥). so
V(x0)>0 or [ (0y)> 0
/= ax” or V= ey* L aso and 20
From L], (x+ gy} yl(l'l?;'fz) >0 [%}
For X.y) 7 (0,0).
7§ £=0, en ém/// Yac-{ >0
Tf 640, for ey st x4 Qfg -0 Fhen
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(3) (//x,/v) < negative Aobinide
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V(x,0)<0 ar (o) <0



V= ax” o V= ey a0 and (<o
From [17 /Xf§7> ’ (%(g >0 [%]
fov (X.y) 7 (0,0).

7§ =0, #fen émr Yac {20

Tf {40, for (xy) s.r. ko 220 then
[3] 4ecomes \/2 4“;;2‘7 >0 sp
9/QC~°/L>O
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9.7 Periodic Solutions and Limit Cycles
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(4) MATLAE code

clear
figure 27
hold on
grid on
t = 0:0.1:5; 151
for p = [0:1, 1, 2]
for a = [0, pi/4, pi/2, 3*pi/4, pi,... 1|
5*pi/4, 3*pi/2, 7*pi/4]
r = 1./7(sqrt(1+((1/p"2)-1)*exp(-2*t)));
th = a - t; 05
X = r.*cos(th);
y = r.*sin(th); |
ifp==1 0
plot(x,y, “r°, “LineWidth", 2)
else 05 I
plot(x,y)
end
end Ar
end
axis equal 45|

[:XOU/V)//f 2
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Trajectories for dx/dt =y, dy/dt = -x + u(1 - xz)y

t



clear

% set plot boundaries around critical points
Xmin = -4.0; Xmax = 4.0;

Ymin = -4.0; Ymax = 4.0;

u-=0.2;

figure

axis([Xmin, Xmax, Ymin, Ymax])
xline(0); % show x and y axes
yline(0);

xlabel "x", ylabel "y
stl = "Trajectories for °;

st2 = ¥ dx/dt =y, dy/dt = -x + u(1 - xX™"2)y~;
title(strcat(stl,st2))

% use ode45 to plot trajectories
hold on

% oded5 uses a function handle
x=2(1),y =2(2)

f=00,2) [2(2);---

-z(1) + u*(1 - z(1)"2)*z(2)];
tspan = [0, 50]; % time interval for plot
% xyO is several initial values as [x;y] points
xy0 = [-3.0, O;

2.0, 1/3]);
% more ode45 points => smoother plot
opts = odeset("Refine”, 8);
[t.z] = oded45(F, tspan, xy0(:,1l), opts);
plot(z(:,1), z(:,2), "r°, "“LineWidth", 1)
[t.z] = oded5(f, tspan, xy0(:,2), opts);
plot(z(:,1), z(:,2), "b", "LineWidth", 1)

% plot u = x(t) over time

tspan = [0, 50];

figure

grid on

hold on

[t.z] = oded45(F, tspan, [-3,2], opts);
pIOt(t’Z(: ’1)1 .r.)

[t.z] = oded45(f, tspan, [0,1/3], opts);
pIOt(t!Z(: !1)1 -b-)

xlabel "t*, ylabel “u(t)®
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clear
% set plot boundaries around critical points

Xmin = -4.0; Xmax = 4.0;
Ymin = -4.0; Ymax = 4.0;
u=1.0;

figure

axis([Xmin, Xmax, Ymin, Ymax])
xline(0); % show x and y axes
yline(0);

xlabel "x", ylabel "y
stl = "Trajectories for °;

st2 = * dx/dt = y, dy/dt = -x + u(l - x"2)y";
title(strcat(stl,st2))

% use ode45 to plot trajectories
hold on

% oded5 uses a function handle

% x =z, y =z(2)

f=10t,2) [z(2);---

-z(1) + u*(1 - z(D)™2)*z(2)];
tspan = [0, 10]; % time interval for plot
% xyO is several initial values as [x;y] points
xy0 = [-3.0, O;

2.0, 173];
% more ode45 points => smoother plot
opts = odeset("Refine”, 8);
[t.z] = oded45(F, tspan, xy0(:,1), opts);
plot(z(:,1), z(:,2), "r°, "“LineWidth", 1)
[t.z] = oded5(f, tspan, xy0(:,2), opts);
plot(z(:,1), z(:,2), "b", "LineWidth", 1)

% plot u = x(t) over time

tspan = [0, 50];

figure

grid on

hold on

[t.z] = ode45(f, tspan, [-3,2], opts);
pIOt(t’Z(: ’1)1 .r.)

[t.,z] = oded5(f, tspan, [0,1/3], opts);
pIOt(tsZ(: 51)1 'b')

xlabel “t*, ylabel “u(t)®

For u= 50

Trajectories for dx/dt = y, dy/dt = -x + u(1 - x2)y
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clear
% set plot boundaries around critical points

Xmin = -3.0; Xmax = 3.0;
Ymin = -8.0; Ymax = 8.0;
u=5.0;

figure

axis([Xmin, Xmax, Ymin, Ymax])
xline(0); % show x and y axes
yline(0);

xlabel "x", ylabel "y
stl = "Trajectories for °;

st2 = " dx/dt = y, dy/dt = -x + u(l - x™2)y";
title(strcat(stl,st2))

% use ode45 to plot trajectories
hold on

% ode45 uses a function handle

% x = z(1), y = z(2)

=02 [z2(2);---

-z(1) + u*(1 - z(V)™2)*z(2)];
tspan = [0, 50]; % time interval for plot
% xyO is several initial values as [x;y] points
xy0 = [-3.0, O;

2.0, 17371;
% more ode45 points => smoother plot
opts = odeset(“Refine”, 8);
[t.z] = oded45(f, tspan, xy0(:,1), opts);
plot(z(:,1), z(:,2), "r", “LineWidth", 2)
[t.z] = ode45(fF, tspan, xy0(:,2), opts);
plot(z(:,1), z(:,2), "b", “LineWidth", 1)

% plot u = x(t) over time

tspan = [0, 50];

figure

grid on

hold on

[t.z] = oded45(F, tspan, [-3,2], opts);
pIOt(t1z(: 11)1 .r.)

[t.z] = ode45(f, tspan, [0,1/3], opts);
pIOt(tyz(: 11)y .b.)

xlabel "t , ylabel “u(t)"®



9.8 Chaos and Strange Attractors: The Lorenz Equations

7-4( (/ﬂtl(( 07( . 7Ca/“ 7L4( Non 2¢ro Cr/rz//'cq//o,'myé
o n /ﬁ H<E 1's /em/w/a(s fo//m/s, m/‘,ﬂj FTLAL

g;ggrr . p=3n+41n>+ (8r+80)n+160r— 160
J =1 -10, 10, 0;
1, -1, -sqrt(8*(r-1)/3); B

sqrt(8*(r-1)/3), sqrt(8~(r-1)/3), ~8/3]; c=(9 82 8r+80)
p = det(J - n*eye(3));
p = collect(-3*p,n) % positve integer leading coefficient rdp =
dp = diff(p,n,1); % find rel max and min of p
c = coeffs(dp,n,all") /3844 32 r
rdp = roots(c) % values of n where derivative is 0 \/ 81 9 41
% the two values are a function of r T2 T o
pr2 = subs(p,n,rdp(2)); % take p value of rel min
% pr2 is a function of r /3844 32 r
s = vpa(solve(pr2==0),8) % value of r where rel min is O V81 9 41
p = subs(p,r,1.4); % example plot 3 9
fplot(p)
xlim([-15,51)
yrim([-100,500]) s = 1.3456172
grid on
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fAC )nylrrt/cf/ 7LA€ /;/)1/(r\/4/ far WZ/}4 ]%f rao}és m[

/ <'”> are rm/

//SI'VIS /?7/}'724/2, ﬂ//oiL 07C 7'_4—6 X>>’;& vsS. j

5/001/01 éf/ow\ Same /a/oVL as F/j,ure 7.§.2 0n/.ﬁ‘§"7

clear
s = 10; b = 8/3;
r = 28

cp = [5,5,51;

% use-ode45 to plot trajectories
% ode45 uses a function handle
% x = z(), vy =2(2), z =2z(3)
=00t 2) [s*(-z(D) + z(2));-
r*z(1) - z(2) - z(l)*z(3)
-b*z(3) + z(1)*z(2)];
tspan = [0, 25]; % time interval Tor plot
% more ode45 points => smoother plot
opts = odeset("Refine”, 10);
[t,z] = oded45(f, tspan, cp, opts);
figure
hold on
grid on
plot(t,z(:,1), *
plot(t;z(:52), *
plot(t,z(:,3), *
title(strcat("r
yline(0)

nQ=o
« (a w
o/ \/

*,num2str(r)))

AmJ Fr'ﬁu,m 7.%.3 mnﬁ.%f

clear
s = 10; b = 8/3;
r = 28;

cp = [5,5,5];

% use ode45 to plot trajectories
% 0de45 uses a function handle
% x =z(1), y=2z(2), z=2z(3)
f=0(t,2) [s*(-z(1) + z(2));-

rz(1) - z(2) - z(l)*z(3)

-b*z(3) + z(1)*z(2)]1;
tspan = [0, 25]; % time interval for plot
% more ode45 points => smoother plot
opts = odeset("Refine”, 10);
[t.z] = ode45(Ff, tspan, cp, opts);
figure
hold on
grid on
plot(t,z(:,1), "--
cp = [5-01,5,5];
[t.,z] = ode45(f, tspan, cp, opts);
plot(t,z(:,1), “k", "LineWidth®, 1)
title("x(0) = 5.0 vs. 5.01%)
legend("5.0", "5.01", “Location”,
yline(0)

"LineWidth®, 1)

"northwest®)
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/;;r F/jv{)’( g ?7(4) ) l‘l/)'.’[/'ot/fo/'l/?f:— (3,8,0)

clear

s = 10; b = 8/3; 40 ¢ r=21 P1=(3,8,0)
r = 21;

cp = [3,8,0];

%use ode45 to plot trajectories 3011

% oded45 uses a function handle
% x =z(A), y=2(2), z=2(3) [
T =0Ct,2) [s*C-z(1) + z(2)):;--- 20
r*z(1) - z(2) - z(V)*z3);---
-b*z(3) + z(1)*z(2)]1;
tspan = [0, 30]; % time interval for plot 10
% more oded45 points => smoother plot
opts = odeset(“Refine®, 10);
[t.z] = ode45(f, tspan, cp, opts);
figure
hold on
grid on
plot(t,z(:,1), "b")
plot(t,z(:,2), "r")
plot(t,z(:,3), "g")
title(strcat("r = ",num2str(r)," Pl = (3,8,0)%)) 20 L L ! s w
yline(0) 0 5 10 15 20 25 30

9 62.7[ (6\) ) /'V)n'y‘/‘a/fa,'mf (S',S’, /0)

clear
s = 10; b = 8/3; r=21 ip = (5,5,10)
r=21; 40r

ip = [5,5,10]; % initial point

% use ode45 to plot trajectories
% oded5 uses a function handle
% x = z(1), y =2(2), z =z(3)
f=0Ct.2) [s*(-z(1) + z(2));--.
r*z(1) - z(2) - z(V)*z(3);---
-b*z(3) + z(1)*z(2)]:
tspan = [0, 50]; % time interval for plot
% more ode45 points => smoother plot
opts = odeset("Refine®, 10);
[t,z] = ode45(f, tspan, ip, opts);
figure
hold-on
grid on
plot(t,z(:,1), "b
plot(t,z(:,2), 'r
g

D 10+

o/ \/

plot(t,z(:,3),
title(strcat('r " ,num2str(r),"” ip = (5,5,10)"))
yline(0) -20 ' ' ' ' ‘




/:'3%/( 284 le), "”"’L’b'//”""f’ (5,5

clear
s = 10; b = 8/3; r=21 ip = (5,5,5)
r=21; 40 -

ip = [5,5,5]; % initial point

%—-use—oded45—toplot-trajectories 30 (|
% oded45 uses a function handle
% x = z(), y =2z2), z = z(3)
f=0(t.2) [s*¢z(1) + (). 20
r*z(1) - z(2) - z(1)*z(3);---
-0*2(3) + 2(D*2(D]: i ‘
tspan = [0, 150]; % time interval for plot L \”‘ |
% more ode45 points => smoother plot 10 | ”H
opts = odeset("Refine”, 10); ‘ \ d
[t.z] = ode45(F, tspan, ip, opts); MMJMMmI MMM h

hod on °M i i
0

,\,;H,\\mw

i

MW

”W“W

grid on

plot(t,z(:,1), "b") -10

plot(t,z(:,2), "r")

plot(t,z(:,3), "g")

title(strcat("r = ",num2str(r)," ip = (5,5,5)")) | | |
yTine(0) 20 50 100 150

/:/gwf 2.8 on ﬁ.‘/g?

clear
s = 10; b = 8/3; r=28
r = 28; 251
ip = [5.,5,5]; % initial point
20 -

% use ode45 to plot trajectories
% oded45 uses a function handle 15
% x =z, y=22), z=2(3)
f=00t2) [s*Cz(D) +2(2));--- 10+

r*z(1) - z(2) - z(1)*z(3);---

-b*z(3) + z(1)*z(2)]; 5F
tspan = [0, 25]; % time interval for plot
% more ode45 points => smoother plot - 0oFf
opts = odeset("Refine”, 10);
[t,z] = oded45(f, tspan, ip, opts); 5t
figure
hold on 10+
grid on
plot(z(:,1),z(:,2), "b") 15|
xlabel("x"); ylabel("y™)
title(strcat("r = " ,num2str(r))) 20+

-25
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/j/'cju/e 7.6 ow/. 29

clear
s = 10; b = 8/3; 45 - r =28
r = 28;

ip = [5,5,5]; % initial point
40 -

% use ode45 to plot trajectories

% oded45 uses a function handle 35

% x =z(), y=2(2), z=12(3)

f=0(,2) [s*(-z(1) + z(2));--.

r*z(1) - z(2) - z(1)*z(3);--. 30
-b*z(3) + z(1)*z(2)]:
tspan = [0, 25]; % time interval for plot N 25 -
% more ode45 points => smoother plot
opts = odeset("Refine”, 10);
[t.z] = oded5(f, tspan, ip, opts): 201
figure
hold on 15
grid on
plot(z(:,1),z(:,3), "b") 10k

xlabel("x"); ylabel("z")
title(strcat("r = ",num2str(r)))

-20



Chapter 10 Notes

10.1 Two - Point Boundary Value Problems
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10.5 Separation of Variables; Heat Conduction in a Rod

E7 U@‘///ot/) (2/) Svlcﬂles :

2 :
C”:Z./n fx sin(2 )dx. @1)

WNole that L(x) s defined over o=x<l
and (20) fas made an odd <xfension Sor 4x)
deined on ~c=xet. . f6)sin () s
an even fanm‘;‘om) J'ass/;yf/,'nj %L&m
Mote Fhat the odd o<lension redefines
£z 0. Lo fxample (), (6D 15 debined
on 0<x<50, 5o Fhe odd exdension and
Four/er sevies mean flo)=0, Wt/o/x'ns Fhe
Cilds behaviow at x=c o5 That i ¢ paind
of Jf‘sfom//w;fy.
Using MATLAR, Excmple | plts o

Nent /ij-



clear
a = pin2/2500;
X = 0:0.01:50;
figure
ytim([0,301)
yline(20)
hold on
grid on
for t = [20,50,150,300]
sum = 0;
for n

% make room for tegend
% F(x) at t =0

[1,3,5]
e (80/pi)*exp(-n"2*a*t);
s = sin(n*pi*x/50);
sum = sum + e*s/n;

end

plot(x;sum)

end

xlabel ("x")

yhabel (C"u(x,t) ")

legend("t = 0", "t = 20°, = 50",

"t = 150' "t = 300' 'Locatlon ,''north™)

clear
a = pin2/2500;
= 0:0.1:500;
figure
yline(0,"b", "LineWidth",2) % u(x,t) at x =0
hold on
grid on
for x = [1,5,15,25]
sum = 0;
for n = [1,3,5,7,9] % First 5 terms
e = (80/pi)*exp(-n"2*a*t);
s = sin(n*pi*x/50);
sum = sum + e*s/n;
end
plot(t,sum, "LineWidth",2)
end
xlabel (" t")
ylabel ("u(x,t)")
legend("x = 0", "x = 1%, "x =5, ...
*x = 15", "x = 35", "Location”, "northeast')
clear
= pi~2/2500;

% skip 5 on t array to spread out colors
[x,t] = meshgrid(0:50, 0:5:250);
u = zeros(size(x,1), size(x,2));

for n = 1:2:19 % First 10 terms

e = (80/pi)*exp(-n"2*a*t);

s = sin(n*pi*x/50);

u=u+e.*s/n; % u(x,t) to 10 terms
end

sc = surfc(u); % plot surface and contours
ax = gca; % these lines move contour
ax.ZLim(2) = 30; % plot to z = 30
sc(2).ZLocation = “zmax®";

xlabel ("x")

ylabel("t*)

% relabel y-ticks since skipped x5 in meshgrid
yticklabels({50,100,150,200,250})

zlabel (CCu(x,t)")

view([132.8 26.5]) % from experimentation
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Note Fhat 1n sect/on 0./ you jéncm///

solved a/y@f/«m /m/o/v/mj a S/e(;}(/'c Valie
tor A Since A bos meny /ds</'é/z yalues,
you o!fm'// wiany /ass/é/c sofutions. . é/s/ms
ga/ef/dos/{/'on, you use v%fgc/ass/’éé Sofutrons
fo come M/ witl o serics {7/(ss/'ovz for fhe

it/ Va/f/(c funciron.
10.6 Other Heat Conduction Problems
Ly fyom// | Ulx o) - V(x)= £6-2x - (201%)= 403 .
f(% 3x)sin( " ”"Bp/x . l=30
R
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c, - §0 + @Cws(nﬂ , n=123, ...
i nir

Us g /714 TLAR,

clear

a2 = 1;

L = 30; % length-of rod

X = 0:0.01:L; % extent of plot
u0 = 60 - 2*x; % initial condition

v =20+ X; % steady-state temp
Nterms = 20; % # of terms iIn series 60 1
figure 4 —_— =2
hold on e —t=10
grid on t=30
for t = [2,10,30] - initial
w= O; steady-state
for n = 1:Nterms
coef = (80 + 100*cos(n*pi))/(n*pi);
e = exp(-n"2*piN2*a2*t/L"2);
s = sin(n*pi*x/L);
w—=-w+-coef*e*s; % Fourier-sum
end
u=w+ v;
plot(x,u, "Linewidth",1.5)
end
plot(x,u0,"g","LineWidth",1.5) % init condition
plot(x,v,"c","LineWidth®,1.5) % steady-state temp 10 -
xlabel ("x")
ylabel CCu(x,t)")
legend("t = 2°,"t = 10","t = 30", ... & ! |
“initial®, "steady-state”,... 0 5 10
“Location”,"north*) 5%

fage 497
lase T = N <o R ’/M2<o, a//f’m/,(>o.
Lot X(x)= k &1 ke
D K,//x'/(l/uc‘/m
R UOEY N SN WAV
X0 K pe' foue 0 = KL

\!

!

Z .
= 62/, [ or A =0 5:/1/6/17-‘0,f-/(,’0



k{:‘

—
/:xam//( Z, f W
clear
a2 =1;
L = 25; % length of rod
X = 0:0.01:L; % extent of plot
N =5; % # of terms
figure
hold on
grid on
plot(x,x, "LineWidth",1.5) % t =0
cO0 = 25;
for t = [2,10,40]
u = c0/72;
for n = 1:2:2*N % just odd terms

end

coef = -100/(n"2*piN2);

exp(-n"2*pinN2*a2*t/L"2);
cos(n*pi*x/L);
u + coef*e*c;

% Fourier sum

plot(x,u, "LineWidth",1.5)

end

yline(c0/2, "LineWidth®,1.5)

xlabel ("x™)
ylabel (Fu(x,t)")

legend("t = 07,

"t =2","t = 10","t = 40°,...

*t = Inf","Location”, "north")

So)

% steady-state temp

251

20

kl —0 Vrv’\//::}/ SO/MV[/bV;.

—1t=0
—t=2
t=10
t=40

——1t=inf

>

10.7 The Wave Equation: Vibrations of an Elastic String

/;XC’W’/JC /, /)/ 507~ 507

Use MATLAB o ('am/wﬂlf’ Chn

clear

syms n x

L = 30;

s = sin(n*pi*x/L);

fl = (x/10);

2 = (30-x)7/20;

cn = (2/L)*(int(fl*s,x,0,10) + int(f2*s,x,10,30))

cn =

—1806,6,°+30n 7 o +9Oc72+

15 n? 2

300, — 107 no

5n?x?



2
Cp: “(80 G I +30niic, * 706, + 06, -30nTT,

/S 07t
= 1905, (1-6°) - g0 sin() [1-cos(2E)]
/g-n24z /{nzﬁl

n”\

< /2sin°(
Note for nt multiph of 2, 5in(*)= L5 50
H L s () F5nCE) b el

/Zi/'mg(”;/B: 751}1(”’5) , n=10273. ..
S —2

n>i ngp*

MS/;qj MATL AL o /)/07

clear
a= 2; 1r
L = 30; % length of rod
X = 0:0.01:L; % extent of plot 08
% initial condition 06 I
ic = x/10.*heaviside(10-x) +...
((30-x)/20) - *heaviside(x-10); 04t
N = 25; % # of terms
figure 0.2
hold on Z 0
grid on El
plot(x,ic, k", "LineWidth®,1.5) % t =0 o2l
for t = [4,7.5,11,15]
u = zeros(l,length(x)); % initialize -0.4
for n = 1:N
coef = 9*sin(n*pi/3)/(N"2*pin2); 08
sc = sin(n*pi*x/L)*cos(n*pi*a*t/L); 08t
u = u + coef*sc; % Fourier sum ’
end 1 s s | .
plot(x,u,"LineWidth",1.5) 0 5 10 15 20 25
end X
yline(0) % x-axis
xTabel ("x™)
ylabel (Fu(x,t)")
legend("t = 0", "t = 4","t = 7.5","¢t = 11", ..
"t = 15", "Location”, "northeast”)



clear
a=2;
L = 30; % length of rod
t = 0:0.01:60; % 2 periods
N-=25; % # of terms 1
figure
hold on 0.8
grid on
for x = [0,5,10,15,25] 081
u = zeros(l, length(t));
for n = 1:N 04 r
coef = 9*sin(n*pi/3)/(n"2*pin2); o2 b
sc = sin(n*pi*x/L)*cos(n*pi*a*t/L); 7
u = u + coef*sc; % Fourier sum E
end
plot(t,u, LineWidth",2) o2l
end
xlabel ("t") 0.4 |
ylabel(Cu(x,t)")
legend("x = 0", "x = 5", "x =10",... 06|
"x = 15", "x = 25", "Location”, "south®)
-0.8

—

X X X X X
wouw wuwon
N = 2 ;o

clear

a = 2;

L-=-30; %—length—of-rod

N = 25; % numbrr of termd

[x,t] = meshgrid(0:30, 0:30);

u = zeros(size(x,1), size(x,2));

for n = 1:N
coef = 9*sin(n*pi/3)/(n"2*pi~2);
sc = sin(n*pi*x/L).*cos(n*pi*a*t/L);
u =u + coef*sc; % Fourier sum

end

sc = surfc(u); %plot surfaceand contours
xlabel ("x")

ylabel (°t")

zlabel ("u(x,t)")

view([-245.76 34.69]) % after interacting trial-and-error

u(x,t)

-8



10.8 Laplace's Equation

Exa,nfé L, pp SI7-81¢

C, 51 (% y Fér)sin (”_’/_/L/;V
Ms,hj MATLAB.

clear

syms n 'y

a = 3; cn =

b =2;

fl=y; 4 sin(z n) —SSII‘I(E—)
f2 = 2-y; _ 2
s = sin(n*pi*y/b); o 3an

kn = (2/b)*(int(fi*s,y,0,1) + int(f2*s,y,1,b)); n’ smh( )
cn = simplify(kn/sinh(n*pi*a/b)) 2

As sin(ar)=0 For v=123,..., C, = 55/%(”’{7)

2,2 - A
0’ S/n/n(g—”i’>
2
clear
a=3;
b =2; L
[x,y] = meshgrid(0:0.1:a, 0:0.1:b); L
u = zeros(size(x,1), size(x,2)); ( \
for n = 1:20 % First 20 terms :

cn = 8*sin(n*pi/2)/(n"2*pi~2*sinh(3*n*pi/2));
sh = sinh(n*pi*x/b);
s = sin(n*pi*y/b);
u =u + cn*sh.*s; % u(x,y) to 20 terms
end

sc = surfc(u); % plot surface and contours
ax = gca; % these lines move contour
ax.ZLim(2) = 1.1; % plot to z = 1.3
sc(2).ZLocation = "zmax";

xlabel ("x")

ylabel("y")

%-relabel x-ticks,; y-ticks
xticklabels({0.5,1.0,1.5,2.0,2.5,3.0})
yticklabels({0.5,1.0,1.5,2.0})

zhabel CCu(x,y) ™)

contour(u,9, “ShowText","on")
xticklabels({0.5,1.0,1.5,2.0,2.5,3.0})
yticklabels(" ")




0.5

Dirichlet Problem for a Circle
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Appendix A

Derivation of the Heat Conduction Equation

The ferm absorltion is ot clearly debined
T+ means Fhe temperatare of Hhe materia/.
So From heat (eacrgy transfer) Fhe femperstere
ne reases 4/ AG = ¢ mAT, where c:g/ﬂeo;()'(
heat, m = mass. AT chonge in femperature
from AQ
plote Hix2), Fhe rate of beat tramster, /s debined
[n this discussion as /as/v‘/'w F cana/ng 70 m
[<tt- fo- NTM'
O i $24, eguation (14) states,
So, (f 4, =, the vate of Flow out of Fe

gc{f /hcr‘msm jfcaf// as L((O,T) —=0, Mmm//MS 7%{



éoch/ar/ soaf d450/wle Zero.
On p S$25, 0//1//0/1771S eﬁm%/on (%) !) Ax AL 7/e/a/5,

KA (U (xo+ Ax,t) —u(xp,1)) At
= .\';JA(_H('.W +08Ax,t +At) —u(xg+ 0AxX, n'))i\.r. (9)

/((mm)/{(xbrﬂx>[a%(xofo,f>} =
A x

S(Xoféx)/ (x,8%) A(x, Ax) [a(xo+ 84Ax, FHAL) - co(x,# 64% 1>j
ot

L As Ax=6, At=o,
(KA”x>x = Sl
stnce S, py A ale a5Sumed] Continuoes Sunetrons
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Chapter 11 Notes

11.1 The Occurrence of Two-Point Boundary Value Problems

broe $30 17 states

(0,0 —hu(0,t) =0, wu(L,t)+hwu(L,t) =0. (8)

the temperature there. Usually, #; and /, are nonnegative constants, but in some cases they
may be negative or depend on 7. The boundary conditions (2) are obtained in the limit as
hy — oo and hy — o00. The other important limiting case, h; = h, = 0, gives the boundary

conditions for insulated ends.

43 4;'5 o> am/ 42‘900) /‘ewf/rfz (&) 2s

Uo?) . v,  w (Lp) . ullf)
) ),

1

g /%s A,—MO, u(o/ﬂ—va) as /12-90“) a(a,f)—?O\
The other fimiting cuse, b= 40, yielde from (9),
“X (0)/1/3 =0 ) Mx (A,f) =0.




E / clear
syms X
X&V’? € / figure
axis([0,20,-10,20])
hold on
xline(0)
yline(0)
fplot(x)
for n = 1:6
fplot(-tan(x-n*pi),[0,20])
% start estimation just to right of pi/2
a = vpasolve(tan(X)==-x,x,(2*n-1)*pi/2 + 0.1);

n,a
end
figure
hold on
fplot(-tanh(x))
fplot(x)
xline(0)
yline(0)
n=1
20 i i i i
a = 2.0287578381104342235769711247347 | '
n =2 15 F
a = 4.9131804394348836888378206685945 | !
n=3 10F | - o I iu
. | .
a = 7.9786657124132407552457812070142 . |
5r | A Iu | I|
n=4 \ - 1". \ \ \
a = 11.085538406497022543376124600405 ol
n=>=5 \.'. \."-, \'.. N\ \_ 5,
a = 14.207436725191188359768502149593 5 'I 'I | '
n==6 10 l .
1] 5 10 15
a = 17.336377923983360670860109208644
e
all
3
2.
il .
Q-— -
-1t
2 F
37
il



11.2 Sturm-Liouville Boundary Value Problems

Z&@f@ cjeS /O/ W?Z/);V
J LIuv dx - j[(/u 1/7‘7‘41/]0/%

= ( ‘W/(/“’> ’ fﬁ””/x (rds = rs-|sdr
= v, (ﬂ“’/@ v s
- -pu V (/m/a/(u) f § gy A
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The latter rs Zajmmf«’s ,‘a/cﬂ%///v,
[0 Lecomes -
/OCO [<w'Dv@) #al)v' D] ’/0(0> =€) v o) + u(o) ()]
Aswmmj U(R) and V() sa%;‘sfy [23 delow :
A Y©) + oy 00 5 YOt Ay ()=0 (]
TF o« F0, Hhen ~u')v(6) + u(@y'(o) =
Ki;i (o) V(0) - ,2—‘;”@ v(o) = O
IF , 40, then ~u'Q)v(o) + up)vie) =
;Tl (o) V'(9) - ;f—f: W) v'(9) = 0
T3 A, 70, Fhen —u'()v) + a()v'(1)=

A ulvG) - _é w(y) V(’> =0
B f2

T g, 40, Hhen ~u'()v() + a()v'() =

Ay UV - fo ! QW) =0
5, A

B f§3 éewmfs; [’(’3 [0] /)(0) [OK =0



Selt=Aoljoint
Mote the deSinition refers only to He linear
o/mmm i éam/a7 condiions, not the
cw;o/%/m of Mc o//‘FFfren%/q/@7qq yon (se., LLy170).
Emm/o/c 4 ﬁ@z
Show 1 hat y rhy=o, /(~/)~/(/):o,/'(»/)~/'(/)=d
/s Sf/F-aaéoth« %/e/e,/g(x):/,
L) (LL)v = wllu]) dx = a6) v'en) - wer) u ) /J,

= Uy ) - a (D) =~ DV Do)
+ (,,(m/'[—ﬁ - u(/)v’(‘/)

z 0 %
= U N[V -veD] + v Tuc) ~u]
W) o ) vl-r)

OV ORRR ).
P (- ) - g GOV

=0 =0
= LulD-a a3 ve) + @ (DL - ud)]
-0



§‘,( [Lu3 v - MZ[VDo/x =0, S0 (L[u),ﬂ: (u,LZ@
50/017[/'0145 3
A=0 = GR) = ¢ xt ¢ / o) -Ba)=0 =
10 ~(q1G)=0 = -2¢,2077 (,=0-
%(@:/ /s a solution.
Yo 7 fE ol e
bC-)=0 = e ige

21 27X
YA C/ rCze - Ge A~CZ=O [17§

A A
-Ge -¢Ge =0

g//(’/) B(D=0 = ¢, 1-\ ;7 czﬁ\em-c,ﬁcﬁrqﬁeﬂ:o‘
or (- Cléﬁ-c/ cZﬁfcz =0 [2{
Adding 13,027, 2e,- 26,67 20, o
¢, (1 “@2ﬂ>:O - Since Ta#o, ¢ =o0.

[ = ¢ (<?ﬁ-/) =0 = &, =0

A<O 'S /’707[ an ezjfﬂva/Mf.

—

)\ >0 =) g[(@ = < cos (ﬁx} + Czsfm(ﬁzg



G- -B0) =0 =
- 603(77&’3 ¢, 5;'m(77> - ¢, (os(J% ) - CQsm(73) =0,
or  C, 81 (77) =0
B(-D-30) =0 =
¢, 7A s/ (77\'\ 1 (J/T(&S(/ﬂ 1A sy (ﬁ\-%ﬂ(ps(ﬁ\:o,
o ¢, 5/'/7(7)\’>=O
L TIF sin(M) 0, ¢ 2Co 20, 50 Frinal solution.
Sin(INY=0 <0 A = N7 n=;253,..

y RS
/}* NnN"r , n=,273, ..

g} ()Q - C, (05(14777& t G s5in (nix)
Fgf md M = //}1/"(’L y Du(x)= cos(nitx) ov

¢M(X) = Sin (/7?')0 art /'mO/f/eno/t’Mf So/af/'ans.

: )\n (S ﬁof 5/,m/0/€~



11.3 Nonhomogeneous Boundary Value Problems

Mot Maf CAO}MZN /0 54@0«/ /‘447‘ cry /o,‘ecew;'w
Continuous functlon £ on [0,13, wt) frecenss
continuous f/ on [0,13) cun gc zx/rmsw/ as a
mnucrjcnf Fouriev Sevics either as o cosine
. 2 (% —

series (4,2 2, f0eos(TVe | pn0p) or as
G Sine Series (a,,= %§0Lf\/x)s5n(”%>o/x) N =0023.), OF
s a combination of cosine and sinc functions,
/e/cno//nj a{/ow Aow ) s extenoded on A
In 7‘4/'5 sec 7[/'014, f(x) (S 67&33(6/45 G seres of
@,‘Sm ;a/)c%/'orﬁ) Which orc ﬁano/g sa/z//nj 2
fe‘/aj_w/ %'fferenf/b/ e7mvzz'wz , L[ﬂ: kf(X)7>
wol the orlginal cquation, LIA: purtedy s §6).
TAc 61'3?17 Sunclions are Jus% ;;70/6/06}’/ Lot orthonor mal
Sunc tions Mﬂ&/ 7o mc/awss 7L4< solution (v scrfes



form, as a “wice” sofution sy Lo able ty de
Cound. rix) from the orlj/'mc/froé/em 'S used
in the velated LIy3= Xrdy. This yields Ay
To qet oy Cn= (600 ) - f:m; D 4.
Once Co and N, are odtained L. s cOm/w‘ﬂ/
asm@ ()Vr//)! (20, n=(23, -
- Jx) = ? ¢, ;zs@ /s The sufution s The
ofIS/M/ /oroé/em.
<O First put /”/O“//‘”” in Form LI3= = (pe Y )
() Solve [Ly-= Ar®)y fo get Ay, A0, whic)
use  the wf)i/ma//J/dg/fms !ouw/a/ condsfrons
() Get o, from <= | 1)tV
(4) 0ltain by fFrom (A dba= Caz=0
L6 2 2L A6 s te sobdiog fo
/.[7]:// PCR) 3+ (%)



Exam//e / py-517-51
C/S! \{//0(50/1/6/, To o\/fa/'n )\

clear

syms X

figure

sq2 = sqrt(2);

yl = -x/2 + sin(sq2*x)/(sin(sg2)+sg2*cos(sqg2));
fplot(yl,;[0,;1]);°r") % exact solution
y1im([0,0.4])

% solve for lambda

ul = vpasolve(-tan(X)==x, X, pi/2 + 0.1);

u2 ulnz;

y = 4*sin(ul)*sin(ul*x)/(u2*(u2-2)*(1+cos(ul)”"2));
hold on
fplot(y,[0,1],"b")
grid on

% plot just one term

clear

X = 0:0.005:1;

% get exact solution

sg2 = sqrt(2);

y_ex = -x/2 + sin(sq2*x)/(sin(sq2)+sq2*cos(sq2));
y_est = SolEst(3);

plot(x,y_est - y ex,"r")

grid on

ylabel ("y™); xlabel("x");

_est = SolEst(15);
plot(x,y_est - y ex,"r")
grid on
ylabel("y*); xlabel("x");

function y =
syms-z
x= 0:0.005:1;
y = 0;
for n = 1:NumTerms
% start estimation just to right
e = (2*n-1)*pi/2;
ul = vpasolve(-tan(z)==z, z, e + 0.1);
u2 ulnz;
y =y + 4*sin(ul)*sin(ul*x)/. ..
(u2*(u2-2)*(1+cos(ul)"2));

SolEst(NumTerms)

of pi/2

end
end

A/mi MATLA R,
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Note Case TLa oy / $Y7 stales jpo solidion 75 7Fhe
mowéwmjwqu 570(&7%;7 ex5Ts. If qu 4
//‘ecem‘fe camf/?qmus//v Aifferentiodle Sunction DA
ex/'st, ]%cm 4/ Theorem /. 2.4, 't could Je
e /eﬂﬂfm/aﬁ a linear com nation of /%e
ﬂorma//'z‘fec/ é/’jmﬁmc%lbns %,(20 /er/'vw/é/ 7%:’
/o/ocms am/oaﬁe S46. Jince Flere /s no such
Combination , 7%6 function O/afsn)f ex)s 7.

11.5 Further Remarks on the Method of Separation of Variables

Exm/)/e /
T(t) = K sinQad) r Keos(had) Mole FHut one
é@wf;/m/ condition 1's Up(r,0)=0 which /m/g//m
T(0)=0 = £ hacos(o) =0 =7 £, =0
T(4)= £, cos(hat) so o, (r1)- jo(k,,(r)Cos(AmQ,‘D
Also, To sec the variadk subshiution Letter,



lef r(e)= }\é—) S(e) = A or@ = A(%)

A5- I 4. - AL
% %J—C; (/\>)

/4 L R Y\
Z—l de /\ Ar J¢ )‘47,7(> -

P20 e, RN 20 Lecomes
rENS @ 1 paster e N Sce) =
€515+ eSE0
SOENSICRRNACY
A= ¢ T+ ¢, V()
Sz'nCc )= é//\) G = fA
A= T ()t G ()
Note 72" ¢ r Rt 3*0°4=0 ;s rA'r Rt Xrl=0.
Gr - (fé'y = Nr k| so \z\/‘(r\f "V $Turmn- Liouille

form.



11.6 Series of Orthogonal Functions: Mean Convergence

E xM/w/e | = using MATLAB,

clear
syms X
f=1;
Nmax = 20; % number in series
N =1 Nmax]; % array for x-axis

Rn = [1 Nmax]; % array for mean square error

Sn-=0; % initialize for partial sums

for m = 1:Nmax % compute partial sums, error
N(m) = m;

coef = 2*(1-cos(m*pi))/(m*pi);

Sn = Sn + coef*sin(m*pi*x); % next partial sum

Rn(m) = vpaintegral ((f-Sn)"2,x,0,1); % mean square error
end

plot(N,Rn, "b*","LineWidth",1.5)

grid on
xlabel ("N");ylabel ("Rn™)

0.2

011 * *

Rn

0.05 * *
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