11.1 The Occurrence Of Two-Point Boundry Value Problems

/lr// Con«%'//'om are Zero = A&magencocfs

)/(07‘/ 7!0 =/ MdﬂAOzMO ev e aus

)///f ‘// = SIN(R) #0 =2 yonbomoceneods
noo2 ~ / ,
—), f)(y\ﬂ/ ”0) 0// cond) Flons are zeyw ’27%01440;8)7604{5
((/H( “Ay -] = a//cono/m[/oms 2ero *>40mo eneoys
)y A omog

‘/N-/\({fxz)7 :O) a// (0/7%%/’0/13 2y =7 Aamo <hneous




(@) As i Exauf/e [ onm 2 53/, A =0, so

y = ¢, s (TR x) ¢ Cy cos(TAX)

y(c)}*—b = (=0 y(x)—’ - s/n (X x)

7(773 t y‘(?f)f <) [5/'14(7’7/”0 + 1X ¢os (ﬁﬁ)ﬁ‘; o
Smec ¢, #0 for a nan}m‘w‘c,/w/a}‘/'m) and
f cos(IRT) =0, thew sin(an7) 0.
C Can oyl !/ cos (TAT7) fo qet
Tan(TR = -VA. 7/,@& /S a solution /n
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yn(x) = S/L{m x) | iheve tan(T2, W)= -7,
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Use MATIAL +o solve  tan (9X )~ - TN

clear

syms x

figure

axis([0,8,-10,5])

hold on

yline(0)

fplot(-x)

fplot(tan(pi*x),[0,8])

for n = 1:8
% start estimation just to right of (2n-1)/2
a = vpasolve(tan(pi*x)==-x,X,(2*n-1)/2 + 0.1);

a2 = an2;
sprintf("n=%d a = %.5F an2 = %.5f",n,a,a2)
end
5
ans = 'n=1 a = ©.78764 a*2 = 0.62037'
ol ans = 'n=2 a = 1.67161 a2 = 2.79427'
ans = 'n=3 a = 2.61621 a”2 = 6.84457"'
ans = 'n=4 a = 3.58655 a”2 = 12.86336"
ans = 'n=5 a = 4.56859 a2 = 20.87203'
SF ans = 'n=6 a = 5.55668 a"2 = 30.87667'
ans = 'n=7 a = 6.54824 a2 = 42.87941"'
ans = 'n=8 a = 7.541%96 a2 = 56.88117"'
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/4 s/ (TR x)+ ¢ cos(TA)
7'()<> = ¢, T cos(UX x) - &I in (4% X)
)/(o):o =60 L yE G s (TTK)
)/(/)f)/'(/} = ¢, cos(PR) =~ IR s () = 0
IF cos(om) =0, 7‘/@7 sinQ) 0, 50 ¢, =0

Frivial solation. S(IN) #0 , 50 divide
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Use MATLAB 1o solve tan (77)= 77
(0&/6, (/&{/(4('3) gy]ﬁ///C)?LaV] ;/)(7§7L/C{jc.



clear
syms X
figure
axis([0,20,-5,5])
hold on
yline(0)
fplot(1/x) ans = 'n
fplot(tan(x), [0,20]) ans = 'n
for n = 1:6
% start estimation just to right of (n-1)*pi ans = 'n
a = vpasolve(tan(xX)==1/x,X,(n-1)*pi + 0.1); ans = 'n
a2 = an2; \
sprintfF("n=%d a = %.5F a”2 = %.5f",n,a,a2) ans = n

ans = 'n=1 = ©.86033 a”2 = 0.74017'

2 = 3.42562 a2 11.73486"

41.43881"

]
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= 9.52933 a2

5 = 12.64529 a~2 = 159.90329°'
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6 = 15.77128 an2 = 248.73343°

end
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(a)
hs in Exam/a/c/ on p 33, ) >0,
/(x) = ¢, 5 (TN x) r Ceos(PA x)
/’(;O: (AT ¢os(TA %) = TR Sin(97 X)
/(0>,/’(0> - G-I =p, L (7 GTA ]
0= ¢ Lsin(mn) + 7R cos(70)]
y'(x): ¢, [ﬁ cos(1r) = A 6/%(?5)0]
)/(/): ¢, [sin(%) + 77 cos(77) |
)/’(/) e LYX cos(17) - 2 sin(7) §
y(f) f)f/(/) = ([ (-D)sin@R) + 2T cos(R =0 (2]
For non-frival sshtion, JIT= ¢ #0.
T+ cos(7X) =0, Flen sin(R) 20 andd 11/
(1-))sin(13) £0, 50 cos(TA)F0.

Also . ' X=], [22 /s not salifyed. . 17
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L [2% éccames tan(13) = 272
ey

>/4 (2<> = /([S/n(ﬁ\; xX# ﬂ(os(@ x) , WZr/e

faﬂ{f/{»: 27[/:(; ) K a consfar)f

w !

(4)
TE A20, Fhen §'=0 = y6= Gty
y(oS - y'(0> = (¢) - <C/>:O =1 =5
\/(z) F \//(/3 = (C,*C,> t(q)=0 = €, 70,50 &=0.
N=0 = teivial solution

)\:0 (s MO7L an e/'jem/c/m.

(c), (q/>

Use MATLAR /o/of )/2716”"(70 and J = x%
7C0)’ X >0 amo/ X?l/r 746 /,/I/z(fSCLZZ/'on /o/ﬂ/s
fc/f(&?/l% ﬁ:, . (OO/C)//OZL 0V n@x%/ajf,
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clear
syms X

2 = 2*x/(x"2 - 1);
figure
axis([0,20,-10,10]) ans = 'n=1 a = 1.38654 a"2 = 1.70705"
hold on = 'n=2 = 3.67319 ~2 = 13.49236°
yIine(O) ans = n= a = . a = .
fplot(f2) ans = 'n=3 a = 6.58462 a"2 = 43.35722'
zg:oﬁ(tag(x) .[0.201) ans = 'n=4 a = 9.63168 a~2 = 92.76935"

% start estimation just to left of (2n-1)*pi/2 ans = 'n=5 a = 12.72324 a"2 = 161.88086'

a2= Vp§§0|ve(tan(x)==f2,x,(2*n_1)*p|/2 - 0-1)3 ans = 'n=6 a = 15.83411 a”2 = 250.71889"'

a2 = a2;

sprintf("n=d a = %.5F a2 = %.5F",n,a,a2) ans = 'n=7 a = 18.95497 a”2 = 359.29094'
end ans = 'n=8 a = 22.88166 a2 = 487.59969'
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yE)1 @) =0 = () # (cT)=0, or Ge-c I I
6= elam () 17 cos(17R)]
7(/7=o > <, [m(ﬁ) TR st =0 2
GO
Note when cos(13) 20, sin(PR) £0- Ths
contrachets [27. . cos(yx)#0.
" Niviofe 27 é/ ¢, cos(72) to jcff

fam(ﬁ\ =72 Q/Zm’e 1> 0,

/L/';)f o) Vlo;/ﬁlr‘/'l//'a/ S'o/q]z/bm) O(S/'MS [/j

5/’”(6 7%:5/6 IS & 50/(4%/'014 to 7La14(><)= X /'m eufr/

teral [‘(Zﬁ’—;\lﬁ’) (2"—'—2—7]  oN=0273

In () = sin(1A,) = I cos(F7, %), where
fOM (M>: b*/'\ﬂ ) V,://Zﬂ)...

@)
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Y01y () =0 = (G 4(6) 20, e -,



V(K>’C/(X’/) =7>/(/)=O =7 (-G =0.
>(:O_/'E an elj‘fﬁf/cf/“‘ ca/fé c;ﬁcg;uncf/bn
y(x) = K-/

e
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Use MIATLAB 7‘0/0/07‘ y = fan() and y =K. The
/m[efsccf/&n/o/mfs /C/O/escm‘ 72, .

Note tan'tc) = sec*(x), so tan'(e) = sec™o)~/). So Fanix)
Oméx infersects Y =R af x=0 /n LZ 20 - Zuff,

5; rs 7L { ’7 7€f Yy Scc Ve/c) n f’\ 1:‘:2_ | 2. 7~:?; S/ y7 ce 43)x:<¢/cl( /*1(8 _ ;x - Cj‘

clear - m“ n=2 n=3
syms X
figure
axis([0,20,-5,20]) _
hold on 15
yline(0)
fplot(x)
fplot(tan(x) [0,20]) 10
for n = 1:8
% start estimation just to left of (2n+l)*pi/2
a = vpasolve(tan(x)==x,X,(2*n+1)*pi/2 - 0.1); 5¢
a2 = an2;
sprintf("n=%d a = %.5F a2 = %.5f",n,a,a2)
end ok
ans = 'n=1 a = 4.49341 a”2 = 20.190873' i . T . .
ans = 'n=2 a = 7.72525 a"2 = 59.67952'
ans = 'n=3 a = 10.90412 a”2 = 118.89987'
ans = 'n=4 a = 14.86619 a*2 = 197.85781" /‘]’S n = 0° )( (Zh ’//)/’
ans = 'n=5 a = 17.22076 a”2 = 296.55441' :l
ans = 'n=6 a = 20.37130 a"2 = 414.98998' 2 (;Zrif/) 75'
ans = 'n= a = 23.51945 a*2 = 553.16465' .. -;ﬁ “~
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a = 26.66605 a”2 = 711.07845'
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(1) 607/)0S< N=0. ulx)=ox+C,
ulo) =0 => ¢, =0, uln=0 =G =0.
on// Lrival solation. . Y #0
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C,=0. .. On// Frivial sofutbwa.
X0 L uk) = ¢ cos(Th x) G Sin(7h x)
©(0)=6 = C,=0. Y()=0 = C, sin(TA) =0
For ¢c;#0 §or non //“/1//'4/50/«/;'014, TN = 0k, n=l23.
L{n(><> = s/n(nirx)

yn(x\ = S(K)L(,AOO: CXS/fV;(W’/VxX N=),2,3,...

x . .
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(1) D=0 : N=L ore (a%c-/ ool . 7ﬁc/cx+ czxex
)/(03'10 =2 G20 y()= ¢, %e" Y(D=0 =2 ¢=g
) OVI// 7%6 trivial scletion. . ) EO.
(2) N>0. . rous CO”VI//?X AN EYY SN
/ = ¢, &cos (T x) + ¢ ¢ sin (77 x)
)/(o) =0 = C=0. .. )/(x)r (2€X6/m(7/7/<>
7(/5:0 D C,eSMAR)=0. [or €, #0
(/’.6.) nontrivial Sc:/avz/bn)) Sin(10) =0 =7
A = N, N=1425, ... nito ffom (/) “Love.
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B) A<o. let )= -w™, w30
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)/(@):@ =7 ¢, t¢ =0
[+ - 2
)/(/)“*O 2 Ge ' roe =0, 0r (e +G>0
Sl fracts 29 (1-&“)-
I }’ac/l’lﬁ) C]~C,e -O)WC/ [ € =0.
. 2 n
Since /”6&)7!0 Stnce w >0, (_/:0~

¢, =0 . On//l 717’;'(/1'&{/ Sd/wl/bm.

- (1),(2),(3) = %(x) = &"sin (n7fx>) N, SnT, nei23.

are 7L/€ Oﬁ?v nom-%n'(//b/so/af/'ons,

(4)

Z17L 7/[)(\: [,{(x)S(X}, é{()() = _S,[((xﬁ))) . §(><> 7/0 /'n Some
i terval fﬂcw;ﬂass//qj [0.0T. . U@)=0
\//: U () SCR) § ulx)S(x)

y’(ﬂ:() - o« (S » u()s'() =0

/ / / /1 /" e /0
)/"f su+Su't ursu = Su + sy *2su



: (50/”,L 5"t Zs/u'> i (su'+ us') ¢ ($9) su = O
0/{/1'0//%3 Z, sy,

U's " e 2sud p Fuy #s o () =0 0]
“ S SY 7 S

/0 36% P/O/OS' ZSM 401/ : f??c,//'f(’ /‘T/' 7['0 éc 2ero,

—

Sy U
/ /
SO 28 4 o, or 5 -2, . S(x) =
AN éewmw y” S 6‘ 72
U S

)

. /] -2 4 /
Since " = 4 4 YU =9 u'rIAu =0 [2]

(N A=0 : Y =0=>u=crtcy. uld)=0~c,=0
)//(L>: u'() € ull) (—26’“):0
= (¢t v ¢l (—2e‘2‘>=o =7 C, ~2¢0=0
= C, (1-24) =06 Assum/rzi Z-%’/i) FHlen 70

~2X

If L= ’é, AN=0 s an cz‘jwf/a/orc) y=Xe

2 I
@) p<o: (<t A=-w w0 u' -9 uzo,



-3 w ~ A
U (x) ‘Ce rCle w%) a/(x):f,gweg x»CZZcoeg
_ . _ 3w 3w><
G((O);O 2 (= -C .. U((K)—C( " >)
or, U= L sinh(Bux) K= 2e, .

B y(x% SeU(R) = c’z’(s;'né(ng

>//(X)" -2¢ sinh (Bux) + Swe cosh(3uun)
y'(Qf -2 % 6mh (32) 1 3ue X eosh (3u1) =0
2sinh (3uwl) = 3w cosh (3e2)
Since cosh(3u) 20w = & fanb(3ul)

/\./660/ 7ZO 7{/'/10/@4% /'/f 7‘4{ /0/07Z 0/{ )/:X (wﬁ%a

clear

syms x L

X = 0:0.01:5; 06
figure

hold on

plot

for L

end
axis([0,0. 7 0,0. 7])
legen

S/o/ﬁe of /> ever infersects %/c /0/»7L oF
Y 5 fankh (3¢X) . Use MATLAB #o pIiT

(X, %)

= [174,1/2,374,1]

f = (2/3)*tanh(3*L*x);
plot(x,f)

aC” y "L= 1/4 L 1/2 "L=3/4","L=1"
catlon st” )




This suggests for £ 43 enough, y= 5 tard (324)
will s terset y=a, @/}/fm3 a nonzero
Solatipn o w= % tanh (3Lu).
Since f/(ww, we needd o (5 tank(320)>]
w dw
At w =0, %fan4(34éz/):0) §ut -w"=<0 so
w=0 s not allwwed
% & Lonk (3L0)) = 2 (30)scch (3Lw)
’ = 20 sec] (3iw)
Oince 0sh(x)> | for afl x #6, cosl’(x)>).
2L sech’ (BLw)> | = 20> i) = Coth () >
© W want 22>/, or L> 3
T 205/ since sech™(3tw) 2], 2L sech BLu)t)
o Here will e no interseetion wth y-w cxept
al @ =0.

W/t L>% there is a nonzero solubin 4o



0= 5 tank (3L W),
It [ < ”2/1, fAe/e are Vo n{iaf}"/t e/‘ﬁcm/a/ws.
T+ L > ’)i) ‘/‘Aefc /S 0ne yonzero e;‘ﬁem/c«/qc)
): -wl) M/Azrc W = < %anA(SZw) ) anc/
7(><3 - ¢ sind (3w x)
(55 N =0 . ulx)= ¢ cos (Mix)rfzs/m(iﬁx) =0
U(o)=0 =7 ¢, =0.
7/()<>= - e"zxs/%(éfﬁ x)
7’(0 -0 = 20,6 Sin(3INL) * (377 bos(Tid)=0
For o non-1ivial sofution, ¢, #0,
2sin(3INL)= 3Th cos(3TM L) [3]
For ) >0, A >0. A//en s (397 1) =0, ws(zﬁbi‘o‘
When cos(3751)=0, 5in (3¥T %0,
S (R3IAL) and cosBIN L) must be Hhe Same s'qa-

CNT<BM LT AT, =023,



From (33, 5 fan(312, L) V0, | 2,0
yﬂ(ﬂ)'; esia(3T7; K )
Mote, Srom MATLAR, the plotf oF =
A fersects y = % fan (nx) af MM/%//’H/c /a/m‘s.

clear
ms ‘
n = 3 / arbitrary value 9l

figure
ho Id
fplo

f = (2/3) *tan(n*x);

fplot(F)
axis([0,10,0,10])

§uMW447 .

ﬂ’-—
-—

\> A 0 s av Z/jcnl/cr/uc’ on// szen >

- 2K

and y(><3= X e
<2> >\<0 : I? [ % 5.) 7%6/6 (S N C/jcﬂ)/c//otf
2‘7C [ > é) 7'%@’6 /S o Non 2ey0 e/ieﬂua/ue)

h=-w” where w >0 and co= % tank (3L),
and y/@: e sinh(3u ><>



(33 A>0: there are mu/%/'f/e a‘jem/a/ufs, the
soJution to T}, = Z tau (372..2) , and/
() = e 275/ (377, x)

4)

7%6 c/)arfa(c%c/‘zlsfz‘c €ﬁ ualion s P 4 %v + (4+92) =0

re L EV16-44p9) = -2 £3TA
2

(/) )\’:0 7—46@ ryr=-2, g f?/mfm//cmf) S0
y(@ = ¢ e r C;L><€’2’< /(@:0 =2 (=0
Cyie) e, - 2058

/(L)=O = cze“u(/ -22)=0.

/

—

For oy 7L/‘/V/'a/ SO/otz%n, C, 0, 80 L=3

){ =0 s av) e/'fmm/o/b(f wzen L:%{,

———

x

.- 7(x>;z(€~2




<Z) A<Q. . let /1’-4()1, w0,
N =21 35y ) \/(x)i €~2x(c)€3q)x* ngswx)
7(@)%0 w7 GG RO (=G
K= 2¢,
/(;(): ¢, GPZﬁ eij~ -3UX> /(@ &M(Sam}
WOERSISRETVE wx) + 3wke vosh(3wx)
)//(L>:027 ,(”efu [~25>‘V:A(3w/—> + 3w casé(gw/\ﬂ =0
,fér mon%m'://éz/ SO/qf/'on, K#o0,
bo = “fan4(3“4>
Aczcs }/:a) /'/I’/c;/‘Scof /: g%anX(3mi>7
§/0/< 6)7( 7:5(} /S / ﬂ/ Z_Z: %g;%(gwi)]: ZZSeclz@wg
T 3
526Z2(34w>§/ fer w20 anq/ SécAL(jlw):/
01/)/7/ N4e;q u =0 -

L TF 205 or L2t 2/secd’(3lw) 2], s

2

% tank(301) il only infersect yous ot woo
Ih /= é_, Ao elgcnm/w-’s For ) <0



T >3,
3@0/{7’(3[@)1/, ZZsecAL(31w3>/
As w=on 21/ 55042(3011)40,

ﬁ;f L >’7€, )/:: %710:1/)4(3[510 /h%ffé(c?"s yra/

2191 /(Or (/(f?/Sch{//M)7

af Oﬂe/cv/'ﬂf'
o for L ’ﬁ) one e/'jem/a/ue for A<0 -

/1:*502, u/AeN L = %"/'O(VIA(BWL)

4#)0/ /(K) = €\2x5/'ﬂ4(35\)x3

()N >0 . .. rz-2+3;TA
y(@: ¢, e—ZXCOS(STXx) t G @“zxszh(ﬁﬁ@
y[d)z() = ¢, =0. . )/(%): (zc{zxs/}/;(SfXQ
)/’(?05 —che-zxs/‘n(z TAx)+ 37X ¢, 52‘405(3 IX x)
>//(Q =0 =7 Cléu[—l sin(377\‘é)+ 37N cos(3 770]

//-“0)” ﬂoﬂ?l'/‘/'l/l'a/ SO/WL/’OV!) C, 70, S0

2 st (379\\13: 371 (03(3 ﬁ)’&)



/7

_ sin(3TA é> aVzo/ (03(3 77].L> must e f/e

Same S)en since T >0 a/w/ ne/ther can
3 )

éc ZCeVo.

%%“"(37}(&:5, anol as s@m n (a),

YLA/‘S Aczs Moa/f//o/c 6)3601/0/0(6 50/(,(7%% %r A
>/,1 (r) = 6“%3/'//) (3 f/\: )<>

ﬂéw;"/%(’ as - }///"‘ </+?\>)// ~ ﬂ7/ =0
c%amclzer/gfl'c é?cmzé/'on: r2e () r T =0

e LA DNt o 2 YN E - s (2]

2 2 2

IN-tl=)~1 0 -2 () LA 2 =, A
2 2

[a~t] =11 pr= —/~ﬂf(/-ﬂ)~/~/1~(z~/ﬂ Y|
> >



/(x>= e v e [1]

yl(x> = ~c,e~>< - Czheh)x

)/(0)*0 = =0, -G, ¢ T-c A [2]
yD=0= A om0, (<D= 0 ]

[2] =2 C, =0 = ¢, 10) . /LV‘/'V/‘Q/ s0/ution.

: =7 /=2 A
L3 = e T A=0, 0 A€ oy Ae €

,
A>6 7%4//07‘3 ozf)/:eh cndd /:Xe_
interseel at an// 0/16/0/'/47L: A=l

r=~l-/ /C/m/cq/ roots.

Consiofcr /(ﬂ: - e+ Clxe‘)‘

yl(x) B e ¢ C, & - G xéﬁxhc,@-xf Czeq (1~><>

>//(0>¢ ~C, tGEO0, G =Ca )’[">:C1 e” (7+x)

y(1) =0 =7 ¢ c'(2)=0 = ¢-0O
’. On// fr/'(//‘a/ se/utfon.

/\/o feor/ e/“«jen values.
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/cwﬂfc as xz),’/-Ax),’,L /]7 -4
455““”/"7§ s X or The Ealer €7Ma7‘/éﬂ os I
Section Sfé,/’/o, 2//) >//,_ /‘XW/) ///: P(;N/wa'l
r(r-1) X Ay r /\x”:g) PE (A-Dr #1 =0

r= )t r /?Afr/)z-ﬁ = At YA = Qe la-l

2 2 2

N-1l=A-1 2 P2 Qe 2 (00) = A, |
2

IN=1) = 1= ,= Axp £ GA) = )k
2

A
7:><,></

y-1
;YR Gr GAX

: X
- /6& =G X FGX
7((3:0 = Ct G0, GG, y(x):c, (><~><))
.. G FO, since Alerviyse Fhe trivil colaton.
y (2\~y%2§ =0 = ¢ (z~z") - C,[’* A ZA-’] =0

A - -1

1-2" 127 =0, or 227220



clear

syms X

fl = x*2~(x=1);

f2 = 2™"x - 1;

figure

hold on

grid on

fplot(fl)

fplot(f2)

xlabel ("x*)

axis([-5,5,-5,30])

legend("x2"xN-"1", "2~ - 1°
"Location™ northwest )

% zoom in on intersectlon

figure

hold on

grid on

fplot(fl)

fplot(f2)

xlabel (" x")

axis([-0.5,1.5,- 0.5,1-5])

Iegend('szxA—Al 2™ - 1°
"Location™ northwest )

. A=0))]

e S

(1 /\ =0 . [weo sg/arafc rools.

/(/): 0 =) ¢, =

O/{/ﬁ@ MAT AR 7‘0//07 /:)2,\,14}40/ >/=2A*/.

szszsz

25 2%-1
20

151

05

05! L L L
-0.5 0 0.5 1 1.5

/(&) = X =/

(2) )\ /[ //(qfc/mafs )/ Xy Y= X In (x)
y (x)= ¢, 1 £, X bn(x) y()=0 = ¢ =0
)/(x):czx/n@ //x): Colnlx) + €4 x>0

]Z/\/’w'q/ solution.

A=] /s /707L an cz'j(m/a/uc.




2].

§ummo7 f /1:0 /S 7‘4@ m% e/'jem/a/m,

€/§€n7func7l/bn> )/()()7 x-/ .

&
Characteriste efuqz%n AR, =0, N E(JX
Ciren 7 hat Ao . 7/(><): ¢ cos(TA =) + ¢ sin(TTx)
2/(0)7‘/’(03:0 = 2(¢) + (g 7f“> =0 = ¢ = - 2

2
y(x G [ cos (77 x)+ 5;/4(7\25]
/"OY‘ rlon 7Zf)(/14/50/u7£/c,w;) G, 740, 7{07\ Of4crw&'s€ ¢, =(=0.
7(/>:0 =7 "ﬂ (05(W> t 5/}7(7//3\320, or
2

25in(1X) = TA cos (ﬁ> =0

(4)
From (a) 2 5in (777‘3 = ﬁ(ﬂ&(f/ﬂ

50(/0/05( S/V)(ﬁ>50. 7—4@/; (05(7/—;>7£0’~7 A =0,



)\';0 /.S 7%6 Owé/ 50/a7L/'0V7, mm/ noi_/oos{/z’l/c.

/\/ow assume S/fn(ﬁl—> 0. . )\#O.
‘ -Z—— = 07L 7’
R (17

Tée §fa/o/[ o f 7(/7) = 4/’% /n terseets y(ﬂ)rcof(ﬁ\
0«71— an /‘/7;/./7/'716 V]umZ(f c)f/ﬂo//ﬂ[s\so 7L/G7L 71'4(”’(
/\S a Vv I'V] IC/'VI/'ZLc ﬂum!tr d; Va/a(s ;[or A For wl/'cé

2 , —
I~ (of(”f) . MS;/)S MATLARB,
clear !
syms X ﬂ
vyl = 2/X%; af ‘
y2 = cot(0; A BIEEE
figure 3 fl .

hold on

grid on

fplot(yl)

Tfplot(y2)
axis([0,30,-2,5]) WA AN LE
xlabel ("x") U T S 1A N e T
legend("y=2/x","y=cot(x)") YioE: R T

7—/’( //07[5 ()F yzé ﬁnq/)/’ ('07L(X‘> 1S & //YV/C »70rT
L = = = co X
()%//C/IL f’ém Fle /o/afs o7{/v— < ) f(f},
()
MOV}(S Wﬁfl/q'/g) 40/0///73 7LA€ éc/ﬁéd (ao/r fo 7L/e




C00/€ aém/e, c(m/ usz}zj 7“4( /0/07[5 as « 30{/%6 7o
30(63‘5 avl //V}17L/'o(/ Va/ae ;of 7LA€ §O/o<7z/'01/1.

x1 = vpasolve(2/x==cot(x),X,4);
x2 = vpasolve(2/x==cot(x),X,8); , ,
sprintf("x172 = %.5F",x1"2) ans = x172 = 18.27376
sprintf("x272 = %.5F",x2"2)

ans = 'x272 = 57.70751'

Ty The cfémxe, x=Th . . N= x>
M= /8.22376 , ),c §7.7075]

2 . |
48 )n—*w, %1:4—40\ .. (o?z(ﬂ;> =0 4,/4/94
prieans m = (2»77‘()_7[ ] ZVH/ /(5 &(Sfo/ s/(//1(c /%e/e
2
/S o intersection of y*»-ij with /%o?z(z() o

<0,77>I cmc/ 7(0;/ /N =0. Cof(ﬁ)“O }or 08/0/
VML{/////CS of -Zg

SN = @) T as o nem

a

Z(% A= 4 , 4 >0- CAQ/‘&Q%@//S?Z/’C Zﬁaqzl/'p;/)
A /)

z
éecames ro-k =0



Ly ¢ cosh(Bx) v ¢, 5/md (o7 x)
2/(0) tyl:o= 2¢ rlac, =0, ¢, -2,
} y(x): <, [7_2 Cosh(@n) + sind (mr) | L CL A0
Since thet coould /W//()// ¢, =0.
V(1) =0 2 2 cosd (@) sinb(@)- o,

ZS/nA(?’Zdj - 7@“@54(725) =0, w=-A>0

Ce)
/:/”"W? (0/>) am@/ Srace (054(70 2> | ;—J.r a//><)
o//}//'d/nﬁ é/ cosh (1), fanl (7o) = Tw

2

MS/'ﬁi /7747LA/§ 7L(} sc)/z/f) ano/ nof/’nj W7l0)

clear
SymS X ‘ y=sgrt{x)/2
yl = sqrt(x)/2; 251 y=tanh(sart(x))
y2 = tanh(sqrt(x));
figure

hold on

grid on

fplot(yl)

fplot(y2)
axis([0,10,-1,3])
xlabel ("x") .
legend("y=sqrt(x)/2°,"y=tanh(sqrt(x)) ") of
w-= vpasolve(yl==y2,x,4);

sprintf("lambda = %.5F",-w)

A ~ - 3‘ éé 72 é ans = 'lambda = -3.66726"

—————



22.

/\/07[6' f/a]z as X200, ﬁ\:po, WZ?;’C&S
tand (75) = 1. " I and fanh(7X)

/oﬂfffS(cf a?L owé/ one€ /&0/'/47Z for X >0.

CAazfacizcr/‘Sf/'C €7uqf/3n ; fZTA:O) S SRR
Ciren 7 hat Ao . 7/(><): ¢ cos(TA ) + ¢ sin(TTx)
p(/(0>7‘/(05 0= x(¢)+ (CT—> o (1]

2 =1

™
C,#0 Sar ofherwise ¢, =0 4/[

B} 7/(1):0 = TA cos(I7) = < Sin(va) L[2]
If sin(dR)=0, They os(TR)20, s0 hat
77(03(7&_320 = ﬁ:o) anc/ So /}/'5 nof/osz'*fn/c.

=~ xG 7/()() C [cos (77 X) *%S/h(’}hxﬁz

B )( /(S S’c(c4 an]L 6/n(7/7\—37-/0", /_)/'V)IO//‘V)S [2? 57/



5{%(ﬁ> Y/C/C/S Co/’(ﬁ)’-%‘ jf—x——o) /'44/6

/S a /‘Vl/f/'m/'fc Numéff df Ma/ucs 7{0f A v c(///d
(of(ﬁs = 0\ nqmc// /),,\: (an/i/zl. Fo r K#O)

A
ﬁ‘l/ (@ a4 bol/r «5/0403 7L4<’ft /'S an /r/’?f///)/'/c’ m(mgfr 07(

/r)fcrsccf/bmﬁO/'ﬂfs 4{7[14/(6” >/1<07L(f<> ano/ >/': '))? .
TA(,/C [s Ce V] ;'m(/'n/fzf S(gaznc( OIC Va/o(cs 7{0;" /\4 >0

— —

%V a/é/'c/; A = (‘07L(7A/"> ] W/'YI% Cofz/CS/aﬂ//nj

A

f/ﬁenfw;cf/'on /(O’ cos (74, x) *1;4; sin (13, x).

n

(4)

Cons)oer 7‘4@ cases tor X=0, N<0.
(NAz=0: . 7":0 =7 y(;g): X TC, .
)/(/) 0 GG Ro. Syl = 6% G
o<>/ (o) ¥ /(0) =0 =7 m(-c,) tC =0 =2 C (1-x)=0.

/4 nontrivia/ So/a%/'an means C 70, - K=/




L If <[, 120 1's not an Q/SFWVO/ue»

(2>ﬂ o Let A w0 /’w)) o =7
/(}O = ¢ (’oSZ(mx> t Cls/hg(%;)(>-
>//<)<>: C,mé/'hé[ﬁzo’t ¢ Tw cosh (75 x)

XYt Y 20 P we G =0

—xC
CZ = %)_J, cmo/ C(#O fora

nontrivial sofution

6= € [eorh (5 ) = f wink( )]

y(1)=0 =7 cosh(7w)= 4 sinh(7)
/\\/w'o/ﬁhj _4/ cosh (3) as cosh(x)#a, for allx,
oo = « tanh (1) . To solve for w0,
Jook ot the derivative (Hhe s//oe> o) cach side.
£00)= 775, & (« %M(m) A see'(7)
msl (5

L _ﬁisfc(f>)ot/‘ =
270 = 2TW sec’C; u/>

5[//1& (oSA(K)H ;of 6?//7&#0) Cosf(ﬁ>>/.



- X >/) MA/‘CA ron{/'cfs W/IVLA X <.

A <O s not an @/'gw valae Sor o <!,
I < ) X=0 and X <O arc not C/'jem/o/uf&
. ZF_K_,i [ the om/g rea/ er'fcm/a/ztfj are 3>0.
(3\ From (&), awi'fl A>0, = ﬂ:fa%mﬂ)
as x| ftrow Fhe [eft (s0 ) /'5/)03/1%:),
ST ot OR) = || 50 fen(TR) =10 . Since
fan ()= x_ouly for X=0, ther 2y=0.

S As @, A0

()
As i “) ﬁgove, A=0 =2 )/(x) =X 1E, )/(/)=0=>
G ==¢ 50 Y= Gr-¢, . wy)t y©) =0 =
w(-c)) t ¢ =0, or ¢, (/-x)=0. ¢,#0 for a

V)ow%r/}//'a/ So/q//'py,) so x=|

———



(o)

Let A= w w>0, 50 A s Neqative.

From the <hapocter/she cguation, -0 =0, r=2fs,

y(@ = ¢, cosh (05 x) + ¢, sinh(Fa x)

7/(><> = Y sinh (T x) 1 €, Tw cosh(1 x)

Ky () 1 y'(0)=0 =7 &C, + T =0, "\ G f*ﬁ" )

and O Fof a nontrivial solution.
W

Sy (V=0 2 Y cosh(fia) = x Sinh(Te)
/in;‘o//mg é/ mm%(ﬁ) Sinee o>/ ano/cvszww
for all x| 7/%: Fanh (1)

T@//,hﬂ 0/€f/'(/0/VL/(/<’5 o; 40714 S/%cs a/»'i% ﬁs?/cdz 7Lo A,

I
oA 2Tw

5'054 (77«/)’—‘ T 5;%(6 (054//0 >/ for o/l x >0,

)= ¢ cosz(mxy;;s;nmzx]

|
T 5@42(%;}) or cosl (Tw) = o .

ana/ S/'/ﬂ(( (OS/)(X) /5 G MOMYZOM/'CQ/é/ I‘Hc}/é’ow'ﬂj
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7((4)’767[/'0%) anc/ 9/'/7(c 7;5/) 7L467’C /'S exac%//

2
one valwe st cosh(@)=Tu . w = lersh™(17)]

2
Az w= = [cosk ()]
_/—AK;/C /s €XQC7Z/Z: one /leiof/ue e/'jem/a/ae 7[or

x>/

e

/L/o]Le as K increases, 7@(_ Icreases . 6054(’/;3)

. ~1 : )
(nNecrcascs =y 6034 (727) rvicréasts = W N/ easTts

= /\=—5U 0/€cfcan3 (ée(omes more /l@ﬁm?z)’VC")'

Givey ﬁmu *2m¢m‘“0 cmc/ ¢,:/r/l,,,¢n°0) 7%@;
¢;¢n{~)\m¢m¢”lzo
G ot Anbhfo =0

Imz”(ﬁm,f/rzj from O to L,



{‘gﬁ;/x) é,(x>a/7< ¥ AWLL%(@%&)/)} =0 [/

JD @”{K)f/m(’&ﬁ/)ﬁ # A,,,i %f/x)%{?(&%/x =0 (2]
Nofe 1 het ¥ [6893 = &g, + .

At L4/ 81 ., 0, [3]
jz'no//ar/y) ;Z{ )jﬁm ¢n/z = ¢””¢M . %47/ ¢ﬂ/
%»/%% - [ém@/}ylzf" ﬁfn;%n/ [ 4]

zn%ijmj [37 and [43

j ¢m (X>%(x>‘/x = ?{M(X>¢ (7( f¢ Q)d (x)o/x
- OR0) -, o 40) - | 4,000, 0)
s e (a0 giwde 11]

f R W), M ()86 e
- ¢M(L)¢,1(L> - %(a\%, ‘(o) - L%(&Mn () o



) glfj;/(x)@;/x)/x z *{Léﬁ,;(@ &' (x) dx 2]

Smlsf/‘%u%/mg Z/'} ynto L1] gnd 2 'nto [23,
_ ngéy;(x)é(x)o/x + AWJL¢m[x>;b/,, (v =0 [I"]

—f}f’mmwx + ) §L¢/ (x)E,()dx =0 [27]
Sublracting [271 frem L1",
O 1) |, a0 167
S'nce A= Ay #0, //wo/zqg [<d Zy A=

f¢m¢@&=




(@)

ASSum"Mﬁ A >0, /f~7L A= N'*, w0

Céam(%rm'sh‘c 670(6{7[/'0/4 : /"/~5U¥=0, [fzrwz)(riwz)ic))

- . ‘ _ wx - wx ,
s It o /(X)— ce e +cscos(wx>fc?(s;n(wx3

I _ 2 wX -wX
¥ ()= qw'c” + ow'e " Gucos(en) - Cped”sin ()

YO0 % (1t =0 L]
y"(o)‘—d 7 (+ G (=0 [23
L

_ R a/ -l
>/(L) =0 =7 ek Ge Cj(oS(éu/-) + Cy Sin(wl) =0 [3]

wl

1N -4l ,
)/ (L):0 =7 C e ¢ G € -Cgcos(zglﬁ-c? sin(wt) =0 L[+]



(4)

/‘}0/0/1’/’11B [r?,[zK = 57 -C, .

Adding 153,003 = 26 (-¢")0 6]

C,to - Then Jy [sS, e 20, or F =
T4I'S /%///t§ Z&)Z:O, WLI/’C//'S /‘/70095}6/6
5/?)(6 w¥0 C?/IC//(‘CSunqaéé' L O .

L =0 They é/ [13,02], €y=0, cc=0
/:-0 v VIOVUL/‘/I/)Z{/ §6/M770n) Cﬁz 7-/0. /(X)= C,%S;}v(w;a)

/(D“—O = Sin(wl)=0 = ul = pir, n=123,.

7—4/'5 6‘1/30 'S Cconsistent q)/?% )/’/(4):0

7)m(><);§/'Vl(Q’Z*)i) : n=,2,3 .. QMO/ /} V) //

}\,:/ﬁl = ?7‘7[0 )\2: 2%/79: /,S—‘S—Xif‘f&/
A L .7 &

g

———— — e

- wX

x .
As in @), y(x)i C,ew + (e f'CSCOS(LUX>f'C4/Sil/)({4Jx\)

A/A(fﬁ )\: &us‘) LW >0. 74/'5 +ime use 50340)51})4(3.



L y(x) = ¢, cosh(wx) r &y sinh(lx) + € cos(wx) + ¢y sinCyx)
y’(7<>: c,wgf‘d(m)f C W cosh (wx) —(Szus/n(wx% Lyt co$(wx)
)///(70 > ' cosh(wx) # ¢, @ dinh(wx) = G 405 (ux) = Cpao” 5inl i)
/(0)7—0 =2 (G + L3 =0
)/”(o)zo = ¢~ (z =0
€= €y =0
)/(L) —0 = CZSI‘VIA(&/L> teysin(wt)=0 L[/]
y,(Q" O =D Clwsé(wﬂ + ¢y <o€(&VL>—— 0 [2]
It ¢, =0, then ado (13,127 to gel
Cy [S/h(wL> ; ms(wéﬂ 0. S/nee sin() and cos)
Can% éo?% {e Zcro, ZLACM cyp=0= Frfual solation.
LG O
S/M//wé/, f ¢y =0, [ [2] )//t/o/
., [sf'nA(wA teosh(w | =0 =2 220 as w20

- G O



/7«/%,}0/7 13 !/ coswl), ] 27 !/ 51 (ut), then sabtract.
¢, [ws () $inh (wl) - sinCul) coshwl)| = ¢
coslol)sing(wl) = sin(wl) cosh(wl)  [3]

Fer w0, 020, sinh(we) 0.  Pivole L] 47 Sinh w2

7Lo 6@7"‘ C, = - le \?/'m (wi\
siub (w L)

. ‘, )/(7(‘3’5 C?z [’ W_’__LU_Q §1'VI/|(C<JX> t S/./’?((AJXB j

sinh (wl

yn(ﬂ = sin(w,x) - sin (4,2 sinh (w,x) | where
sinh(eu, L)

hn = W.,\q cnd cos(a, /) 5"”4(‘%& 2 an(z(/”z)casl (w, 1)

To Find A, and A, use JATLAL 1o fingd the

roots of ye 05() §/ah(%) = sin(x)cosh(x).

Thesc /)o/mfs will be w,L=X so 4, £, and
No B (2t PATLAS code on nent page

TAe //,;/07‘ indlicates estimation sfam‘/'ni /c/’nfs foy



TAC (//)o( Soli/e FuVICZZ/'oh-

300 -

clear

syms X

y = cos(X)*sitnh(x)=sin(x)*cosh(x); 250
fplot(y)

grid on 200 -

yline(0) % x-axis
axis([0,9,-50,300])

xlabel (*x*);ylabel("y*") ||
% solve for first 2 roots 100 -
x1 = vpasolve(y==0, x, 4);

x2 = vpasolve(y==0, x, 7); 50 -

sprintf("x1™ = %41, x1"4)
sprintf("x274 = %.4F" ,x2™N4)

_50 . .
0 1 2 3

ans = 'x1~4 = 237.7211"
ans = 'x274 = 2496.4874'

A= 237722 ), = 249049
A‘#

As m (b)), us/mﬁ A=w® w>o

)/(5>;é =2 c/f- CS:O CSZFC’

y(x) = G, 005/,(600 t C, Sin AQ,)Q + G (os(wx) r (;qs//n(cux) L1
y'(7<>: C/&()S‘/‘ﬂé(aﬂ() t G cosh(wx) -(54}6/'n(wx3f Ly cos(wx) [2]
)///(70 e w cosh(wx) ¢ c,\wzb/n/u(wb -G wcos(ux ) - Cfcoz sinlyx) [3

)////(K> = ¢, W sinh(wx) ¢ ¢ 0o cosh (n) t C3m33z'n(wx\ - C,/f\)gCoS(w’() t]



/ . y
)/(0%0 =7 Lot CpcO L GG [17]

. /ZQ*O =2 ¢, COSA(WL\) & s/rnz (wl> e Cos(ch t e, s, (a/L) =0 (5]

Il

/ (L):-Oz) C,SI‘MA (&JL\ + Clcosl](wz_) -¢, $in (wZ>+ ¢ cas(qli):o rd

50{//()56 C, =0

C, [Qh/(wﬂ Fcosh(wl) + Sin(wl) (OS(WL)z =0
Ths SW// fres to ¢ L+ Sin(uwd) ¥ cosod ] 20
/fo}” X 20, e Sin(x) t ms(@ >0 as a VIATLAR

f/D% 5400«/8 : 25

20
clear

syms X
y = exp(X) + sin(x) + cos(X); 15
fplot(y)

grid on

axis([0,pi,-1,25])

C:/ =0 = <:2.::<§ | 61k7cj/ B C:g;:: q.:;CD'
50«//05( (, =0
¢, [(aSA(wL> * S;'MA(WD + cos (wl) - s/n(wl)z =0

or, ¢ [CNL + coS (we) ’S/’h(mQ] =0

)



A 6.'4/;,/ar /74/717'/_/7[@//075 34004/9 G’x+fos(x3-s;h(x3>o

25
fo r - x=0.

20
clear
syms X 15}
y = exp(X) - sin(x) + cos(X);
fplot(y)
grid on 1or
axis([0,pi,-1,25])

sl

ol

L, RO D L0 = Cg7C,=0.
/k/é/‘i%ff C, af Cq IS ZErU.
e sovite [$7.1¢1 as.

y//(O =0 =7 ¢, [[054&@) tco 5(‘01)1 PG ZS’M (i)t s (“’Lﬂ: o<
y///(L310 =) ¢, [S;né(wlv‘ oIk G [6054(“)07“"5(”[)3:0 []

From f§']) ¢, = - [casﬂwlhws(m)] [ 7]
[sinhCart)+ $imCawl) )

/\/07Z€ fZaiL zfor X>0, S/pﬂé(x>%s//;(>()>c)

clear

syms X

y = sinh(x) + sin(x);
fplot(y)

grid on
axis([0,5,-1,25])



/\,/061/) 7o O/c/cfe one C, fcrm, n/nu/%%év [ <X 5)/ {’oS[wZ.)
QVIO/ [éK é/ 6/'//)(501)) am(;/ Sqé%rqcf To SeZL :
¢, 6054 (w[> (oS(wL) + C,\S/M (wl) (05(u/1-> t ¢ Cos ( wl) ¢ CzCos(wL)s/n(m)ﬂo [s"]
C/SZ’I]A(WL\S;//)(A/Q + QcoﬁA(WZ>S/'M (wi)— o &/'hz(w[) t & caS(wASM(wZ) =( [6/1
Sul/faczé/'mj ZS—NI - Zé”z N
<, [(ofé(wl-)(os(w&) ~5/'n4(«/a)3;'n(wb] 0
¢ Lsinh ) cosCol)- cosh (i) sin(e2)] ¢, =0 [t]
Sufsf/'vﬁu ffnj [7( for Coy [5] !e comes

C( [(ofé(“’l‘)(os(‘u&‘S/(WA(WQS;V;(WL)] T C}

- C [6054(4\;4& ms(a/Lﬁ )js/};é(wz)CaJ(wL)- coSh(wL)sin(t ) [=0 [g’]
[sink )+ sintws)]

/dl't//‘o/f \47/ ¢ S/hcf <, 7‘0, sonol mu/@'d/y @ufg/
[5/:44(4‘/1-3+ 5)%(&/L>1 7Lo Sc 7[
sinh(wl) cosh (wL)cw(wi)\sfmlz(z«/z)sfn(m) ¢ 5 nbll)

1 Cosh iy coslwl) s/n(wl) - sinh(wl) §i(wl) ¢ Sin(wl)
~Cosh(wl)Sin h(wl) ces (wl) + cosh(wr) Sin(wt)
- Smhwl) cos™(wl) t cosh(wl)sin(wt)cos(wl) = 0 [§]



f/'m//('f//‘mi ug/ni Cosh () sinb (x)= || /N () rcos (=],
1 sin(wt) + 2 coshlwd) sin(wl)cos(wt) = 0 oy
s/n(we) Z |+ cosh(wl) cos (w/_ﬂ: o [¢"]
567/0056 Sin(wl) =0 =5 wl = Nk, =123, .
hen cos(ed)= £
@) sintyl)~0, cos(wi) =] . Then [/ [71 decome
sinf (wl) - [cosé(m)vcl Jeoshtaot)r 1 ] = O, or

S/nh(we)
sinh*(wl) = coshlwt) - 2eosh(wl) -1 =0 | o
-cosh(ul) = |, whic) /'s /mfass/é/c,
(&) sin(wt)=0, cosh(ud) =/ Thea [¢'T, [71 Jecome

§/’/;4(6JZ) - 6094(0\/1)‘/] [CdSA(WO’/z =0, or
Sinh(wl)

5//7/1 Z(A/L) - (OSAZ[L«/L) t 26034@1)‘/ =0 , 07
COS4(WL) = /) W4/’<:4 /S On// frue %V‘ wl=0
. (a%[é) = sia(wl) # 0  for wlto.



[ becomes 1+ coshwr)cos(wl)=o
0/5/}/263 [/3) [/'?,Z/"Z,f?@, ancf /'rlt/fﬁz/'t/?i [ 7§
7L0 /‘<S€mé/€ 7L4{ asu/cy /m f‘éc 45(6k og /—46 gook)

£ = —C, Zs/M(cul) F S/w(wlﬂ
CC&SA(CUZ) r Cos(wl) |

o 0= i)k )= LihCed) ¢ ined] Lcon )-corh )]
[Coséévz)r~cos(k¢)}

w/cre )}Vf Wj anol u, sabshes (4 costuw,)cosh (w,2)=0

Z/SQ M#TL/’ILB 7£O 7[/”0/ ﬂ])Azj MS/MS /"LCOS()()CoSA(X 0,

oA nots M x
and noting W, l=X 5o 5(/
25
clear 20
syms X
y = 1 + cosh(x)*cos(X); "l
fplot(y) 10k
grid on
yline(0) % x-axis 5-
xlabel ("x"); ylabel("y") T,
axis([0,6,-20,25]) .
x1 = vpasolve(y==0,x,2); 5| AN
x2 = vpasolve(y==0,x,4.7); N
sprintf("x174 = %_4f" ,x1"4) -Aor .
sprintf("x274 = %_4F" ,x274) s A

ans = 'x1"4 = 12.3624'

ans = 'x2"4 = 485.5188'




24.

A= (23624 ), = 485.5)¢4¢
Lt L’

With ue2)= XTI and E g =d,,
= X'COT@) by = X f”’(ﬁ

_;% X" (T = X)) T'x). /B,V,/Mj Z/ = XG) TH),
X' . TG . Since the left sméo

X (x) /’f 77)

ﬁ/{/m/s on// on X and 74( fz'jAf S/'o/e On// on 1,



7%(/ must 67(/(0/ 7'46 Sawme wmsfonf, Co///'?Z -A.

X2 and T
X f
f
/ — 1 g
X' FAX =0 cMa/ / 722—5-/30

()

Msmﬁ W) = XD T) end EAu ) + iy ()0,
U= XT, Yy = K", thes
EAXDTH+ mX()TH=0 1]
UG ) =0 = X(O)T(1)=0 . /%ggum/mj & non trivial
solution, so TU)#0 for Seme X, then X(©)T(1)=0 =
X(0)=0.
Bividjng C13 by EAXOTCE),

X v e T - [27
X (1) EA T(D




/:fam (0)) T// = —/\ ET 5&(4571/‘7214%)‘;1j 7‘41'5' ;}/17"@ [Z})
/0

- O \0r

—

SO m(ﬂﬂ) /

X (L)

K_/(\L> = M:O> or X/(L>‘/\M4X(L>=O
xX()  Ap Ae

oXNL) - Aml X ()= =0, a«rm//wl%/ﬁ«j r=
PAL AL

X(D) = r AL X(D) =0

Q
57(/.0#/‘0/43 (3§) and (40) arc:
X'+ AX =0 [36]
W(@)=0 , X()-ylL % =0  [40]
(Y A=0. . XK= SR+ & from (350 .
X() 20 = €5 Z0- [frrom K@)~ ¥ALXE) =0 with
120, xX(D=0 - ¢ =o. . only triviel

§OA7Z/‘01¢. D w40



(2) Y<o. . let Ne-a? . wa0,

89] = X(x)= ¢ simhlwx) + ¢ coshlox)

XO) =0 =7 ,=0. . X(x)= c, 5 nh (k)

[l = ¢ [w6054(wi>+ r'l sinh (we) 1= 0

C, %0 for a nontrivie| sofution.

weoshwl) = —ywl sinl (wl)

This is o oxsible | sine wl>0 so wosh(wl) >0,
Lt XL sinh(d) <0 Sinee v30, wood o0,
amc/ sinh(wl) >0 for wl>0.

N t0.

@) - A>0. Zcfvz/h@ A= w” >0, ey
X(x) = ¢ cos(wx) + ¢ 5inlan)
X(o\ —0 =7 ¢,=0O. .. X (%)= C2§/'h(w7‘>

[0l = ¢, [eos@?) -y AL sin(wi)] =0

C, 70 for a /]0W7/f/'(//“4/ So/chL/'Om



WC//S(ML) - yAL S/'V!(W/J‘—O, o';/,/\%ol) YRS

cos (77&* YLTA sin (7TL) =0

Y, (<) = 5 (T x), where A, satisfes
cos(Th L)~ ¥/ 1%, sin(7x. 1) =6

(/)

fse JNATIAB o solve cos(x) =¥ x sin(x) =0,

WAcrf)Q=Tﬂ:L)So{_:7f/T;,m’w/ ﬂ,,,\-l&
Z.Z

clear

syms X

g = 0.5;

y = cos(X) - g*x*sin(x);
fplot(y)

grid on

ylhine(0) % x-axis
axis([0,10,-5,5])

x1 =vpasolve(y==0,%x,1);

x2 = vpasolve(y==0,%x,3.5);
sprintf("x172 = %.4f" ,x172)
sprintf("x272 = %.4F" ,x2"2)

. .\|
h A L N LA o a4 N e e oo
— : — : :

2 4 6 8 10

o

ans = 'x1"~2 = 1,1597°"

ans = 'x2”2 = 13,2758"

/\‘: [1S97 D, /g,jzﬂf
Ll

?



11.2 Sturm-Liouville Boundary Value Problems

A=O: yzEpxtcy YO)=0 =7 ;=0 7’(/)=o—-—7 ¢, =0.
oA =0 vot an e/'jf’m/a/‘/@
>0, /(x) = ¢ cos(PAx) + Csin (VA X)
y@:o > ¢z0 Y ‘() = ¢, IR cos(TR) =0 .
For ¢, 70, TR, = (Zn-/\>,§) n=10,2,3, ...
V. 0O = Ly 50 (TR0 x) N (2n)) 75 neizg3
N<o \/(><> =c wsé(ﬁ x) r <, S/W(ff/i“x)
Y=o = ¢ =0 y =0 = ¢ 7R coshx) =0
&m/ since cosh (2)#0, ¢, =0.

}\ <0 /IS /407Z e/ e/%e;f,/q//,(c’-

LW K S TR, dy = (el T a5,
7

!
5//’?&6 f‘(><> :/7 7Lo ;/iarmq//}c) /(,12 Lff'//zl(ﬁx>a/x=/-




/{/f S/ (ﬁx =L g["*L(&S(ZF@Io/x

N I sin (2975 %) 7 5/,7(277)]
¢ [’* 29x,, ] ( [

GBut Sin (Z 51 S/n (Z (2”‘/)//\> e’ z}//z =0
k,,)lf s//)l(f/ﬁzﬂ)o{x = /Q = = k=72
2 2

)/n(7<>: 7,2*5//”[(&3}}}/7)(17 n=0273,.-.

A=0 7(x)=c,><+c2 )/(0):0:-7 ¢, =0 y(l):0=> c,=0

= A=0 s ot an erenvaluc,
N<o: )/(@c ¢, cosh(nx) + €y Sinbh(TA )
y'{@‘: ¢, (094(”/753 =g =) ¢ =0
¥ = & cosh(75) =0 = ¢ =0
ACO s wol an e/j(m/aﬁzc

A>0: /(x\ = ¢,005(TAX) + G S1n (VA X)




7'@: GIA ws(o) =0 =2 €, =0

7(/) = ¢ cas(ﬁ> =0 =2 D, = (2a-DP nz12s, ...
2

_ (2n-~1) 77
>/n x) - [’) (05[ nz /IXK y N=02,5,

cos3(2)= Lt ©3(22)
!

/ 2
{mzL (OSZ [(2#)2-1)7)(16/x _ /Cli [2 - COS[(Z“))WK}K%R

g[8 dalemd [ e

2 (2n-1)7T 6

6o 72

Y, ()= 72 wS[(Z%’WXE, n=1,23 ..

l=0 - /(x)r QX Py ),’@)’:O = =0
Yo @)= Ao f b de = | . Choose Koo

g

) <o: )/()a) = cosh(FRx) 1 & sink (77 #)

y/(&:o =7 CZ:O /(X)Z Cl Cos‘A (/:)‘)Q)



y/(ﬂ’—‘o = A smh(IX) =0 = ¢ =0 since
s/n%(%) £0 for 2#0. .. A<0 pol an e;'jem/a/m
A >0 )’(ﬂ: ¢, coS(IN x) + G S/h(ﬁx)

)/'(0}:0 = ¢, 70 )/’(/) =0 =7 ¢ YN sm(7x) = 0
L TA = ni, n=23,. .
74 (x) = f, cos (a7 x) Cot ()= oS = i =
(. st (m/x)o/x = 4 J 1 4 fosszm}c/ 2 (o5™ (A~ |

S Sf—f’—lﬁ s (D= » £=77

)/u. (7(53 ﬁ(oé(ﬁ?x}, N =123, ...

yo(ﬂ>= Ly Y0z V2 cos(niin), n21,2%5, ..

,L/ran/] 71 o/i gczc?[/'ar; //./, \//)OO: k,,, fos(%'f,,x), 4/49{6
tan(1h) - T
- e (! 2 - [ (o 7/\)&3
I k,, J('OS 77&_,,X>o/x= k"l j é+ S(Z 0/)( =




‘ / ’
(2[}3 F S‘/V)(Zﬁ;’/ﬂ) - Z «2-(- + S‘/V)(Zmy =
n 2 szm ) /(h [ 9‘7)}; /

Note 513V = 25im(TR) () and

STl )
cos(ryy T,

from %am(%ﬁza/ﬁ)

sin (2TT) _ 25in(ifa) cos(R)  5in(8) _ sin'(0R,)

zsz//Ty’ ;L coﬁ(mj ) 2
2 |1 s/n (2 7;\:) z |« s TA
A/n )‘z * ST I - /(n [2 s > j - /

2 v 12
‘ = a
" [+ sml(m\ ) (T S/‘l"l/@ﬂ :

>/}7 ()() = ﬁ COS(f/Tﬂ ><>) L(/Ae{c 7[0)1(7’)‘—,,)= ﬁ"L
[ +—$;n2(7’)(;,)])/2 "

From #17 of Secthion /-] y,(x) = k& sia(n?R), n=423, ..
Meove N\y= 07"

NMote hat Y2y s A)y is ad i Hhe standord
Sturm- Liowyifle form (/)(x)y’) - 9(R)y + /Wzmd/



/:’”0'44 #// 0% SCCYL/Z?M //~/ e V)e{o/ 7‘4< /erejVe/fMj
facylo// cJ?‘/(X) PN €><f (J &> w/N’ft’ ') 74/'s

~2x

case, L)~ 1 Q(x§ T -2, //,(x): <x/)(§~2

-2x /! "2)(‘ -2x

e 7/ 26 t £ /fﬂC /:6 (7//’27’*(’*’7)/>

S0 (g-zx)//> e v+ re” y =0, 50 /o(x)zc;zzc)

-2

~9(x) = €

2
PRz e

Ln fx/a/umlmj 7LA€ MOVWW//?CG/ €/§cnﬁ{ndz/om>
Lw(x} )/,, (X>O/>< =/, or f _lx(/,, e Sin" (i) ol /

)

2 .z
jg/n (/4/7'><>o/>< =/ (os(zcx):cmzx-sjp,za( s [-2Sinx
(o)

/
2 ) _ z _K__S/'/’)(Znﬁ'x) /
l, f@\ :,\Cos(zmrx)yﬁ/)Q = /£ [2 |
(6]
— Ly - -
- 2 ky, = / =) [n - 7/-;;

L .
ym: 2 e s/n(mﬁx>, n=12,53 .




The ﬂoqu//'Zeﬁ/ e/jmfwncf/'ons of #) a bove arc:
%,,(703 ﬁsf’n[(i%ﬁﬁx;) n=023,. -

The coc§bicients are a, i 7(x) f(x);f,,(x)o/x) =423

rix)=~1. . g = fﬁx} ﬁsz'n[(z'"z")ﬁxjalx

’[fa"V) 7"[/ a oyc

! )
. W~y ) 2 n-))nr
= ﬁf; S [(2 2/> )(] p/x = ﬁ["{ﬂi('OS[(%l)(]]o
—_— Z -~
—ﬁ[() fmﬁ'K = 272 y =023, ..

(2n-)TT

!
= 2 5 X S [[ZA‘IZITXI 0/7& SXS/'n(xx\: _xfis(oo&f S/:q(gxx)
1z [

(2n- /)?xl © Y (2n-D ] !
Cu 5[ () ==
Cln l)// x (2»1-)) /7' Z’ > Y 0

— f_ Z(Z ) -, §I»’)[(2“ /)//] 03 ://2)‘7))”.

S (0T

S
- 4 72 (*/)rl N=1,2,5 ..
(2n-0)" 77" )




. N 2 T &
oy = 15 [ 5[V 13 [l o]
o

— S =) 2

= 272 /AKOS[@%WD ) m:/,Z,z,
(Znﬂ)ﬁ

> ) '
ﬁj 2)( §(V) [(2’);/ /T)QZ J)Q + E“( S/,V] [(2/1-; /Tx] M)&
0 "

[ xsinGod) =~ Lfm) # Sﬁ"z(f X)

N

.

- -_2 (2n-1) 7 x f oo V(2T h
: Zﬁ[ (Zn—l)ﬁ’xa)s[ 2 Jf (217" : V’[ -—5_2«;{(

)

[

(zzy‘(//\—)’v oS [(2/4—;/)/7')(7/

= 27’2[* C“[zn; /7-] F

(20~0)TT (2n ’> T

1) 2.

S, k)[(Zn /)/’/"] O]
<cm4</
- (Z2n-1)7
(Zn~/>// [0 B [ ” /]]




‘l

[(lm ~) 7 Vl:/,z;’%/

(2‘4 ,)

T/le nOrma//'Z-eo/ e/jcm{ancf/'oh\? 07( ’ﬂﬁ/ aéo&/e are .

% (70 COS(@X>) WA:’{C fan(ﬁ:)=ﬁ’l‘
[] +Sim (7’—-)]/2 ")

;/)>/,2,3)... 01/19/ /\,,,>O~
]
The coctficients are Gy = j;'”(’o F) & x)dx | n=423.

Fram #5[ a!ox/c ()Q> =/

j ) cos (LX)

" I1 4 s,nzar)

I

]
J cos (7/’1: 7(> 0/7( = Sy (77, 7<> = < (7)@)
o 7{;?:' o) m

. |a, - fz—s/n(T/\—,,) L n=02,3, -
Tha [1 1 s (7)( "

4/4@% Tan (7’“) 7/—__):



1 ) e
J KKOS(mX)O/X = XS/}T (7’}\: X’) / _ j 5/3’1(@70 O/X
o m 0 o )

n

J
= S (7’/\}\ + zas(ﬁnx>

T An 0
= sin(1h) 4 cos(iny) - L
X X A
. s OOF
(&/g/ﬁfs ﬁ:, YLaV) (7711,3:/ ffa,,,, ﬁ%aéo‘/f, @ = 2%47))

Sxms(ﬂﬂo/x - 5n'UR,) L Sm(TR) — WL
¢ ws(7y)  es(h,) s ()

= S/’/)I(@)[Z(os(ﬁn\)”/j = Z(OS(ZT,,)’/
cos=(Th,) An

Qy\ ~ 22\1 . (2(05(7//\\.4>"/ > éuAf,»e |
[ rsintmd ™\ A, Tan (15,) = T,
n=/,27% ..

] ! )
g (/-x)cos (77,,><>o/>< = S dos(fX,Ja/x —ixms(ﬁhﬂ/x

(&)

S ;rom #/0 g ;'rdm # [

S/'P; (77) _ Zeos (ﬁb -/
72, Ao

'/




13

= T ST - 2005 +] = oSO~ 2 cos(IR,) + ]

/\ ; [ )IV‘
" usmﬁ 1., = %%%%}3 from 2 ¢ zdove
= (- (‘05(7&5
An
/
a, = 72 (/-(05(77”)> there tan ()= m,
L1+ sia* ()™ A, n=0,2,3, ...

)

2
Jﬂﬁ) cos( /LQX)a/x - J (03(7’@><>0& = S//I(f ><3/ - §/V)(f>
. o ﬁj, 6 T
I (Sm (r/l > WA(’?’(’ 71“’(//‘\'\): 77\%
/ *$in (Tﬂ a=r2)3

2093 must be in the form - (/o(x))/’)/ r9Cx)y
MS/'mg /foé/?”’? # (] of Section /. ] ,/0. $33, an



/°147L<3m7‘/r13 foc for of -& /5 used, 50

LIyl = - () 02y o ple)- <, g00)= 2"
L L3 s ety 2y

Sy ry 12y s not of that form and cannot &

made (nto The proper Form without some nbgrating

actor. " Mot sel§-adfoint

Ansther wey to shas Fhis s #o clefine Lly1=p"y' 2,
and et uld), Ux) de such that w(0)=uG)=0_ u@=10)=0.
Mo oy 50 dipect eam/m%af/'m s show f&[«]u #X)ULM
Zateg ration é/ parts 15 used to reduc P e
derivatives of « dbn to just «<), and then

US/'Mg /%( éounﬁ/w// cond)frons to cancel some terms.
. [ ! (

. y [Tuly ofx = g Cu'+u't 2u)v ol =( U+ uv e 2uv dk
0 ) o

) / ]
'—’J (/”1//;( ffmll/ﬁ/x +L2u|/ /x
0 0



= jl/a/(u) J’v (u) + jlzaw/x

0

\ mmtegration \ ,Mfeszfq frem o///cffs

) by parts

= vu’):— Jw/(@ + uu/o)vfo/u/(u) t QZW&

-0 -0 =0 20 20

m}u ‘) - V(oy w0 + V) ulh) - v() U(o)

1
'S M/(/IG/X - J, b(l/lo/x r( 2(4(/0/)(
o o

y

A

Vo/@ l/vfo/xijwo/x
rn‘esmfm"'\

//)qr‘TS /
—\/u/ *JL/V”X ‘fVu/x+f2m//7?
() [s)

_0

70
“1/'(13»{(/>+ 1/'(0)(4(0\ + f((//'~ z//+21/)u O/)Q

"

|

| I ]
50 (l/”*(/'%ZV}M 5/7( # J (v”erl/',z Zq/>(,{ :£ L(Z[l/]//)\

! )
fd LIuS v ofx # gd w LIvidx. . AT celfa (T

/\./07'5 (/+><2)///+ ny'v‘)/ = ((/ng)y'y + >/ , /)(x>:~()ﬁ<1>, 7(7<):/




} L[y] - (/+><2)),”+27</v’4>; = - (/(x)/’)'+7(x)/
o This (s the reguired Sorm ond the boundery
CondiFrons arc sf/wﬁ o This sabfies the
condirons for Lagrangcs idenbity | and so
(166,9)= (0,00 -0, and s self-adpin
Alteonatively, a divect computation can be perfornid
Let p= (1) (0= 2%, LIyT=py"egy's
u(N=0, w)+ 2u’())=0 [i]
V(0) =0, v(()+ 2v'¢()=0 [2]
Note /o/(7<> - 2% 4(x)
LI LTl ox = i)(/ﬁul/ rgu's @y dx

- f/ﬂw”(/ o/K t fya'z/ o/x + j‘b{'/a/)(

!
g/O\/O/(UBvL jﬁ\/a/(a) {ouVo/x
\( V)]Lecs}" Fion 4)/00#5 \ ,'nfegmffan 5)/4/‘7%

= fvu'/él‘ i)u d(/)v> f ?VU/OI‘LIMO/@V} + L}“VO/X



2L N - N
= (1) v(z)u'(/>’/0(o)\/(0)u/(°> + GV () - (V) ulo)
~f,u Gpre pr el S w o g+ [ aveds

=0 4yl1]
= v [Z L'(1) + ZL{(QZ = V() [u(r)f*zu'(')yvt u('ﬂ

_ LI/;'VM'O/X - Ll/ox/’u'p/x - Z£/m/ ofx *g;m V% + Lavo/x
= V(O u()
[ty o k-

infceration intecration 8y arts
= V(/> M(’)\ 473/0071715\3 )//0
]

! e
*/o/(/br /o ¢ Ju (/)”w/a'y’Vx ~/m/’a/o+fa(/o’u/+/ov”>a/><
/

- L 4 Viedx - L)c/v/ oA %

4L .0 -1 4'
= \/(/)u(z) -la/(/)v(()u(r) %/)/(o) V(o) ulo) - f(f)v’(z)u(/) ff(&v'(a)u(o)

Y ! ; |
+ 50}0"ut/c/x 4 Lu/o/u/’o/x ' i M/v’o{x +LM/}U"J;<
\O(O{d
] l
- ugvdk - [ uvds



A

= -yl) Iv(l)f,'lv’(ﬂl;o z)’ [2]

D Vi
Mo 57 [27

] flﬁﬁ |

* 5: UVolx - L]Mu’a& . Ziu//v'o/x t foa/o V" olx

z
:S‘(/(VO/x Tj
o o

- folw(w"f?“”) b < j'uam o

[

u7(//0/)< # Llu/m/" ox

ILDJ\/JX = {Ia LL[v] o4

¥]

yes , sel ¥ - aoé'o/nf

[et LLy] - )/”7‘/ S ~<-/’>/7/, so//x):~/, 50)=1
using the formed on 535 of Fhe text

from y(9)-y(1)= 0 wnd y@-y(n=0,
w0 =u'(), Vo) =0'(1), u')=y ), V(o) = v(1)

p L/S/'nj [’.-7w£,7‘/'om (§> om/,é_?é)



/
f (L0a7v - ul[v3) dx = ‘/’(’O[M IVCK) M(x)(/(x)}/

- 4(0) 2V (D) _v(O
= [ v a) - a0 ve)) - Lu @) - v (o) |

UCIV(r) ~ uCiyv(e) =~ uc) V(o) + ¢ (o) V1)
2 ulo) v(1) = 2 u)Ko)

—
—

~
-_—

7%«”8 (S No juaramtcc 7%/'8 /0/%/(;’ 7‘0(0147[/7/7/ /S

2¢r0O USMS /%e gaaﬂ/m’/ Co/l&/);//'omﬁ.
'. /\-/07L Sc/F*qoL/j'o/hf

[/

Z(?L Z[y] - (!+X2“>)/“f ny)f)/ = —[-(/+X7'>//]/7*/)
Se /Cf/(@: "(“‘7&3, 7(70:/ C/(SI'VIX 7%{ Form«?f 0N
/3,5’38/ 0;“ 7%6 7Zc>(7L.

Frow yO) 3 (=0 aned y'@)+2/0) =, Usig L1 and
L(\/}) a(@)*—(,(/((>) (,(/(QBqu(A =0 LIS

v(o) = l/'(/)} V') t2v(N=¢ [ 2J




/€

6/5/"43 //:7aaf/w/l ({> om/o‘s(-;é p} 7“4@ fext,

! /
S(quzu - u/_fl/ﬁ oA = ~p (K>[M/(><)1/()Q ~ U(x) fo)]/o
= (/f)()[uoO(/@ (<) v OQ)K/ U0
= Z[UCO l/@-vf(f I/(/)} [u (0)'/(05 “(O)V(Gﬂ
/(/5 [2 v(1) + U(O)} - v'cr) [20«(:) + U@I
<o g 21 ~o by L1
=0

. >/€3) 5(’/7{~ aa\/}o/ﬂf

-—

Let LhT=-Cy) = )" Lot p6d=-1, 906=0 using
the format on p. S35 of the fext: Usiag L0 and
LU and From the éwm/w/\, condltrons
U©)=0, u(r)+tu'(r)~o, y©)=0, V(7)+ V' (Tr)=0.

C/smj F7uq//m (€) on p. 3L of Fhe text,
go(tfﬂ\/ ul 50) dlx = /a/x}[u V() = U (z()]

’\.s




/9

) v )

A 0] %
= LU V@) - a@)v@)] - [u'ts)r (o) ule) v'(o)]
= —w (T F q(T)V(T)=O.

>/€S, self- &06'0/7)7//

Assum,'nj () and V) sa%/s{y [23 Lelow
o(\y(0> +0<2_/(0):O v, y(;} f/ély'm?@ (2]
since o, and «, canl both Lo 2ero, am//s, mw//L
cant both be zero, I/f ar=0, Fhew 70,
ano//'f 270 Then bt0, and If a0 mm//S;o,
Mm o £0 am/ /)‘#0,

L If x40, then - ulo)v(e) F u)v(e) =

% 0 0) (o) - 22 1) v'(0) = O

3 an
Ir «, =0, Fhen oy #0, then - u'()v(d) + u(e)y'(o) =

% w()V () = % ylo)vle)= O
X5 K?-



20,

Y an)/ case /(o} Zu @) V(o) - (/(071/'(0)1 :/(0) [o] =0
gt ﬁ, FO ., Then —u'()v() + a()v'(1) =

/52 u'(r) V(1) - Az u' D' =0
ey A,

1t 4, =0, Then /5,70 50 IOV RIOAOE
A uldv(r) - ﬁ w(s) V(i) =0
e Az
Y an/ casSe /o(/}[a(/)v(/) a(/)\/(/)j /D(\[OK ¥,
/@[u ) v(x) - aoowxﬂf becomes plol-p@lel=0

()

Wld ., 4 J0)= | ¢0) ¢,6)

= é(0> %/(@ -~ @©) #,(a)
¢'(0) g (0)

7%6 /O%M”;r)f condli tion 7{W X=0 (S o(,/(o%o(zy'(o):o

As séown n B1G above, [t X, =0, Fhen o, 20, 50



B E0) - FO4@ = - % GOAE) + =1 dlo) fle)=0
X2, 2
I? O(( 740) 7&462/1
é,(o) ¢2/(0>- é/’(0> ¢1(o) = oy %/(o)¢2/ (d) + ﬁ% ¢/’(o)¢2’(0) =0

0(, A,

w[%){/z](@ = 0

—— e —

,

(¢)

Theorem 3.2.7 states that WIE 81 /5 either zero
W//WA(,C, or Zero vowhere. Since 41, 3 3()=0
from (D), then WEE 4, /s 2ero Cchyu/Atre on
(0,11 By Theerewn 413, g and by are
//h@ar// a/c/ﬂen enl 4 contradyction.




2/

Sence ~(/)¢’>/+?% =Arg, then ‘§ﬁ¢/>%*7¢2’ Arg”
g b= [[p)p 1 L

|GV edr [ gph D
jnfﬁfa‘f/ﬂﬁ 7%{ /[)‘fS/YL I‘W%fij/ éy /00?725) | /
L"W’Yﬂx : J‘MW'M - gpd| r [ pp)

1
: f p (8 de - §pQ) 80 + 40,0080 1]
/:_fom ﬁ, ¢('>+/52 ¢/(/> :0) ﬁ/(O = R% @f(() ) /vl'z%y
From g, $(o)+ Klgf,(o):o) B(0) = - o, Bl0) | O
A2

5%!3%[7@%%3 7‘4e5e /nte L25,



(o) gde = [ pCa)d s p p090) -1 p 670
0 o ﬁz Xz

51443},}447[/'143 /L4/3 rnto [’:{) aﬂﬂ/ C'Ol%'ﬁj 7"4{ Fuwo

/n fc’ﬁ rals

, ;
A JO N/La/x - 5@ [/o (¢'>l* 7{/2}% ﬁ/_f,’/)(ﬂ ¢z(17 - fi/w)ﬁl@

If oy =20, They wifo, 50 @) =0 > g@d=0
/
[Zz ujefomfms jo /0(9{/)10/7( - ¢(’>/0(7)¢/()>
) \
. “ - Yigd (ds v Lrpadg'c
ALMB Ax Jof/)(ﬁ 7%2% £Lp MAD
I? /52“—0, 7%07 /5( 750) g0 /5,45(/5:0 =2 ;l(/):o.
/
[Zz Jefom<s jo ﬂ(ﬂ(l)IC/K ¢ %(O}/(0>%/(0>

/ |
. 2 X /2{ 2 ~£/__ A L\O
» ALM Jx-L[,Mw 7¢Za/z< L))

&

& 2 &
%EO, :(;~O, dwq//ﬂ(/(>>0 as SZlaZLeo/ 0m/,§ S

of Hle text, 50 /é,/o(/mm - f;‘/(o}%(oﬁ 20



Since 7(&\?-0, 79/22-0 on [o)i§. /o(x>>0 on [o,17,
S0 /01(415’)130 on Lo05. . /(ﬁ’)ﬁ ?¢”2 >0 on loj]
i Z/o(ﬂf’)zf 98" (dx 20
J:[/o ($) fﬂ Ax + /zsé;pma)f?r%g/a(owz(o) > 0.
From the fod om p SIS, 1G>0 0a Lo)13, anddss
continuous. G #0 For some /o/m‘ in Lo\ sinec
1t 05 a non-Fripial solation. . rg 206 on L[0,1]
and r@ 30 for of [east some polat in Lo, 3 and

|
/S KOW%/}OMUL(S- -, i f¢z 0/& > 0.

- i [/)(Qﬁl)zf 7;51@/;( 4 %’p(/);/z(/) ~§:‘p(o)/(a\
jol ré" dx

S/‘/Z(€ fA( num«mfof /S nommegquﬁ/ﬁ m?O/ 7L4€

20

A

p/eﬂamz'ﬁm[ar /'S /)05/'741'(/6,



-:ﬁ 0(,-—/‘., >0 omc/ ?()C)’O on [0,/3, fAt’r/ fAe

numeyator in 7L4e gof/l/w(/a " (4} 4ecomcs
)

XQ f(x)(eﬁ'(x)f dx . This /s mmmj«v‘/?/c on L6
5 hce /)(70 50 on [0,3. So f F(x)20 ouleu],
Fhen the numerator /s zero. IF $)E0 for
some X, €[003 since dX) s continuous, 2 fen
P20 for seme interval in 103, and then
the numerator )'s s%m%// /as/vl/yc.
So /f o34 26 and 900=0 on [615, ) pay e
strc z‘// /05/%/%) Lut ey not be [f P /S a
non-2cro constant Function.
On the o?%f’r 40';40/) f K, 70 ar%, 10 or 7(%0)%0
Sor some K¢ LO1T then X % gfp/cf//v /as,'%/ye.
v any of Fhese cases. Hhe valce of ) %/ena/s



on ng/OQ on (0,1).

N If yf/:O ot Logl, then Fx) is 4 constant, and

Since i1 15 a nontrivial continuous solution, FRX)>0

f(o);s ‘©) >0, « #0, ano/ ,o(/>¢ (1) >0 /f
B 40 - A>0. T7 «=<4,=0 JM% 7@)%0 S
some %, & [0,8, since 96 [s conpnuoas and
?(x)ap on Jo3, they 7()% YE(K) >0 for some
m%fm/q/ ' Lol and f(x)ﬁ(x) 20 offerwise.
S WCEPYLE fﬁ dx >0 andso
A s sfr/cz‘// /osx%/ve.

@) TE FX) 0 for some x,elo§, since y0>c
tor a/] xe Lo, ,ﬂ(xa\(cé’(xoﬂz> 0 For some
interval [y Lo, since ot ] foihors arve
Continuous . Also, 7(><5)¢2(><0)zo.

- pFED) ) F ) 20 Tor some



27,

(aferval in oS Mjfw')%?@lao ofherwsse.
§0) [/0(¢’)2f7¢230/>< >0 gudf g0 A 4
sfr/‘cz‘// /as/y‘/'s/e.

L 0)4(2) mean S« FO or 50 or 7()@7‘0 For
Some %, € [0 Fhen XA >0 under e
condifrows of (4).

If o, =4,20 ond 900 =0 on Lol and Hx) s
& constant Sunchion on [0,3, Hhen X =0,

Note that here LT~ - (py) v gy
[ef y=yriv, where u V are veal valaed
S L Lur vl - (0 Cu'ein)) + 7(w/v>
==(pu'e /'/0(/’>,+ gurigy = ~(pu)=ilpV)r gurigy
= - (pul) s Gu ¢ ;Z-(,ow>’+7u1 = L[l 4 LTVT



Now Coms/%r )/(K>: UVt vlx) | 2 (R)= 7(x) S (<),

éul\erc (/()n/, r,S are rea/ z/a/ueo/.

| !
(L3, 2)- (L) = [T e f y 1021 ds

| !
- f (40347 203)(r-is) - J(w/ﬁ(ﬂf}ﬂ'imwﬂ

Note: LIrde; 1083 = 2[rS-1L5s]

)
=j [Tul v v 1/ DVir - LIl s + LIv3S dx
° |

’J ulfr‘z“ /‘uZBK */'Vé[lf*] rvlIst &/x

- j UL de - jo'umzo/x r ;jolzm r - ( L

[ ]

- /§ LLuls dx + ffu[sb& ¥ jl[u}s Ix - § v LTSS dx

=0 =0
- (melr)—(q)z[pio + /[(LYVZ)V\ - (V,Zfr])]
20 Z0
- ,‘[(Lcd,s}-(u,z[s}ﬂ r (ZZVK,S>*(V)U5J>
=0
(L[ﬂ),z> ~ ()()LZZK> =0 \ )/)Z‘ Com/p/tx Ua/aca/,



23

N\
L4

LLg) 3= Aro)goc) = Av LU U= e+ o anrl
LI = L] ueys i vl = L Lud s /L[]
/,:70@7‘/%4& rea/ ano//mjmw/ /wz‘s,

LIud= Qv L[l ArV

(4)
TAeorcW) //.2.3 3475 fée/e /S oﬁ// one //'qm///
l‘nc/«?/enm/enf' 9/'4591/)&/1/1 cf/bq 1Z0 7%6 c}'jt‘/’)(/a/b(é‘ 2
él'i’)Cf ¢ (x) a/\o/ V(x> arlé c/‘jmg{nd/bns og/?,
ZLAe)/ M&(§7L !6’ &/C/ﬂc’/wé’/’)f.

()

S/./)Ce &/(N) mno/ (/(X) arc< o/é/enc/enf) I/(/Of C é/(><>)
some conslant ¢. . @(x)= UK + e LK)



74

B = (1) UX)

S/VW//OV 7£0 an A‘r 67(407‘/614 0; 5<’c¥/oh §-§/ /e?l)/ )( A /’ea/
Kz)///-)xX)/ r/77=0 decomes Xrir-NK e Ak s

XY\[N;M/) ~Ar fﬂ =0, or ~o- (/{-/7>W t1=0 .

D= X VOGN AR o (EA E VD L vl E )

2 2 2

AL N JEDS x) solve Fhe 670(47‘/’014, dut
#e &ana/w/ cond, tions are mt sahsfied,
as y= ikt sz Sor XEL /m/o//es /(/) (1= 0,
S G(x'-x) | % Y(2) = C(272)=0
=7 C,=0 as )#. For A=/, then have ,74@7‘(0/

roots = YRt G /n(x) . y(1)=0 = ¢ =0



anol y(2) =0 = ¢ (D) /n)=0 =7 ¢~
. For ) rcal, no nontrivial solution.
ff Ai's mm/ﬂ'x) 74?@ r=/(, Gw’g, So
)/(7(): ¢ x t G ><4605<é/n(7<>> t Cg X'sin (4 Jn&)
7(0 =0 =2 ¢ =0
y@ 20 = 2 ws(Lhe))1 ¢ 2 sin(Lhed)=0
or (5 cos( @)t Cy sin(4In@) =
TAH( are Aumjevous /)0651’4///'%/?3} Such as
A=at ”’7\ , G any fm/ﬂc(wzo/cr, n=1/,2,53
W/V‘/, c, =0.
7(%) = KQSM /(23 /n(x)> n=/,23, ., 4 rel.

E/"jem/q/wrs ex/'s/' gufafe 1/107Z /Ca/,
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4 _
Y202y, y@= ek’ Gxt Gxry

N0 L et y= e A (220 7 F0,0,x TR
fC/)cq‘/cq/ reols

7(><7 S+ (Xt G Cos(TRX) F Cy s (TRx)
A<O: et Y :6{\)(, “/122,/4>0, - /‘L’l~/,(f2: r(r2m=o

= ~ 12 ~F
=7 f:O’OI Iy;‘ . -7(}(): Gt X CSC )(f (7cﬁx

f‘?m ated roots

3 2
A:O: /(70: C,X f'Clx t ng fcé(

0 = - = . ! = = =

)/() 0~ 0 Yy ()70 = G =0

. 3

- 7(K>: C‘/x t (’SX ) }l(LBCO = C/AZ’L Cg =0
/ /
y1()=0 2 (¢L=0=2 ¢,20 .. (350

A:O MOZL cn e/jfnr/c;/ue

)\ 50 7(@ S ¢+ (Xt G Cos(TAx) F C,LS/;/?(‘//Tx\

7//(7() -~ - C3 A CdS(ﬁﬂ - C?J S/'ﬁ(ﬁ?ﬁ\




)/(0)20 =7 (,+ (520

)'//(o) =0 % (320 .. 0

)/@‘0 7 (Lt Cusin(TAL) =0

y'()z0 7 g dsin(TRL) =0
Co# 0 for a nontrival solution.

At

- A~ - 2
L TALEal, 2 nLZ =125

Cp sin(TN LY=o =7 (120 =2 C; =0

—

2

)/(70; S/'ﬂ(h—/?(> , A= n'il =123, ...

~2

Sﬂ’lc(//CSZL 6136;4(/4/(,(( : Z[/Tz

JU/Y% Q}jewﬁfﬂc?‘/bw )/()O ’S/rm (/?%)

7 —
A€o YRz crax (e " e

A eﬁx Ae” £¥

>//l(7§> = - Cg - C?(

y(0) =0 = (o GGt =0

HrNzm =5 o - -
)/ [O»PC) =) C3 Cf =0 B C7 O)

TXL

Al -
7‘(146 =0

y(=0 7 GL it cge



AL AL

Yzl
) (1) =0 = G ~Clye =0 .. G =0
557'- le:o
7/:7\L ~7r‘7‘-/.‘ ZﬁL //’C:"
Ge tC&e =0 =7 (3¢ tCy =0

.. Cqg (CZﬁL‘O:O

2 . . . 2/
fov ﬁaﬂ-fr/vz‘a/ so/af/on, Cq 7 0. e =

/
é =0 ov Y-) =0, éo/% /;44/09‘§/Z/f-
L X<O /ﬂ)f an @/‘Kem/q/ae,

5M0{//€ S7L 61?6171/4/0(( : TL/ZZ W//f/i /002 S/'ﬂ(a%v

(1)

/\:0 ; /(70 = C,Xzf C;xzf (3 X T Cy
/(0)20 =2 C7(;C) )/"(o)=o = & =0
y(x)’—‘ ¢ ><3 F K )’m:O =7 c.,z_z+ =0
)//(/.):0—:7 Zc,l.z+ Cz = )//(L)~/(L)= Zc,f:o
&0 and 5=

A=0O M07L an e/'fgeﬁwz/ae

—



A>o Y () = ¢4 %+ G Cos(TRx) F Gy 51 (T7x)
)//(70 S, - 637775/4(77\%3 + cﬂ?\\ws(ﬁzﬁ
///(X) = =C VA cos(TA x) - ¢y A sin (7’)Tx>
)/(o) 0 =7 &t =0 )/”(o)”-o =2 (3=0... 6§70
)/(L> "0 = (Lt Cusin(TAL) =0 [61
>//(L7 =0 7 (3t qTpeos(TAL)=0  [42]
- ¢y TA L S (TXL) t Sy S/ (X L)=0
Cq #£0 For ol herwise Cy =0 From [417

s (TA L) = ThL s (T3 L)
$'n(x) and cos(x) cani Loth Le 2¢v0.
fan (TXL)= 1A L

c/sxmg MATLAE 4o solve Fan(x) = %,

clear 10
syms X |
s = vpasolve(tan(x)==x,x,4)

figure 8 '
hold on

fplot(tan(x))

fplot(x) 6r

grid on

axis([0,2*pi,0,10]) 4

s = 4.4934094579090641753078809272803




A

TAN L= t.493¢, X 2047 )< The smallest ).
Z.Z

}’(x)= C, Xt C},S/'ﬂ(ﬁ\-/()

From 1428, & = = cy TX cos(TX L)

)/(x) = 57[51% (A X) - Kﬁws(?//ﬁ\éz

. The Fundamenta/ solufron, up o a mu/le'ﬂ/;‘mf/z/f

constant /s )/(x): SN K) = KT cos (I 1),
Nx 2009

Ll

72 x ~IX %

y 7()§>: C,’(‘Clx t CSC ) + 6715

7’(70" Gt GTA AL Co VA ;T

X %

N - A -
y (0= e An

—C94/1€~
y(o)=0 = Gt (gt g O

/7 - —= _ _ - ° ~ -
y (0)=0 =7 C3 ~Cy = O. . C/_—_Q) c%--cg

y(0:0 = ¢ L+ 63@7:XL~C3 S Rty

[\ SV ~TAL
)/(L> 0 = ¢t FAE T rge =0 [4



/110/a/r’nz§ L [44 + [43] y/'c/o/s
& - 093) - 2 i) <o
/F 570, ézfﬂ(/%?fﬂ:/uﬁ [457]
However, as shoun with MATLAR, e gualily of
[LSS on// bolols for LTX=0 | whicd s

/'m/assfé /e.

clear ol exp(2X)"(1x)
syms X 14x
figure
hold on ikt
fplot(exp(2*x)*(1-x)) 15+ e
fplot(1+x) el
grid on //
axis([0,1,0,2:2) -
legend("exp(2*x)*(1-x) ", "1+x", ... 1r
“Location”, "northwest")
05}
O L
0 0.2 0.4 0.6 0.8 1

C3 =0, and . Cuz=0 and . G, =0
)\<O /'S ﬂ_oi an Z//jenl/a/ae»

/k/ofc ; 5%{ [sz(/“ﬂl/ = 62)((/‘27()(,(:0: [

X =

a
J7 [R] = ~4xe™ 5o for x>o,
;{;(z

f4< Secww( a/ef)‘l/ﬂl/'l/f 'S zflc§af/'l/€\ SO 7%4



S/O/ac 05} 627((/*@ c/cc;/é’ase% ’{Vom /67‘ X=0.
Ce)
3 2
/\:O . )/(70’* C,K + GG X F (3 X ng
\/(0»=0 = C?‘ =0 7//(0)30 =7 CS =0
< 3 2
H)/()()’C,x,«(zx y(L):O =7 C/Z*CZ:O
V4

\/’(z.)=o=7 3¢, L+2¢ =0 3¢,01 3¢, =0

501!7[/\0(57[/’/’163 , (=0

—

C, =0

) —

A=0 ﬂ_gf ) e/'ﬁmm/ue,
) =0 . 7(><7 T+ (%t G Cos(TRx) T Cysim(TRX)
/ ~ .
Y (x) = e, ~ 637}\\514(7'7\“/0 + C7<77\\(ﬂ5(’/§\’/(>
y(©)=0 =7 (1 ¢ =0 y©)=0= ¢ ¢ ITg =0 [er]
y(& =0 =7 ¢ -TKLe&y ¢ cos (VX 2) + cfs/n(ﬁ&:o
. c,(/wvs(%ﬂ)—*— &y (ﬂwsfm(ﬂm [e2]

Y(L)70 = TR G + QT sin (L) + G cosRL) =0

o —le + C’S),Vl(m)_y * C?‘ COS(ﬁL):O



C, sin(TAL) = Cy [/- cos ()] [<3]
ﬁmm [CI]] 420 =G=0, c¢=0=7c2:o
f/fam [43]) /'; (=0, 7%614 for nomfr/'w'qfso/uﬁbn,
| = ms(ﬁ£>/ so TN = n(27) | n=)23,..
/guZL 7%?/] From [6237 O = sz(n 2/7>) 0 Cy =0
)//'e/o//{/q% @ 727“/(/1'0/ so/ution.
c, 70
Fm,/y, [c3], N IVE (20-)77, 1=123, ..., then
O=Acy = Cyu=0. IF JNL=n27 n=123, .., e
[c2{ => p - Cy(n2l) = 4 =0.
50%/0% Cy £0. . €/'/f)(7'/TL)7£O éemcfsf
oFherwise TXL=ni =7 Ly 0.
From L33 ¢, = Cy Z/-(OS(?&TL}Z [c,]

| sin(YxL)
§u§47[/ﬁ/f/m§ 1 Fo [czl)

Cy L)~ cos (’/’A‘Q]Z: Cy [7’7\7.4/%(7’)7/.)~S/%2(77L)]



Since Cy 9, and ots/wg SIn*(TEL) 1 Cos (X L) =/
2 -2 ¢os(In ) = TAL s/n (77(0

One sef af solutions /s nliy, n=,275..,
a contradiction to Cu 0. Other 50lutyoms

are ;owm/ viee MATLAR

clear
syms X
fplot(2-2*cos(x)) 10k
hold on

fplot(x*sin(x))

grid on >
x1im([0,6*pi]) YA VARN
vpasolve(2-2*cos(x) == x*sin(X),x,3*pi - 0.1) = N o ~ ]~ .

S5t

10+
ans = 8.9868189158181283506157618545606
A5}

T/}< 3144«//?57& (/Q/M€ /'S 7/7\—L = 9?56?<w4)c4 Is
3rca7zc»f Fhon 2T ), fhe Sm«(//esf/os/;‘/ve zeso.

o A= (59868) - fo.7e2e
Z-TL Z~Q—

/495/'60/'/%3 =1, 7%(:7 C3= 1, Cp=02224 $vom Tedd

QMC/ Cy = \7//\"@,‘ = - (8.?(9)(0-2226> ol "ZOOO}/L

] 9§ . R 374%
sy = (2ol - cos(FHEEY) b 5220 sjn(BIE)



Ti =0, then From [ci3 ¢c,=0 and from
[c2], 1=coS(TRO20. .. YA L= n27, n=425,.
[ ¢35 /s also satristied. Swmallest e/'jmm/q/«e

/s | )= égj, and y0)= | - cos (2

/\/OZL€ Fhat 7‘4/'3 ['s 7%6 Stmallest e/'jewz/q/uzc
mm/ﬁa/eO/ 7o the one aSScm/)/'mS Cy 70.
NS0 7(70—” Gt X G cﬁuf 47{5/'7"
7”(;&" Gt GTA 7 Co VA ¢
y(ﬂ?o = ¢t < 40
y(0)=0 = ¢ + 7R - IR =0
)/(/.): O =2 ¢ + Gl + cggﬁLf & f-ﬁL:O

yl(L)”-O27 (, t C3ﬂeﬁ ~C’F~r&

-
Or} [ 0 l [ ¢, 6
0 / @ -q <, _ O
“al =
(L L1t c 6
al -4l 3
L 0 [ ze ~4 e Cy O



26

L/S/'MCS AT LAB,

A =

clear
syms a L 1o 1 1
A =[1, O, 1, 1; 0 1 a —a
0, 1, a, -a; L —La
1, L, exp(a*L), exp(-a*L); 1 L e €
0, 1, a*exp(a*L), -a*exp(-a*L)] 0 1 ael? —qgele ..
re

refA = rref(A)

[0,0,0,0]"; rrefa 0
linsolve(A,B) 0
0
0
( 1) 0

a/w/ Fhe Oﬁ// so/utson 15

r
B
C

S o o =
S O = O 0
c = O O

C == (= =0,

7%( 76”/1/)‘61/ 50/u7L/'0V1‘ /\40 /S M07L an e!'jequ/ac.

/43 OU/7L4 ’#25)
(1 _ 3 2
Y =5 = y =0 /o«)’— CXF CX F (X T Cy
10 Lty e e (=0 7 0,020
prcqfcq/ reols
7(><7 S+ (Xt G Cos(TRx) T Cysm(TAx)

A0 Jef Y :ér}() “/u—’-ﬂ\/u>(), . /‘47(%2: /‘z(rzya7=d

~ 72 % ~F
=7 f‘-—O,o)I?}r“ .-7(70—’@1‘617(7‘ (s ¢ # cyaﬁx
F?aeqfco/ roots



A0 /(03 0P G 0. Y@ 0 = (=0
nr / - . 2
¥ (L)1 A/V(L)* ¢, =0=2( =0, .,/(x)=62><

y//(z)=0 = 2 (, =0 = CZ-:O

77/‘/'V/'or/ 6()&7//0/4. - /\:O :'S_///'_o_fﬁ/] e/ffnya/a{a
)<C) " )/(a)=0 = (t ¢t (=0 [1]

)/’(0>:C) = CZ t ﬁCS -ﬁc¢ =0 fz?

AL T

yI(DF0 D ) —pge “-0 I3

= -
y///(ﬂ“/\\y’@:o =/ *Aﬁ%éﬁ-i*l—/?ﬁc%{ AL

D2 _

A —
St MAGE = A7 ¢ €7

or. A ;=0 =2 =0

o [28 decomes C3 =% =0, or (3=Cy

272

L -
[33 reducss to € ey =0, (e H)=a,

s0 .. CS:O = C%:O. . /[/ow, [(]) C,:O

—

Trivial solution. = N<0 /s nsl an e/jenua/qe.

A>0; 7(><7 = ¢+ (Xt G Cos(TRx) F Cy 51 (TAX)



)/(o>=0 D Gtz =0 L (=~
y’(@:o =2 0, t Th g =0 o g=Ihg
. >/O<): C, = TX X ~ ¢ CoS(TAX) t ¢ysin(Thn) 4]
y//(L): Cy Aeos(TXL) = cy Asin(iy =0 IS
)////(Q: - ¢ ANTR S/ (TAL) = ¢ 177 cos (770)

y'(0) = ANy + G sia(TRY) + G TR cos (TAL)
/'mq\/m =0 =) -~ \TX (p=0 =2 Cy=0
148 becomes y(x) = C, - ¢, cos(IX )

f{l éemmes ¢, A cos (77\L> =0 . For man%/‘{via/

; x
50/0«//0/4, c, 20. ", (oS (ﬁﬁ:() = 7)TZ. B (2”")2
§df n= o0h2,. .. gm«//esf 1/4'/[4‘6 15 1 =0-

- 2.
ﬁtjafs )\- \/(X)“/ (5(/”(

e



27.

(2)

Lt C(X,ﬂ = x(x) //(7> S GtV 2 NG Lecomes
XT't vy X'T - /\))(//T, @/‘//b//ﬂi 4/ XT)

— ! 7 [ /
T vk = DX, or AX-vX - T
( X X X X 7

7—/76 [t s)cle /s a ﬂmcf{bw d? X OVI// aﬂ/ TAC

f/'jlf slde 1S c 7(1/!}?67‘/61/1 77( f 0146// anp/ so (a/c% s/o/e



/‘S 570(6(/ 710 7L4< Same fCa/COV/s%a/If. 70 3€7l an
(7wa7£/'OM ('M é(/A/'CJ 7L4€ CoC;;/’c[CMf ()F >(/' /'S o<,
p//'l//O/Z é/ AR )<ﬂ~ (Lg>_><_/ - ,:L/ = -), A some

X X AT

ffa/ consfamf.

X'~ (5) X #AK =0 and T'124T 0

—
———

/{OV 1‘"46 éow’w/ﬁ/// como/)'f//f;ﬁs) X(O)T(ZI)ZO) X/(L>7{J>:O.

Nisollowis Fhe Frival solelion of Clx )76 fov «ll 7,
‘} !

TU#) 20 Sor all 4, and 50 X(0)=0, X()=0.

[ uz & P7 /7«//1/0// Fhe zﬁw(y‘/om ‘n X Z/ Fhs
fackor to gt X" =y X 5 2 0
This can e wiitfen as ( e X’(X)))f L& K=o
Lt :‘/'nﬁ /a(zQ): X )= € K Fhis can de
weithen as (pOX )1 Ar@K =0, the Stum-
Liowville Form.



)

Tr/ fo convert )(”’ (%>)(, FAX=0 % 7‘_46 more (,(SC(G/
%arm : )//'f){>/=0. /:fam Xll"<g>)(lf gf*%z>)<:(') [
use Q//roacA a‘f ﬁ'/? 5<C7L/‘0V1 /// Zf 7L X = 5(7()0((’(),

5"70/ 7L)’/( 7L0 3671— A gOrVM &g (/(/(‘(‘(COMS?Laqf>(1:O.

, X (x) (o)
S/ﬂC( u(x) = $(x) ) v (0) = é’(Z} =0. . /\/€<O/ 7o 7(10(/

an s(x) st s(e) #0.

/ I

Xz sutsy' X= sTu v 250t sd” 7 [T Lecomes
/ 2

$"ut 26t su'~ (5)s'u -(£)su 4 (4 f,y)SM = ¢

/S/V/a//'/zcg é/ su

’ sl / / / 2 2
TR B By U)o

To ﬁcf to the ut u =0 form, pecd to g7 id

of the ferms with oo . set 25’ (£)a' =0
s5¢ U
/. : : /

/4/5 wi'll Je frue F 7\55_:% ) W"sg/:z%



ZC?" 8(7(7 T - f‘ ZZZ éecamcs
2
_k{_//f_s,fl——l-/slf 2r1>‘20 oY
4 s (’9>3 % 40" ’
a” v v X = u' oy -t
= +?01—-§752+ ~0, 07”7 a %L=o,or
; 2
u%()v—”—) = ulo)= 0, L
L (1) = SN D - KDID = - xDslD - - sl
st S(L)* HOR
OO YA u(
50 - (5 )uls)
cy'(D= -V () [ 45
20

/\/on/ ¢ valuate u"f/qzy(:@ for u*=0,>0,<0,
W4€/€/ A= 540 01)70//(/{ 0.
/4/?‘03 Cooux) = e xt S, al0)=0 = =0
U =¢ L, u'@=¢, = -V ()~ -vic
<N 21

v & .
£, (’fz’,‘g>:C) =7 (70 Smce V£, 0 20.

2
- /L(QQC), of - ?:é ’5 //‘07L an exjemfa/wc.



2 2
7_<0 : Zcf ~u) * W/)K/(w>0, . —A)zor=0
M A

2

M

S U(R)= ¢ cosh(wx)t & sihlwx)
U(0)=0 = ¢, =0. " u(t)? £,5(nh(wl)
u'(2) = ’2,1/5 [c,\s/né(waﬂ and W)= ¢y w coshlon)
o U(0)= czwws/y(m/i)
-i% [, sin Z(wéﬂ : (was/.(wL)
15 ¢y 1O, Mey, -Z_% s (wr) = cocosh (wl)
/?(/(7‘ w >0 Mo/ (0§4(m/i> 20 50 M/ms/(m)m
But Sinblwl) >0 since w50 and L50.
"2% 5/,/74(«/L><0/ 50 2,% s/nA(/uD# Mcas/:@
. C_Z_io
/11<0 /s ﬁim 6/%6)7001/01(
0 L w(x)= ¢ CVS(/(X) r G Sf“n(/(x}
U(D)=0 = ¢, 70 UL = czs/’n(/ﬂ

u'(x)= cl/a(us(/m@, 50 M’m:cz/ms(/ﬁ



/Z«f NOE I/AM(Q = -G 2(2 Sin (/zﬁ

- 92{2 sin(ut) = & p cos (ul)

For vontriual solubion, £, #0.
 pespd Y sl L]

TF cos(ul) 70, then [€3 =2 5/n(u0) =0
But cos(ut) and sin(ut) cant both 4e

Zero. .. (OS (/(4) 2 0.

- ZQ'A/ - chm (/L(i>

v
/1.//7% /’ZﬂL/u) L((K) = 5//1(/()() SG/ueg
(/(Naf/“l[’( =0 0(/0 'IL() 2 Mb(/7t/'o//ta//"/€ (0M57Z0m/1~

X(K)’-‘— S(R)U(K) = Vk/2 05‘//’)(/0() Where

204 _ fa )
A= Tl




(9)

L

Z_cf )(:/ML. M= K. .. qu/x /‘an(x):’%)(3

or tan(Q=-~mx, m>0- 4/6'/43 MATLAIS,

clear

syms X

m = 1; % arbitrary
yl = -m*x;

y2 = tan(x); O<<\,

ST

fplot(yl)

hold on
fplot(y2)
xLim([0,6*pi])
grid on 10k

5t

15+ | -

o matter what value for m>0, the line y =
inferseets y:ﬁm(@ an infymte number of 4imes
7((')f K>0, an/ as X >0, 7%6 (ntevsection /)o/mé /s
X% (24-»{[ o onc ot 7%6 ds/m/ofoz‘es Sor tan(x).

(V-/’/(,\ . :t(zl’)"/)i 7C0r /a(rﬁe " .
- 2L

(o)

- - Ux — vx/20
[~ ro e, (a\, Nr(X) =€ V/D. [~ rom Q>) X,,(X):C /25/%@”)()




X, )= P (). rGX ) = 30t 0)

L
| f Px) Yo (<)ol _ysm (el = hx & sin (1)
l _ 2\5;1/1(/4,,&3(05 (ptn )
—_ ( ‘
- ZZ - %;qS/V((Z/,,A
- L ' - A l->
= z - ?7/— sm(/ﬁL)[Z oS (/4,,L\& Q—AZ‘— 7%%«5%3%
A => 2c¢os(yl) =
_ vsmluml)
- & . ( ‘ - VS, L -
5 ﬁ%s/m(/w,,ﬁ[ Z/Z,(,/A" 31
L . ;
= & V 2
J, 00 XCoods = & e s sin' ()
(¢)
— : xBx
F/-”om (6?)) T/*)\A/=O~~'TCT):€ /S a
) AN X/
';aha/amenfa/ so/w//'om. . C(X,{) € A VXZASm(/,,x)

WA(;’C )( = M " —7 omo/ - _L - fﬂn(/«qﬁ

>A E- - § A a2l
C(X )= 2 a,Ch(x 1) = 4, € € Sm(/f”x> 6]
= N=1

-~

VX/ 20

o° oo
ixo) = FO) = 2 ane sin(pax) = 2 an K




mq/%7o/7,‘n§ éy rex) X, (<) encf /V;]Lejmz‘/nﬁ ;
&‘ IC(7Q (X) XmOOﬂ(x = f é/@\ r(x) Xm/x))(,,(;(> dx

= Za”’ iffx> XM (70 Xn(x> /X 0Y‘7L/ojwm//7‘ =D

7C0fL m EN,
g,, r(x) X, )X, ()olx < 0

< a, LLNx) X;,(x)o/é(
Note that Theorems /2.1, 11.2.2,1).2.3 do not
o/e/)fm/ on The inkerva/ of [o1§. 0sx ¢/ //'e/o/s
Fhe same results. Using (of) «love,

-Ve/D

: L = € L v .
o 5 () 7 (<) Koy (<) o &W,[z " Ty 9 (0]

N\ .
e VK/ZAS-/ "\(/(MX)

L
- —vx/20 . ZAL//‘ ¥ I/S"Vlz(/“m}-)j
- 5 Fode T sinQu, )k - ”‘M[ 700

< AT 0
cx, = 2 a, e e sinlu,x) |
N=1

2

4

W/,efé A,l = /L(,,Q* ;;1 ) ‘%_\O/a,, = ?LGVI(//{,,L)J
v

Z
c«;/w/ a, = ‘7‘0/4,,‘} Fx) e—VK/ZAS/h/MnX> ofx
2002 Vst (u,2)




(%)

/I:;J)f V)T/)Z)S,..\) %;’5% a/;f(;’mfne //(Vl 7Cff)n/) A%Q’”” :fan(/‘”O
From (<), g = Can-1) 17 . UYs< AT LAR S “z//oqgo/ve/'
2/

10 estivute u, using (2n-1)7 4 0.0 as a seed

2L n*
2

Then (om/ufc Ap = ol —7-‘%7_ |

7‘0 Cam/“%c P 7<"'"57Z VlOIL( ZLAGJL) ;fom scetion é.S/,
L

Since 0<3<L, iﬂx”gﬂ(@/x :j O (x-3) g(x)ol =

L —V)(z
() for )= S0e), | 6D i (k) o -

-3V \ . 2
€ /2/\)51/1(3//’), P GZA/Q,, e s/’m@aﬁ

2DL g, VM (L)

-31//20

/\//,YLA /M,,))\V,, a, o/eferwu'nc/) C(X,/f) can 4e

N bt w/
2 4a,e GVXZOSM(/{,,Q,

n=t

wém /\/ @/cfermz‘nm Mﬁ numérr o% 7Lcrm3~
/:/'fsf/o/df C(K,/) vs. X tor St’l/c’m/ ya l/aA(tS-

fom/m‘w/ as/'ni



TAQVI /4-)7[ C(X,Z) V5. /7( for scwm/x ya/v(cs.
MSMS /7747—[//"'/?)

clear

v =1; D=0.5; L = 10;

X = 0:0.1:L;

T =1[0.5,1,3,6,10];

N = 20; % number of terms

syms u
yl = =2*D*u/v;
y2 = tan(u*L);
figure
hold on
for t =T
c_sum = zeros(size(x,1),1); % initialize
for n = 1:
seed = (2*n-1)*pi/(2*L) + 0.1/n"2;
u_n = vpasolve(yl==y2,u,seed);

I_n u_n™2 + vr2/(4*D"2); % lambda
num = 4*D*u_n"2*exp(-3*v/(2*D))*sin(3*u_n);
den = 2*D*L*u_n"2 + v*(sin(u_n*L))"2;

a_n = num/den;
c_n = a_n*exp(-1_n*D*t)*exp(v*x/(2*D)) - *sin(u_n*x);
C_sum = c_sum + c_n;
end
plot(x,c_sum)
end
grid on
xlhabel("x"); ylabel("c(x,t)")
title("Mechanical Dispersion with Advection®)
legend("t = 0.5","t = 1","t = 3","t = 67,"t = 107)

Mechanical Dispersion with Advection




Mo/d//d?l C(X,() VS ﬂz %V sfl/rr‘a/)( z/a/MCS.

clear
\Y, 1; D =0.5; L = 10;

t = 0.3:0.1:10;
X =11,3,5,7,9,10];
N = 30; % number of terms

syms u
yl = =2*D*u/v;
y2 = tan(u*L);

figure
hold on
for x = X
c_sum = zeros(size(t,1),1); % initialize
for n = 1:
seed = (2*n-1)*pi/(2*L) + 0.1/n"2;
u_n = vpasolve(yl==y2,u,seed);
I n=un2+ v*2/(4*D"2); % lambda
num = 4*D*u_n"2*exp(-3*v/(2*D))*sin(3*u_n);
den = 2*D*L*u_n”"2 + v*(sin(u_n*L))"2;
a_n = num/den;
c_n = a n*exp(-1_n*D*t)*exp(v*x/(2*D))*sin(u_n*x);
C_sum = c_sum + c_n;
end
plot(t,c_sum)
end
grid on

xtabelb("t*); ylabel("c(x,t)")
title("Mechanical Dispersion with Advection®)
legend("x = 1°,"%x = 3", "X =5","%x = 7°,"x = 9", "% =10%)

Mechanical Dispersion with Advection

0.7
. X =1
0.6 - I‘. x=3
I". XxX=5
0.5+ \ X=7
\ X=9
04+ \ x =10
X 03f \
5]
0.2+t \\ i
01r¢F ~_
O | — “—7—7_,__7_7_
-0.1




Z§.

9

As time evolocs, the soletion gradoally smoves o
He r;‘g“, dic to v/, and o/fso a//s/e/scs, 25
Seeu 4/ Fle maximum "/um/ " Srondkning out, and
decreasing in heihl ith {ime, he concontration
decreass and the soldbe moves to Hhe nigl

(4)

) G = Ui, Gex ™ Unx

L/g/mS cOyb) = Gt ulxd), G = U

as ( /.S a COMS?LGWf C/f*'/Cx‘:/{)Cxx =7 ///j'}l/b/x:'ﬁ%(x
C(a,f) = (o M(cy,2‘>: (o =7 U0, 1)=0

L) = u (L= 0



((x0) 7 ¢+ ©(x,0)=0 => U(x,0)= =6,

Up + Ve = Dy, 0<x<L, 120
U(Ol'(‘) :O] /r >O L{K(Z)T> :O |j>0

U(x 0)==Co, O<X<L

(4)
7—/7/'5 /'S /‘O/CWYZ/'CQ/ 7"0 #2.7 aéd\/g) WA(}"C 7C(7<> /9 #27
/'S 7"/)5 constant G on XLA/'S Ccasc. ., 7’/,{

&fﬁulfmf}’/f& ) ¢Z7C4)—(€> are /'a/tﬂ%)’cc{/, S0 onZL

< A DLt 2l
h (D= 2 ane e sinlun)
N=1

e —

2

- P
h/Aff@ Ap = /(ﬂ" ;A? ) ’%{_/Q/Lf,,;f@“(/fnL)J

—

Z
mw/ a, = ‘7‘/3/4:J(—Co3e'“/msm§w0 ofx
200 0% F Vsm (u,2)

L
~v¢/2p

= 4Dy, G L e 5 Cuy X) ol
Z'SL/”nL + Vs"”’z(/"n L)

T//f i'ﬂ Zlfjfor/ Loy éc 61/01/0(6{7[&0/- L/S;nj a %aé/f cﬂ‘




@)

[ N 7LQ ﬁy‘c{ /S : ‘ e sin bu du = %{2 (asin bu — bcos bu) + C
J a h

L

- VX/20 -VX/24 &
e sin( = ¢ L osin(y x)- Y. Cos ]
g@ 17 /1,,X>a/>< _{_'”"2[20 (/u,, ) My (/u,,.x> 5
v + My
4pH*
_ TUb/ap .
= —L’a ..1 S/n(/{ni)-/éfnCUS(/(nl)] + ?.-/5(*1
v ~ | 20 Loy,
For g
- 204y -VvL/24 [ v Cunt) T 204, MSC«M)J
= 20 < 20
VZ_)L é[AR /”-
“0*

- 503/(4" _ 9(626‘ VL/ZO [V S/%(/{AL) 4 20/{,’ COS(/,{nL)]
20 (V2 r 4035

- 9 (Z/\)/(y, _ e_uL/ZA[l/s/'m(/nQ, 2/\)/(,, Cas(,a,,4>-}>
VE b 4D

a, = 8/52: Co (c-w/m [v sin(un L) 24 uy cos(ud) |- 24/%>
(v + #0220 Lur + v sin™(u, )]

[/{S/'mi M/TZTLA'/S) at«o/ 5/'/4/”’/0”'~ 600/6 ;:/‘om/) #27(0)



ond (,(S/'mfX ((x,1) = CJL((X,I%

clear

v=1; D=0.5; cO=1; L = 10;
X =0:0.1:L;

T = [0.5,1,3,6,10];

N = 25; % number of terms

syms u
yl = -2*D*u/v;
y2 = tan(u*L);
figure
hold on
for t =T
c_sum = c0 + zeros(size(x,1),1); % initialize
for n = 1:N
seed = (2*n-1)*pi/(2*L) + 0.1/n"2;
u_n = vpasolve(yl==y2,u,seed);
I n=un2 + v*2/(4*D"2); % lambda
numl 8*DN2*u_n"2*cO;
num2 = v*sin(u_n*L) + 2*D*u_n*cos(u_n*L);
num3 exp(-v*L/(2*D))*num2 - 2*D*u_n;
num = numl*num3;
denl = vA2 + 4*D"2*u_n"2;
den2 = 2*D*L*u_n"2 + v*(sin(u_n*L))"2;
a_n = num/(denl*den2);
c_n = a_n*exp(-1_n*D*t)*exp(v*x/(2*D)) -*sin(u_n*x);
c_sum = c_sum + Cc_n;

end
plot(x,c_sum)
end
grid on
xlabel ("x"); ylabel("c(x,t)")
title("Mechanical Dispersion with Advection®)
yhim([-0.3,1])
legend("t = 0.5","t = 1","t = 3","t = 6","t = 10",
"Location®, "south*, *"NumColumns*®,3)

Mechanical Dispersion with Advection

—t=05

a W




/\/a(,u /0/07Z C(X)f) vs. 1

clear

v=1; D=0.5; cO=1; L = 10;
t =0.3:0.1:10;

X =1[1,3,5,7,9,10];

N = 30; % number of terms
syms u

yl = -2*D*u/v;
y2 = tan(u*L);
figure
hold on
for x = X
c_sum = cO0 + zeros(size(t,1),1); % initialize
for n = 1:N
seed = (2*n-1)*pi/(2*L) + 0.1/n"2;
u_n = vpasolve(yl==y2,u,seed);
I_n = un™2 + v 2/(4*D"2); % lambda
numl 8*DN2*u_n"2*cO0;
num2 = v*sin(u_n*L) + 2*D*u_n*cos(u_n*L);
num3 exp(-v*L/(2*D))*num2 - 2*D*u_n;
num = numl*num3;
denl VA2 + 4*DN2*u_n"2;
den2 = 2*D*L*u_n"2 + v*(sin(u_n*L))"2;
a_n = num/(deni*den2);
c_n = a_n*exp(-1_n*D*t)*exp(v*x/(2*D))*sin(u_n*x);
C_sum = c_sum + c_n;

end
plot(t,c_sum)
end
grid on
xlabel("t"); ylabel(Cc(x,t)")
title("Mechanical Dispersion with Advection®)
yhim([-0.3,1])
legend("x = 17,"x = 3", "x = 5", "x = 7","x = 9", "x = 10",
"Location®, "south®, *"NumColumns*®,3)

1. Mechanical Dispersion with Advection
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At t: 15 secs, i faally alf /am% of He column hae
rcached a concentrtion of ¢, =1

Over time, as materal is added at x>0, the o
to the rsz causes < concentralion of
mgterial To (ncrease . The adlded mater! /s
ocdded Fasher Hlan the Flow can toke it quy
so that «f/ /am‘s of Hhe column attain g
concen fration oF G =/  The //@% Lolve
Shows c(x,4) vs. 1 for various sepments.

1. Mechanical Dispersion with Advection
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11.3 Nonhomogeneous Boundary Value Problems

Lonvert 1o 7///= 2y + R ang look o )/"f Ay=o.
/7Z(f<’)/u= 2 () =( Fx)=x
A=0 - )/: Xt CZ . y(o§=o=7 5, =0. 7/(/}=0 = C/ =0 .

.. X0 aécsn% //é// & nm?l/‘/\//‘a/ so/ution.

A<o 7: - (ﬁ/\\xv‘ge—ﬁx. )/(o):o = (,t¢ =0
y()=0 =7 e Cg@'ﬁ=0) o C/CZ'/.-7+CZ =0
¢, 627:7\-“@, = C,(ZZﬁ“O =0. As X#o, (_’Zﬁf/.
. ¢, =0, ano/.i C=0. . A<0 not an ?/'jé’ﬂl/a/q(.

A>0 PANY cos(T x) + G 5/a(ITx) y(o)=a => ¢,z ¢
120 =2 Gsin(IR) 20 " IX = i nzlad
/(x): K, Sia(nirx) , n=1253,..

/
Td /70/‘/)’7&(//~Z“C) ,([/’Z(c) Q/'/)z(m/?)()o/;( = /7 Use j'sinzudu=iu—jsin2u+C



[
[ " g o
/(,,,2 f Vs 5/42(4//x>ﬂ/(m7/3<> - % )\’:/Z Nk - ;!Lsm(znnx) b
0 7/

Koz V2 . B Q) T 5/ (a7, Ny = 0¥

LX) - ai L 17 sinlos) 11

Note Ma=nrt 2. . 8, e, where
= {0/ f(x) &, (x) = f& 12 5/ (n7R) ol x

Uuse .usinudu=sinu—ucosu+C

= 7/ (m//x) 5//1 (n7x) ol (nie)

f’)//

!

= /2 5/4(4/77&’(nﬁ“x)(os(m’fﬁlo

}’)177'7\
“ n+1
2 [carwson| = - 92 () - T2 ()
N nm nir
. Vl‘f/ )
_— é/) - Z;(‘O - 120"
niirs -2 /)/"/”(nl/T-iz)
- From Z!Z ) R e,

¢(><3 = Z nir (n*y>-2) Sin (ﬂf/“x\

n={(




Convert fo «/": 27 PX 50 u=2, F)=x, rix)={.
Look cof /”+2)/ =0, y(o)=o0, 7’(:):0.
From Section //fz)/owf/em 2y Ay C_Z%L)_l_/‘f, n=0,23, ...,
and ﬂorma//zc;/ Yn () = T2 sin [ T2 nz)2,3,
Note ot 2= p
SRTOE ,,i b o)) by T and

=

/ / -
C, = L FO<) y, )k = 12 j X$in [“"'Q"”M
S S PN SNV RVEE Y Y 3 H0

(2n-0)" 77"

V{S/'hi /foé/e’w] %7 0; 5@672/,0M /.2 .
5, = 42N [ ’ ]
2

— (2n-1)*7 "
(2#)“/)2 //7- __LLQ_/L -

Lf.

= [{(*O’”/ X (
(n-2)"7*  (nL)7-2

p §_ (’_/‘)"HISI"’ [(14—?)7}’,(]
ner (n-LY7 " [(nn’l)zrrz- 2]

)/(><)=




Convert fo '/”: 2yt Xy u= 2, %)=, Fx)= X .
Look ot )/"f)\yso, 7’(0) =0, ),’(f):a.
From #3, Scction 0.2, Ny= N7, 021,273, -
}70)“%46«//2(0/ )/o:/) )/,,,(7()1 72 cos (n77’><7) N=l275...
//{)’(’) Y70, Y, ()=, )r,f-(m)z}/“j /ﬂ&):fims[(n—/)ix] 01
Sov n=2%9, ... /\/ofe_ ),”//=O~2#0) mo/

Mo M= DT =2 fO for n=234,..

/(K) /,400 5,7 AC” where Cn=£¥/x)y,,<x>o(x

n~ M

)
_ _ _ /2 _ . /
C[* ,L X&/}( —Z ) é - 5.2 = EL . -.57: ~'?-‘ [2]

l r/(

For 0 >1, 4= TZ | xcos[onrldx
=92 x sinlin- A//xl/ ﬁf $in[(r- /)uxf/

(n~0ir < SOk

O
} ‘
= 972 c¢o5 [(ﬂ*/}/?)(} / = f [( /)n | /] 7323,
(n~1)?"7’/’2' o )"

Mote For n=3,571 .. Co=0 and " 6,70



Fovr N=2,4¢, ..., Cy = -2 72

/:a/‘ NnN=1/,27%3,..., (= *Zﬁ

(2}*\”) /
oo
y(x) by O a7
n= 24))
é _ C2, %6, - - - 27/2—
21,6, /\2,4,6;-., M (2‘” “13271 ) 120,23,
(2,,,4)2/’)’1_ Z 1=)5)
= -Z ﬁ ) ’7:/)2)3)”‘ [3]

(Z Vp/)l/,rm Z(IZ'\ \’)zﬁq‘ 23

am/ /2 2E, . T Cos [(Zn z))/x] n=023..
- Forom DE) Z?K) [337

Pra)

cos [n-)x]
ﬁé Z (Zn /) 72 ):(Dm 1) T - 2]

y(x?z -

n=

Convert 1p -)(//f 2/7‘><, M=R, "‘(@:/, £ = x
Zook al )///7“/)7/:0) 7/’(0)-0) )//(/)f)/m:O fo jt’f f%e



ﬂormq/,z@/ @,,jerz'fcmczl/éﬂs /JX) From Section i12,

7o Y, (x) = J2 cos (T, x}) Where tan(13.) = 77-/(*
[ 1+ si*Ox)]"™ g

FfOVVI Section /.1, #8, Ao # 2 for n=/,23,
C,

)/(70— Zé )/(X) where é,,: Dy~ A and

/ ST /
= fo 7(()<> )’,, (X)éz( = [/r S/'n:(ﬂ\;ﬂl/l go)(CC)S (1, X>0/X

From Section [ A, e, = __.JZZZ__— - 2 cos(T7,) ‘/>
):/TSM(Y);\ A

Z,qy () = w_,ﬁ_yﬂ(x)

/] j/_z: 2 cos(Ta ] ﬁ (oS W)T,, ;()
()4"7~> [ rsm(fﬁ [—S"’:)— [/a—sinz(f)\‘,,)]'/“

=2 [2eostm)-1] cos (m x)
An(ﬂn"‘?) Z/’“S/” (7(?3]

z [ZCﬁS{f‘A ]j
)/(X>’~ 2 n?: An A=) [1# 52O |

(_vs(mx) )

where  tan(Im) - T,\‘—‘




Convert to =y"= 2y +1=1i-2el ) =2, r6=l, f6= 1= (1-2x)
L&O/(/ at )’” 7‘>))/:O , y(d)=0) y(/):ﬁ to ﬁc% 7/( ﬁorma/f?cq/
C)/'@?ﬂfandl/'oﬁﬁ >/,,(><). From /—:mm/o/c 7] ,f

Section /2, A, =q"7", yn(x)= 12 sin(nirx), n=423,..
Note It 2<u for 02123,

Ly = 2 Zé Ya(x) | where &, )ffﬂ, and

!

= L/f(x) Yok = 17 f( >5"“’("”"M‘

s) 20 on [oO 2]
<0

’ on L[72,(]
ZW—J 7(5/#1(}7/7700/)( f Zr (/ ><>5//7(n//z<3o/)<

/ﬁ‘ [ )
< lﬁJ XS /rn(ﬂﬁ’x%/x 1t 2 ﬁf/ Sin (m’/‘;«) o/x - Zﬁ-ﬁ/x Y (me) dAx
() 2 2

Use DIRTLAS 10 Cam/mﬂ’é C

clear o =
syms X n h
il int(*Fsin(n*pi*x),x,0,1/2); . Thn
i2 = int(sin(n*pi*x),x.,1/2.1); 2 V2 (5‘“(”} 2““( 5 ))
i3 int(x*sin(n*pi*x),x,1/2,1); - T 3

cn = simplify(2*sqrt(2)*(il + i2 - i3)) e




)

Since sin(m) =0, c,= 497 sin(%)

YR/

4, Yo ()= _Cn 49T 5 (L) M7 Sin(niX)
Aj = M 0T (T-2)

nir n//-
nzl n=i

2 AU/ ,
)I(X = 25 (20 v Z SM( /l Sm(n'/‘fx)

1y o{///O/Og/(MS é‘?) convert fo ~//':/u7r§/x>.
/\/oilf PR = .

Look ot )///7‘ /\7/ =0,/(0>’0) )//(/>fo. From Seetion /1.2,
7/,7 (7() - ﬁ $1h [(ZM-;:))/%QK, A,, - 2n-1) /7) n=1,,273

il

]

() A an/7w Solition exists ?of/,( £ Qn /) 7
Lef ey = { f(ﬂy,q(x) &/X) N=h23, - cndl L

_ Cn
éﬂ - )\n_/“ ) }/)://2,3)---



\/(x) - 77 2 !,,, Sin [(2wmz)ﬁ’x3 L1

/
(2) 17{/{/: )\m 1{0;f dom€ W, fAcn ,'f L}(x)%n(x)/x—“o)
fAfﬂ f'/zn 6{!0(/(? series [IK \/z‘f/o/s g nNon (,m/'7M€
So/a/z‘om i Wé/'CA ém /S drg/}zmy.

ook af )/// thy =0, y'o)=o0, y()=o0. From Section /.2, #2,
Yo (X) = JZ cos [T [ ), = @«_ﬁ", N=423, ...

() A syt Solition exists For u # ( _/L_/)_// .
Lef ¢, = f OOy, (<) oy 17123, andl [ef

_ Cn
éﬂ - )\n_/“ ) }/)://2,3)---

y(x) = 7/’2’2/ L, cos [(7:—"’—;7’;’(3 L1

@) Lt = ), Aor some m, Fhen Jf ﬁ%(@/m(x)/x:o)
7‘/704 7L/m alove serres K \//f/o/s a nNon um'7we
soution i W4/'c4 ém /'S dré/}lmy,



Look af 7"*)7:0) 7'(o)=o)\/'(/):o. From Section /.2, #3,
}/0(70:/, /\0’0, }’n(’Q: 72 cos(n7ix), /\pﬁ//)z/”fb, N=1273, ...
(/) A w?/'7bt€ 50/0(71/'0/7 exsts 7%(/475 ﬂ,, Cn=0,1,2,5, ...
/
[t Cn‘i {[x)/n(x)o/x, N=0123 - and [t

é = Cn N=0,023. ..

2

/(x) = byt 12 i §, cos(amx) [1
L5 =3y, for some m, then if [ 560300k =0,
then the above serres [1] \/;’f/o/s o non unigue
sofution in which b, s dré%my.

Zoﬁk a/‘l )//:)LA/:Q) )/l(o):o, 7/’(,3 +>/(():0. /:;‘om §ec7z/'o/7 //‘2) H 4)

(x) = /2 COS(?’?TX\ M/Aefc ﬁh(ﬁ\):l— N=123, ...
P ey o N4

anc/ A, >0

(/) % 0{'0/'70{( S‘O/u?/)'ar) €X/§7ZS ;0}" /U#)Vl , n=0,2,3, .



/0.

/
Lef ¢, = S; FOO y, () oy 7123, cndl [ef

.
n.- y A =12,5,-.

Ay =M
@ =1z 2 by o5 (7

Nzl [/ t 5/"’2(7’7-\;>] 2

[

1
OV I} pu= 2y o some m, then iF 563,00k =,
f/?fw 7"4( 6{!0(/6 series [I] \/l‘f/O/S a non um'7w€
50/&{/1‘0V/ ‘0 Wé/‘J ém /'S 4r4¥m7,

Convert to g Ty camx s r) =l GO cax

LooK of )/'/f)\/=ﬂ' As with 4] aboue, PN A
>/,,(><7 < VL Sinlnix) is the normalyzed 6/'§cn§um7‘/bn)
n=/,23, ...

Aum?af soletion ests for A, # e but )T T
A MMuﬁ/'?wC colation wxists 0»76/ f



5‘0/ f(x) /, (7<>/>< =0, or j;l (~a-x) 12 s/n(Tx) s =0
Msliﬂf mﬁ"/’i%/g 7o C’O/W/offe)

clear

syms x a

g = sqrt(2)*(~a-x)*sin(pi*x); V2 (1+2a)
i = int{g,x,0,1) =

i=

/

’ﬁ(/?"Z@) =0 & Q7 "5 |
/8

7(><): &Z/{ﬂy,,@: {7<x>r /Yn

Y, (X) = VZ sin(#x) and 4, s W! 7%7
For N>, ¢ f f(x>y,,(z<)o/x *f (3 -%)7Z 57 (nirx)ol
U sfﬁ@ /NATLAB,

clear

syms X n

g = sqrt(2)*(172-x)*sin(n*pi*x); : vz 2, 7 V2 cos(zn)
cn = int(g,x,0,1) V2 sin(z n) = n 5T

cn =

» Y ]
n-m*

Since 5//)(14’/73‘*0) Cy): o ©

[ o S AN g ()
T X 2 (n -7

For n>1, (t (D" 5 2,0,1,9,2,

57\, ‘44/ él}"' - 2 (2) - _ 72 , N=123, ...
N VACE ) 2n 7 (4[»1»/)




o ézn /th = J2 9T 5mQarx) = Sin(ZnFx)

24773(%@) N7 (4n*-1)
¢0 oo
.l ()(): CS/M(;\//X) + 2 Jn>’,,()(> = CS/.’)()'/"}O f‘ZéZ \/
y ”)’-'2,'7')6),.~ =1 n/2n

§ 5in(Zai7K)

= C Sip (77/<\ * Py N C a constan?
4

=7

S/h (Zn/?X)
nir2Cdn>-r)

o
|
a="3, Y= CSinmd+ >
N

=/

/(/o’/f 7‘4/'3 /s /'/ue Same fuma?l/'om as j/'l/c// 0 7‘4(
éaC/( dg 7%( éod/( . 7/’ CS/‘IQ (7X§f2%160$(7x3+%//‘; (x‘é)
7—4< ﬁ//ow/nﬁ WIATLAL Cao/é Séows 7L4/§, /‘3nom'ni Fhe

C S (57K) Term, 1,15,}4;5 j'wf' Fwo ferms.

clear 0.015

syms X

figure

yl = (1/(2*pin2))*cos(pi*x) + (L/pin2)*(x-1/2); 0.01 } —

fplot(y1,[0,1],"r") % book solution

yhm([-0-015,0-015]) /

y2 = 0; 0.005 /

for n = 1:2 y
y2 = y2 + sin(*n*pi*x)/(n*pi*3*(4*n"2-1));

end 0

hold on

fplot(y2,[0,1],"b") % plot 2 terms

grid on 0,005 |

-0.01

-0.015 ' . | :
0 0.2 0.4 0.6 0.8 1



/1.

To o!fa/h 7 csm(//x)r mcos(//)c)f—* (x-3), wse
7%( Wld%oc/ af umo/efcrmmfc/ aaczq/'c/enfs )Cof 7149

nawéam@iewaus ferm.
/40majen€ws ffrm: )///f 77}/:0 =) >/c: C,fos(/“«'x>+ CZS/M(/TXB.
/%m40M0§ch0US tevm >//'f 771/ = 4 X
Z(%)},(x)r/rwt/g,fy f////, 7 Ax+ BT = a+ x
FAl, A=, Brca, 8=

. , a
- >/: C, oS (7x)+ CZSIM(/7/K> t 7;/;_7i tora

2
4

y(030~74+-~oc -4

~

Qa [ a4 _ .
>/('>:O =7 ‘/:/L._i t ﬂ:z 7 rr =0 = 2&7‘/ =0 = a="5.

/(X) < 277/; (05(/7’><) t Csm (//7&\) + (X > N
C an/ mnS%am‘.

Convert to ")/' - /‘/7“2/ LV SRR SNSRI f(x)= -a-x



[2.

100/( af )/'/f)\/ =0 AS a//?% | aém/c, )\,,,: AN,

2,7

yn(x> = V2 Sunnix) 15 the normalyzed e/'jm/wcf/‘m, n=423...
A (/“4/,70({ solution exists for A7 = 91" Bat for
=2, M= 47 A solation extsts ont = £

[ #6060k =0, or [ Cod TasinGrnek -0
L/&'/MS WRTIAB To. compue,

clear i =
syms x a

g = sqrt(2)*(~a-x)*sin(2*pi*x): V2
i = int(g,x,0,1) 27

j/’nce r“ #0 7L4C’f(’ /S 1o L/a/ut 0; % AJZ//54 W///

S‘q7497(7 § (%) /,fx) dx =0

7’4@"{ 1S N0 Sa/u//'on,

Convert o -y" = /// “a, M 7 )=, Tx)= -a.
L ook af )/ 7‘2/ =0. /45 W/7‘4#3 agw() 1, =2,
7\,,;‘/7 7 Nn=1,273,.. ﬁfw/ 7%( ;/mrmp(/Z(/(/jmz(cmmz/ons




are Yy= 1y Y, (#)= T2 cos(nix), n =425

A M/’W@ solution exi'sts for A, 7 ond Fhis 1
frue exu’/f ;or A= —‘/{4 LA nommsz sofutson
exists +F f 7[/7\7>/,(x)o/x =0, or f(0>7/2:(05///x>0/7(
But -T2 j cos (mAdy = = T2 5/4(//;&/0 = 0, for off
Vo lues oF a.

50/1//'445 7%@ Aamo enecous >,”, ﬁ} =0 =7
YR = Cocos () + € Sin(irs)-

For The Mm\%ma&jeweaas fevm et 7}0(0’ La, K a

Qa

(onstant- . \//,"+7}’L>;0 - kT ca o ke s
| 7(70" Yo )//, = Ccos(iTx)t Gsin(Fx)t 7™
y/(@: ~C T sin(T7x) # ¢, 7 cos(7TK)

7'(0)’;0 =2 470 )//(D*-C) =7 -617/’5,‘,,(77);0) <o
C, /s um/efcrminfy/

y(x) = Ceos(TR) 7% . Cand a qré/}‘mr/ Constants




/3.

Copyert to = /7’/ ~a tos(TX), =7 r()=1, Hx)= ~aiqsx).
Look of )/"f)(/ =0. As with 4] above, N\ 0"
ym( x) = V2 Simlnix) rs the normaly 2ed e/'jam/wcf/‘on, n=023...
# um‘7w ﬁmcf/'mq ex/'sts it M M, ana/ 7‘//'5 /S tyue
CKC(/f for )(,-‘ /7”1=/u- A nomu}m?uf solu bon
exists /€ L/ f[)c))/,(xB oA =0, of J;(wz teos T 13 sin(ix)ds =0
5/8/"7% MATLAB 1o mm/wfe)

clear

syms x a i=

g = sqrt(2)*(-atcos(pi*x))*sin(pi*x); "

i = int(g,x,0,1) —= a
/4

S

K()?%O/V,(?()o/x =0/} a=0

/7[0”40364(00{5 50/%%)'017 t ///7‘/7”}/ =0 =) %(x)r ¢, cos(MR)t &, Sin(7x)
/\/om 4014403614@0{5 . Zcf )})(K) = K/,x (os(/"fxﬁ% /@_)(S/h O’?’XB
MS(‘/MS MAT/-/?'/Z) g:/;grx ki k2 p

yp = kl1*x*cos(pi*x) + k2*x*sin(pi*x);
d = diff(yp,x,2) + p~2*yp;
collect(d, [cos(pi*x),sin(pi*x)])

(/{3/'}’?3 /ﬂ ]fo)- n for C/a:)"}#}l,




ans = (27 ky — 7% ky x4+ ky p* x) cos(z x) + (=27 k) — 22 ky x + ky p* x) sin(z x)

///:70(5(][/'%% (&C/{’?{/'C/;’W%S o\//'fz. ‘(03(/7’x>,
25k S TR F LT X 20 T L =0
. _ )
VA7 CEEY N SR
_ 1 o
7/()@ = T )(S/h(//)&
- O foe X ‘o
ye Jety = ¢, cos(Trx) t+ €y $in(7rx) = 75 (hx)
//()):0 => C =0

7/((>:O =2 625/‘n(77'> - sin(7) =0, SJ C4 IS

27
WO7L ﬂ/ff'f)’m/'//lfﬁ/

% :0) y(;q) = CS/;q(iK) - TZ%SI'V?(W\X)) C a (0ws7lﬁn7z

C//,l/cy] 7E(><> = - Chy (7§> 7%9»1 7(01’ €0¢64 Qﬁ”(x} m= /, 19 ey

p—

o0

r(7<> qu (><) f(x> = 2— <, r(;c) %(@%,(x). Aswm/nj



/<

7L€rm !)/ f(/n/) //’)7103”07//0’7)
j‘ () @lx) £l dx. - S 2 o 1) B,0K) By X hx

6 n=l

/ :O)M#r\) —/)h’) N

= Z’ C, if(x)%m(x)ﬂm(x) /x
= C"7
/guf since HX>=O on [0;/3) /%f«ﬂ
!
L (%) B X) Hx)ofx =0

Coy =0 For m=1/,273 . _

[Ly = LLutvi=LTult 2T = 0+ £x) = f(x)
- Ut Saylz'slees f[,t o//ﬁm’cn%/%/ €7Wl7L/0”
o(l)/(m ta, )/’(0) = o (arV)(0) + oty (urv) (0)

= o u(o) + w, V(o) + ot u'(0) + o,V (0)



fe w0t oy @)+ L2t 0]
- a+0 =g
Sy (D b,y () = 5, (at ) () b poy (a0 (1)
© s, uli) ) r b, d0) r oV ()
= [/s,a(/) f/blc/(/ﬂ b [ﬁ,m) P v'er) |
- Lty - &

_  UL Q/SO §a7L/'S7()?S IL4€ 4001/10/6(;7 (o/lo///f/'ans-

éerVl )’(X>" C,S/'ﬂ(/?’)o F (03(/7'}() # X

2, - =
}/{/(70‘: QT sin(7x) — 4 cos(Fx)

-

2
. )/” # /7”2)/ = -, T sin(ix) - 7 o5 (%)

2 .
t 7’/’(6,6/'7(77’70* FOS(?K\*X>

o2
= X



Hls0, y(o) = ¢ 5/ (T0) r cos (7o)t O
= O+t +0 =1
7/(/> = ¢, Sin(F)t cos(i-1)+ |
- o t(Nt] =0
. /(x) = e, Sin(iTx) t cos() F X Satisbies Fhe DE guef
7L4< éo(ma/ar/ cond, tons.
y(><3 seli/siies 507‘4 the NE . and !oumo/a///;"dé/fwf-
TAé m?}/ M/Q/ to 5///7‘ 7“4c Solulyon o{/ 25 i *1S S
To [et y(R)= ¢, $/n(Fx) or u(x) = ¢, Sm(Hx) + cosx),
wher e LT3 = 0.
fowevey, for ux) = c,5/m(w), u®)i |
Eovr u(x)= ¢, sin(mx) + cos(irx) s uli)= -+ #o.
C The //OMOﬁencoas solution to the NE desu
5a77'6f/ e 5oana/w/ concd, Frons.



(7.

Glven.: y<)<3 /s a Solutron fo )///7‘-/071’7-?7-:0)>/(0)=a)>/(1):\{r
“"0/ y=utd.
(M7V)”"'/)(UI7‘V>,1‘-?(MH/>=5 =
W'y ok /w’r/v’f fut =0 =

u"+/oz/+ gu

u(o) = y(o\ﬂ/(o)“— 4-a=0

\)

_(1//'+/1/’ + 71/) = ﬁ[x)

NOE )((f) -v(N= (-4 =0

LUK SMZ/’Sf/’fs u" 4 /M/ * 7&1;5(@, cmo/a(o):o,a(z):o.

V(x) can é@ o [incay 670(617L/'0h st uo)=a, y()=d
Lot vlx)= ¢x+ ¢y . VO)=a =2 ¢, = a.

V()= ¢ ta=6, =7 ¢ ={-a " vX)= (f-a)x t a




[§

Lt X)) be the Fundson st vo)=1, v +v'C)= -2,
bt /;CM% solve an ). /= \/c’lL to de determned.
For eass, [c] V(x)= Ax +B, as /s #[7.

V(o)= B= /) so V()= Ax t] v'(x)=A.
VDD (AeN+ A= -2, A= "3

V()= 2

To 7{/,)’]0/ M(K)) we wenl Z[MfVK:Z’flK Mf/"’lj

LIy =y v 2y o LIu3s LIvl= 2-9x,
[Tl = LIEx(=C 3xe)) +2(-2x40) 7 -3y +2
[ Tl + (3x+2)=2-% . 2 [ulz -x
u't 2u =X . Also, ulo)=0 ui)ru'G): o

(w1 v)(0)= uo)+ V(o) = 0+ |

e £ o) () = u) FYa) U+ )



= a0 @) 2 or [4-2(< -2
. TA( new /ofog/em AT

u'r 24 = X, u@) =0, U+ u'(t)=o

This was solved /n Emm//e #/ of the Text. l/s/nﬁ
S%a/w/af#’ methools, (et d.() = € coS(Tan) t ¢35/ (F2n),
()= Axe B g 2u, = 2AK1 2R X, B=0,4< %
L UGD 2 G oS (TaR) 1 Gy sin(PER) ~ & x

U6 =2 ¢~ 0. . UYy)= Cl§>'n(’f2—.70’é?\
U ' (D~ Gsin(R) -2 + 12ws(B)-3 = 0

|
Co = cin(13)4 T3 Cos(73)

U(x) < 11 (17 ) - 3%
SN (12 t 12 cos(72)

>/:(/(H/: S/ (12%) - 2K 4]
57};('»5} + ﬁ oS /fz)




[ 9-

MSMS rk) Uy = (/>(><> ux)x‘ﬂx)u NACON
r(x)=/, /(x)= [ 7(7():0, F(x1)= -X 7{(7<>-— Sx’h(%—x\
MS'.”X U(x)j): \/(X)T(n‘)) 72%6 /OM’ZOi(’VNoMS €7ua7‘/c'm /S
—/ﬂ: AX, of /(A}* / y(x)’—O) /(0320) 7/(0: O
fmm #2 aém/() A ® (_1’_;;/)j7/’2 sndd norn/m//fw/
Y, 0O = 12 sin[R2ZET | nzpy23,
. Assume U A) = 2 é,,(z))n(ﬂ

0 !
From FOQ) = 2 00900, Y= | Fixa) Y00

<

!
()7 L(—xﬂ’i S;Q/;[(Z‘i‘é\)ﬁﬁl/n Msm% MATLAE,

clear i =
syms X n _

= -sqrt(2)*x*sin((2*n-1)*pi*x/2); V2 cos(zn) _V2 sin(7 n)
i = int(f,x,0,1) 2

&
T —a’n+ntn? Z_zn
4 2

n

Siace sin(nk)=0, ). 472 cos () = 412 (1)
rr(2n-1)* 71<2n~))2

b/,,(f) 'S ﬂ07/a 7((,«;4#/'01/; 07C 7.




From &, (D) + D, bott) 2%, | 1= 472()
/7"2(214/)

‘gn/(fy f )\V\ {n(/A - b/,,, l én(dv—" g,,,

é{/zere /gn = L ]C(KB yn(><>c/)< = Lﬂh(%ﬁﬁ&'n [(Z"z)ﬁ—]o&
(/{5/'/13 ”7/?724/%)

clear i-=
syms x n _
f= sin(pi*x/2): —\/72 frn=0
yn = sqrt(2)*sin((2*n-1)*pi*x/2); o
i = int(f*yn,x,0,1) V2 if n=1
_Y2sin(n) (Z1420) ¢ paopns
2nz (=1 +n)

/g, Z/ /3 0 nz2 Since Sm(nn) 0

L ML= v =T {0,027
y
[ %h%én(f)]/ -y €4¢7§0 [e)"sé,(s)] J - b;,f é/%”so/
2 Bn
ML) L6) = (e**-))

-2 - Z o 7
b =By }i(/ M) s urT ¥ < 4T26)

4 72 (an-0)

b ) - fz-7f+§[% (/eﬁ)

//rz
.8y (B m}«’lﬁzf _ T
—?+ 2 7 < ) b/)" 7z



Z-0.

— (207"
g,,](f): L ((-¢ ((,u /;(->) n=23,4 .. ¥ 412(4)

Q2n-)) i et

M(X«ﬂ" 7/_’[%5’1 F f *1 ]e 97 5,,7(//7&3

2 7f7~

Z 2 X,,M (/ ; (2"43 77;/->5m [(211 mxl

,12()

b/n: Lyz_.(_%) Nn=0,23 ..

é/s/nﬁ PO Uy (/(x)uQ)( “ 400U Fx,2), 7(X)=/ /(X) =/,
7(><)=0, [ (x,7)- ér, and F<)=1-x
[/(S‘,»y;j ux )= )/(x)T(z‘)) fze Aomajc/)@o{s é7a47‘/b;4 /s

/(x) £ N )/(A) =0, 2«'(@%0, 7(/) z‘/’mro

/f/“om 4 040‘/‘, HOVWTC(A'ZCC/ >/,,) (X) = /2 605(77; x)
[ 1+ si* (%)

L(/Afff fan(ﬁ;)= ﬂ{—‘

3

- Assume dxyd) = T 4, R)y,09
I
From F&x) - Z) (1) Yo (X) , Vp(#) = jF(x,x)yn(x}o/x)

(<



-t J - .
Vt)s 12 (cos(ﬁn@&/x = 12 sl
it sin (7)™ o %o [14 sin(rm ]

From 6,(£) # A, bn(8)= %,A) , 4, (d)‘K,,,) where

/3,, = LI ﬁ(x)yn(x) o/x = f (- x)cos(f_x%/&

[145m* (f‘ﬂ
0(5/'/163 MATLAR,
clear -
?yzsg)l(ﬁz(;*cos(zn*x); _cos(zn) — 1 %Ve) Z-M = 72?‘\
i = int(f,x,0,1) 7n2
A, 72 [i-cos(m)]
[1+5i0* (7)) M,

/ 7 < /
[ &7 pl= v, me)‘“*‘ {[”‘” 4.()]ds 5 Y " A
ﬂfg ) - é(@ = 1T sin () jf _se/%sg/s
{/T[/i-Sm (ﬁ)K

4 :
j s g O
6

)y)“/

fhnf gn (/f> = 72 [[— (03(7’}\;)1 + ﬁS/h(Wm Ze()"-/»*/]
Ao LiesiEN]"™ Ty (A=) Lie sin™(72,)]7

FOV S/M //‘61/71—7 /{7L 4, = 7—[/ fﬁg(f\] K(ﬂq/
/0 / A [/+5m (f\ﬂ)\ )




21

/e7L C”l: fS/V[(f)

f_ [/fSW) (’/—XK
@Ah/{-gn[/f) - ﬁy, . Cn [e/}n/f'c‘f_ /f
/ln-/
. . ~An
4, (- lne™ b g, (1)
An~

L{(X,/) - Z gn(/‘)yn (><>) Mw Y (9 = ficw({ﬁm)
" [1+sia(13,)(?

) - S At BN -k, 7 Cos (’/—):X)
N ﬁnzr [&"e Foae e ﬂ [1+sm*O)]"

é;/A(f‘e Tan(ﬁ\:)’ {—T

=12 [1meos(i)] | Cyx _IE s ()
)\,\Z—(f‘Sm (Th, \1 - 7-):‘ LIt S)'nl(ﬁ,.)‘_(,ﬁ

é/s/nﬁ PR Uy = (/(XWQX IOLE: Fo2), 7(X)=/, POI=,
5600, F(x,0= |=]1-2x], £x) =0
[/(S‘,»y;j ux )= )/(x)T(z‘)) 7"46 Aomajcnfaus é7aq7‘/b;4 'S

y,/(X)f ?!)/()0 =0, >/(0):01 /(/>:Oc /:fwﬂfl #S 440'/"’)



V]O)’Ma/Z‘cc/ >/,|()( Z S;lﬂ(/)//)() )\ W’\/A/}) ” ://2)5)..-
. /}SSume ///(x)/f) = ;én(zo)/,,(x)

-0 |
Frow Fot) - Zh(ﬁyh(x} ; ?f,,,(f):LF(xx)y,,(xM/x)

N (R)

D’n(,ﬂ = L (1- //-2x/>73\_§:}/c (177 %) ol

20 on [072]
$0 on [72,(]

/2 )
= ﬁj 2RSin(ntR)ds + EJ (2-2X) 510 (177X Ddl
()
Ffom #g aéol/f b;(#) - 17[7’— 5/V7( }’> ”://2/3)'”
N>

/\/ fe 3/,7(/'('> s not a Sunction of 1.
/from é,;(/f) f‘/lnéh(ﬂ:b’,,(z‘)) !,,,(d>:,g,,,) wAefe

!
B = [ #dptdk =0 since f0=0
/ 4 v ba
[ %4 cp] - T,,(z%)"f, f [@)"gé,,,@]c/s j Y M A
&, -
eanfzn(/’L) _ én(0> 0: %7(\5 n(ﬂﬂ) /LZ‘ ]

nlr/sk )\;«,

/7-'1

6,,, (r)= ‘7‘7/"5//1(72,3[ |~ e f]
nu nwoi

252

?Zfs//’)( > (/— _,,,//x)

h/’f't

1
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o0 2. 2
Z 47@5%(%?) (/~€mp/{-)ﬁ9h(nﬁx3

- RS

o UulxA) = 2, é,.(f)%,(x} =

nt g4

o2 T tn
- ¢ ) sin(") (1-¢” "f> $/n (nitx)
»n=l

é/s/nﬁ nO<) Uy = (/(xwx))( IOLE: Fx,2), 7(X)=/ POV,
$(x)=0, Fx,2): (), (x)=0.
L/s/nS ul%,7) = ))(70 T, the Aam03€ﬂcw{s e7ua7‘/{m s
/’(x) P Aay()=0, y(9)=0, y'()=0 . From #2 alove,
the normal)zed Yo (X) = V2 sin[C2drx] ), = (iw;/ff, 22123,
- Assume dx f) 7 één(ﬂ/n(xﬁ

0 |
Frow Féod) - Z%(f)yh(ﬂ ; X,,,(;t%j F(X,/f)y,,wo/x)

P (X) 0
)
() § ) 72 5in [ 222 o
TA/‘S /'Vl%cjra%/'on was Jome ' #6)7 ‘n Section //~2,

a/w/ can a/so be c/om us/nj MATLAR -



clear _
syms X n ‘
T = (1-x)*sin((2*n-1)*pi*x/2); dcos(zn)+x (=2+4n)

i = int(f,x,0,1) mr—4Axin+4n?n?
| ) p
J‘ (1-X)sin | 222X e = 4D v G (#n-2)
o ~—2 2
// (2»7-/>

X)) = 2[4 D [ o

;/bz(Zn-/)l
/:A"Om é,,/(/f) 7"/{,,, é,,,(a‘>:3;,(7f>) Z,,,(d):g,,,, puAefe
|
B [ty de =0 Since £6970
}(0 / Mot * Ans ’ T S
[e‘”%(fﬂ = Ta(te f [e ém(SﬂM% -'SOJ:(QC a
= 8n=0 1 -0)s
on? b(A) - 4,0) = T2 [4C) 2] j s

7/,1(2'7‘01 o)

L#) = 17 Jae) ilt) My oht
7 (2n=1)> O, -1)

—Qn) T

= 2[4 (e (7 & TFT)
T 2n-N" [(2m~/)l/7’1~ /]
%

T PN AOVANE

;ZZj[WOfw(%iﬂCC -@?”')&nganmm]
(24 /)2 [(2»1 =N /]
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(/o[x)v/’>/* IR) V = /\/” f/o’t//—?y

= p (U W) 1 " Cll ~0,0) = 909V
= Plhy r/o/c(x - (/; o 0 r7(x>\/>
- (pc/x [%ka IO
PO Uy + 60w = FUx) - [QWQX + gev ]

1\

Nx)_?_ (4 -v) + 50x) (u=1/) - F) = (. x

"

N

w(x) F 500w = (urdy - F(x)

. wz‘ Hx> z - (/Wx)x £ 5(R)u F )Wy

=S FR)

0 = (~/4/QK P w 0wy,

(/(K)WQ;‘ : 7(;Ow = I(x) Wy




L(/(oﬂ ulo k) - /(o) : -7,:0
w(l, )= ulif) ~v() = T,-T 20

wW(xe)= U (x0)- VK) = f(x)-v(x)

(/00 W D 7(2< AN

w(o, )70, w(nd)=0 , wiro) = H(x)-wx)

(4)

[1{/cF vix) Le the sofution to:
(/o(@v’)/ - 96)V = - F(X),
V(SN hVQ) = T, W) r v e T,
T2 et wixa) = UK ) 1<) LF pu(x4) satrstics
(o W)y = 96w = r(wy
Wn(0, 1) = b0 (0,8 =0, o, (1, #) +hy (1, ) =0
W(x,0)= $(x) = V(x)

Mm U (0, 4) - h,u(s,) = %(a,f)fV'/o%A,m(o,ﬂ%,Wo)



=0+ 7, =T, [3]
U (1, 4) hyU 1) = G 0,8) FV O hylo 0, 4 V()
/R A I 45

Ux,0) = Wx0) T UR) = $)~vlx) +ux)= $(x) [5]

&no/ V\(K> &([ = /\OQ@: <Q/(x,z‘)r(/()<>> = (x) Wy
ot

(peOt )y =9 (AU # Fx) =

(p6 (it VD)o = (I wev) ¢ F(x) =

(/>(><>wx f/(x)(/’)x " 5G)w = G(KW 1 F(x) =

(/o<x>m,<)x t (/a(xw’)/— AOVIERTERZOE
PONMy  + (FR)) + FLR) = )y

‘ /\(X‘) M/f - (/D(X)O()()X -'7()()0( t F/X)

- /f;,qp/ (/(7() from [’K ano/ W(X,ﬂ zgfom (25 to

6ef M(»(,f) = W 1) t V(x) WZ/'CA <atis Fes

[3, [48 IST .



Heye, AV =1, 900 20y 16 =1, F()=-2, F(x)z x=2x+2,
(1) First solve V'(R)=2 | yo)=1, V&) =0
B l/(@*— xzv‘ CyRT (g vo)=| =76 =] 1/(/):0=7 (,7-2
V)= X - 2% +]
(2) Solve Wyx = Wy, Wo)=0, wli, )70, w(x,0)= F6O)-v),
o (80)= (K 2x2) - (x22x0) = |
fons/'o/m/ )/”(x) = );)/(7() ) y(@:(), )/(/)?C)
" }Mz mz/’/”’}'/ Mormcf/r'zm/ >/,,(><)‘— 7//?:5/%()77/“;0
usi'ng /—:xam//c | from section Il.2..
Assume wix,#)= 25,,(/\ 7’”()0
From =ty +E(x,2), and G(x)=0,
Y (4) = g 00,4 Y, &) dx < L]& 9,00k =0
From LA b, =1, 4)



é,,/(z‘) y !,,C?‘):O) and 4,00) = A, where
! /
3, = 50 W (%,0) Y, () oAx = 75[ Sin(nlrx) o x
- ‘Ecw(mifx)/ . -2 [(»Di (K: L;[/-(-/ﬂ
an 7z

#
é (f) 5 (\)0/3’ Py QA
'z;(—j‘ S 51(53 go

fog (£a(D) - /aj(é @)= -7t
L) By & ) e
- w(x, f)= Z [/~(~/>"Ze " js/n(m/@
(3) ulx D = w@w(m) Cnrle 22 L T
Motc that for n=1,23. .. 1~ = 2,0,20,...
- Odof terms are 2 and tven ferms are O.
. Twst count the oddl ferms 5 (olecing 1wt

(Zm~/> ano/ Count é)/ n=/23 ..

2 () A
a(x)/() = x* 2« Pl %— > ¢ e Sm[&m)i’xj

n=1/




8.

r“(x)t/) /)(x%-/) 700 =0, F()= -7/'1605(7/‘;(})§(><):<os(3-47§)-(as(/7x)
() Lef vix) Le the sofution 7o (/o(x3V’>/—96<)V= - F(X)

LV T os (X)), V() 20, y)=

/fam%meom . 1/(’/=0 =2 l{(@ = /ﬁlx +8

/\/om4om03mmas: lct (//o(x) = Cros(ix). .. %{': - C 7o)

L C=-/
L [//X)f Ax 18 - Cos(i‘xv ) v A- Tsn(7x)
V/(O):/MO. Wk = 8- (‘05(7/‘)0
v(Nz Sl =1 =7 870

V(X) = -cos(irx)

(2) Let wlxn) = ucx, ) -vix)
SO/VC (/J(K)Wxx( - ?(K)N: /‘(X}A/j , or
W = Wp , W (0,)=0, Wi,D=0, W(x0)= FG) V(x)

g/’»
oy W(x,0)= (as( -/1;7‘(>~ cos(7rx) + oS (7rx)



Wk o) = cos (3 )
Assu me WX, 1) = Zé,(ﬂ 7/4(><§ ) ano/ cons)dey
) (/(x)/'(x>)’+7(x))/ = /\V()c\y(x)) oy _)/// :)\7) oy
>/'/7‘)\7/ =0, y/(o):O) 7(/}:0
[~rom ﬁroé/rm #2, Sccf/é)m //~Z, YLAC MGVWW/:'ZM/

ym(x3*~ 12 cos ((Z”Z“’)M, M ® ("”’)”)m:/,Z,s,.-.

f
F'Aom WZ"’;WXX F C'(X]/r) W/YLA G’(’()f> :0)
A = S;é(ﬂ,ﬁ‘)%q(x}a{x =0
C From b, TN, (H) Z T4 =0, 4 ()= M balt)

LD - - ()T j 5@/5- 5 §/3 .
8, (h 6‘ 0 & (9)

5, (= 4,00) fﬂl\”f, where
by = By = | r60 w(xo0) Yo (K)ol

!
= S cos (322) 97 cos [Z2T] 4
L/S/‘n@ MATIAB o oo the /'nfeimf/rm)



clear

i=

syms X n 5

f1 = cos(3*pi*x/2); V2 if n=—1vn=2

T2 = sqrt(2)*cos((2*n-1)*pi*x/2); -

i = int(f1*2,x,0,1) _3V2sinan) g a2
272 24+ n—n?

‘ . Z -
., &M(e 5//](1477)’203 /32 = ﬂ,;:) /g‘/’:o 7(0)’ N= /1314)6»4)”'

b ()= 12 R P

2

ol
S A) B2 A (07,00 = L,(2) 4, (0
S 97 = 97 "
- 12 F [ﬁ(og(i’;—_xﬂ: e "?as(&;{()
2

(3) ulx,t) = W{x,t) + V(X

Ux4) = @ 7fcas( ”::x> - Cos(Tx)

(&)

rix) X T" (/)(x) X/7>/'§(K§><T: T(/o(x)x/y- 96 XT



/3/'(//'0//'»4@ é/ rx) X 7—)

e = (ox) - X
7(4) red X %)

5/‘468 7%( /ci(/ S/‘p/( //S c gwflcﬁ'om o$ 1 014//) q)/;o/ 7‘/€
V)‘@M side of X w/y, cach side must efom/ Fhe
SGwe (OMS%o/nf

S (0X) " 9wy <), or (X)) 3X = Are0X
700 X ’%ﬂ 7 4 /

G 9 X A K

Uy (%,4) = ><’(><)T(=ﬂ=_—
U (0d) " hiwlo, )0 becomes KO-, X TH=0
Assming TF0 for any 1, then X(6)-hX@)=0

Also, u i)t boatns) =0 becomes XDV T + b X)) =0

Agein dividing by T, thea X0) + dy X() =0

Mote - the asfam/df/‘oms of X(X)+6 and T(X)10 cere

mac/< n aro/cr ZLO ZC/VIC/ AoV 2€ro SO/c(%/'MS U(X/1)=X(x>7(f),



()

From u(x.t) = ? bn) 4,6 and

00 e = (PNt~ 960w 2 Flxt),  Lo]
P Uy = f(x32 by (1) (%) L3
(p4d " 2 () 2,60 4)

T 2 A 2 o)

= 2 4,8) (ped 4 00))
"G Ul - TP 2 [é,,,(f)( POVBDY = 4(x) 4, (f)%a)j

- :Z/ £, () [ (/o@%,,’m)/- ;(@%(x)] [2]
Since each dtQ) s a sofution to | from @),
~(px) 4 9 X = 20 X, X - b X6 =0,
and X @)ty xD=0



fAer; [ZK gecome%
A
(/o(KWOx "9V = = 7(x) Z/ £,(2) My ) [37
Let ) = Z 0,06K), where

7 (X)

600 = § o) E60 k= | Frpddde [
o /(X) o

F D 1) 2 506
L] becomes
r(X) 2 b ()R = = 1) 24&))\”%@ £ %) i/mw@
/3/’2&//43 47 X and /caymnj//qj,
E [ L) # A 8. 6D IB,:) =0
T8 this s fo be Frue for afl 0ex<l For cacl n,
7%@:4 4, (f) N 6, (D =8 ) for cach n. S]]
To ofefermine b, (1) (Orwf/efc/7, initia] condfrons are
necded b (D=, b,(0)=4,
From u(x ) > é@(x) BG) | U(xo)= f(x): f OrNS



27

f(x)> ;’0[ Ky Ba(R), SO &, = gm& F() &,04 dk 123
hlso, dyp(x0)= 400 = 3 61E0ghe) = 2 by
Z fon LI r() (R F0Ax 173
Lo summary from L47,0<2,1¢3, 77,
b () e D, (D =60 | n=123,..
= 6a0) By = 4,00),
where ¥.08) = f: O, ) &, (x) ol
X, * Q PO F() () olx
fon SO] 100§ (<) f, ()l

(@)
§/n(c i%e ‘éff} cre or‘Mo/}orma/) 7“47 foym G Kas)s

% Cq, C: ('Om/ﬂ/o( numbers. . 7’4(” exrsT



- —47()
b el st b2 4@
J 5
<0)\ 2 =) =)
(4)& >' (\Z‘{Jéj) - )
4
_ C =) =)
- > (46 )
o (1)
= 4, since & m)—s} )O for 7

@)

/\/0ff 7‘Aa7L AL =) . /\ Cg(' 5/ Letinibron .
A’a; &) G N, 57(/)

—-C)

c' A";:“/u;(q:é éﬁcomes
“ ) 4 —¢)
2a)e Z  ua. g S te
1=

/:'/




Z (a / -/o(éi -4) —9()
6/'4(( g /' alre /V)o/{/emaéy, )
a A,' - Aaq —é,‘ =0 )

4 = _i ) ASSUmIn /M# Ay for any I
- @
4 4(/ <<‘4> _»( )> 4({)
—_—2 - e
z/<}\, /,I [=1 Al - M

/;7Mar£/'0n (/Z} /< é(x Z/ TC’ @f(x>
/;QS 7%( Scome form as in (é>
7%2 C/%@V;fundl/'ows %,(7() ceve am/yﬁoo{s o YL/(’

= (/3

e/'ﬁf’m veclors e

| €$$€C7z/'l/c// S/onr)fnﬁ fée S/MC{
0; /601/ t/f?/(/(ﬁc/ 7C(,(/}c7//'o{/13. >|(' art 7%{ C’OVI’C?)OVIC/;,/WE
€/§€ﬂ(/0/£((’5. C/‘ arc //kf é/': ([7, g?@)/ ({/Z/'CA are

CO&??/Z/L’M%& gor fé( V[om{omojcweoag A:Vm.
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(2) Look atf }/”: - F0x) . From the Aomajcneows
//oé/em) )/C”‘f() => )Z(X) = GX = SU)rGX
L/sfni Variation af/ﬂammdr/s, assume

>//(><> = GO () t GE)IX = () Gl X
)//o’ = Q)+ o) F C/(R) %

/yf7o{/'/€ Ferms a; C,/()() ana/ (2/(;0 éz zéro.

C'Q) + G (R)x =0

Ln m;alrix Icoff/"l) [/ XK C(/(X>]:[o
o | L (X) - $(x)
[ X ! ~ | -X]
o | o |




¢/ () = xR, G = - £(x)
X %
. - (x) = J S $GB)ols ) CZOO = fNWS)o/S

X <
. \//(7(\ = C(x) ¢ 7<(2(x> - isf(sba/s - Kj ;(@&/s
X X
= i (s-x) £&)ols = - i(xﬁv(s)c/s

X
o PR) = /C(;O t X/(x) =, GR - S (x-5) $(s)cl's

-

@)

(I
][;’OWI (q)) ﬁ(o): le Cy0 -~ So (0-3> $(§>&/S =D ’—“?C/ =0
\\O —

[

B)=C t Cy 1 - j

o

(1-s) f(s)obs =0 => ¢, = Q(’“@ £(s)ok

()

[:V‘OM/] (4) with G20, (= go(m) 7((5>6/5) WW/(@)
/ A
%()Q) = X L (1-5) f6) s - L (x-5) 7(3) b5



X |
= (s 1 e {1 - (e 5o
0 R o

R /\& ! \f X M X
- £ x (s )ds -S xs 1()ds + gx (/~s)¥(<§a/s—jx [(s)ols + {5 ) o
- i canct/ : e ’

1

X /
- S XS Ty + gxs f()ds + j x (J-s)§(s) s
0 ) X

N

X )
g (s~ xs) (()ols + gxx(/—@?(sw/s

1"

X !
( s(1-%) F()ds gx x (/-3) §(s) ds

?)

L{S/’ﬂ@ (C> an/ %AC p/ey(/'n/f/::l/) af é’(x,S),

!

A
A% = st (s 1 | w om0

X |
= 5 G(x,5)5(s)dls + L G(x,8) 7)ol

= L G (x,s) <) e



29.

/%mocjmeaus /dfcé/em: 7/"f7 SBRARY Cos(K) + 5/ (x)
Mo /omajfwcows /roé/t”l : >/",~>/ = %)
Let /f,(&) = ¢, (x) cos(X) + G sMX) [T
. . ¢/ () (25(x) = CR)SInGR)+ G/ ()sincx) + GO cos(X)
/(7(//‘/”6 ferms w/‘f/, ¢(x) andd &'(x) (/om/'s/) S0
¢,'(x) cos () + G R)s/mx) =0. [23

/

, 7//) = —C,(x> sindx) + & (x) cos (x\>

/o / ' r '
)//, = g (x)S/1(K) - (x) 08 (X) + G5 (K) as(x) =~ G sin(x)
Us r'/li [i< /v/o”f Y = *C,’(@S/'t/}o() t G ) cos(x) = - =) &

[2 4{,,,0/[33 I matrix &J}///h 4ecom<’ .



Co s (X) Sz'n(ﬂ] [c,’(x)i - ZO
-sm(X)  @s(x) | LG (X) -HX)

[ws(v«\ s/nécBT - [‘05(’0 -5 n(x)

‘S/'r)(x\ roSO\B S/n(x\ coS(X)

[c ned K [@Sm ~s/'ﬂ/><>] [ o B ETPYORL)
(; (;() YA (x\) NS(?(B '?(7(3 - Cos(x) TN
€, (X) = 5/ FR)  G(x) = - cos(x) $(K)

X

X
<, (x) = § s/n(s) ?@o/ﬁ cz(x): - § c05(s) () /s

o

PR = e x) + );0(70
- C Cos(X) + 62\5/}7(@
X X
+ COS(X) S $I(s) ?(S)c/s - S/n(X) L coscs)$(s)dls
X
= ( os(X) + §Sin(K) ¢ j‘ [ C05(x) 5/(S) ~ 3/n(x) Cos($) [ K of s
= ws(ﬂ f Cls/'n (x) * i Sin(s-x) 7((5}@/3
. g%(o) 20 7,20 N0 => C sind) t ng,‘n(g-/) f(s)els <O

- L'sfn(sﬂ §Gs) s jl sin(1-s) F(sd ds
SN S/n(r)




]
¢(@ = 5 X) 5;"14(/—5) f(ols  + gxsfn(&x)f@o/s
SinC1) e ©

/ X !
For 0 £X % /7 5 5/{”) ()—S) ;(S)C/S = gSl'/’l(/-ﬁ);(S)OIS # f $in(1- €) 1<) ofs
0 [+]

X

X , x ’
DX = g S/ng%s('g(/\s) 1O s , g i‘”’_{’) s/n($-x) $(Dds
I o SnCI

o

.

Srndl

)
*5 SInG) < ()-5) 55V ds

Sin (1)

X
_ ( [S;n()g) s}n(l-s)fsinﬁ)siy)(&xﬂ o) s

0

, L sin(X)sin (-3 Ce)ofs

Sih (/)

rMoie scn(x) s (i~s) t §/nalr) s’in(s-x) =

$11(x) $/n() o5(S) = Sin(x) cos(l) Sin(s)

\Cancf/

T §in(0) sin(s) coscx) = S/nCt) Cos(s) 6/ (x)
- s/q(@ [S/h(/)(os()() - Cas(ﬂs/‘n(@] = S/m(s\ s/m(1-x)

X ) o ,
¢(X) - g Sin(s) 3/nd1-x) $Qofs + j sm(;zi:;(t-s) £re) o
X

S )

6

$nCS)Sin(-x) o cax

Zcf%z'm& é(x,ﬁ):{ sindi) > T

Sin(x) $in (I-3) 5 X<£S8<|
s )
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@)

(andf noting lm G(x,5)= im (x5 )

S>x s=x’

/’Ze X !
) = [ GGtk | Er9 i

|
LgE = ) et fed

for 728, f’/x)z/) G(x)= O, o =1, “1:0)ﬂ1:/;/5220
LIyl -/” Lf73=o D Y (R) = G G X
yc(o) =022 ¢ 20 2 Y, R)= X sfz‘f/ni c,=| for

Sf'Mf)/O//'cﬂZ)/ YC(O:O =) GG =0, . G = ~C).



. ) R)= ~[1 X 5(7%},;3 ¢, = | for 5‘/}%//,’0'/7\

Wy, S0 = | mrex | 2 k= Clix) = #0

l ]

] /(X)W[y,)yzz x) = |

OL SEx

G()()@: - y,(s)yz()(\
PR Ly, 7, 165

)

AN O NN TETY
/0()() W [}’,))’2’10()

~(sX-1#x) | O2s<A
=) /

- (;Q)(-/r@ ,Rese]

l

5(/")() ) Oéﬁ'ﬁ)(

=7
x(r=s) | X2s<]

T/lr's ('s f'AC Somc 6/€cm§ ?cmc?l/'ow aS zrm Zy)g.



()

For 429, /(K)’/, G)7 | A&y =0y, A=) By o
Zf/} = *)/"~>/. As n 527, Fhe 90/Mﬁ'on 7o
LIyI=0 5 Y. (K) = ¢, cos(R) 1 ¢, S1nlX)

For >/C(O):C)) <20, SO >/,(7<3:5/‘/4()<),

((%/'in,'mg 62/ for s/'m//,'c,'(y‘
For \/C(O:C)) C, cos ()t ¢ Sm()=O
1f ¢ -0, 7‘4:V, 7O simce Sin(l) 20 .
Lf ¢ =c, then ¢ =0 since (0s()) #0.
fﬂlfl(/)’-—% amo/ I{Or S/'m//l‘c/f7> 57 C_{ﬁ%
>/2 (X)_’__s N(X) = fan () co5 ()
A/f)/(,yzl (x) =

24 ()(B S/rﬂ (x) - fnn(/)(oSOQ
0s(R)  (65(X) + Fon @) S

= Sm(x)(0sX) + fan (/)5/;/;2()0 - [6/'4(A5f08()<3~ lon()) (osl(x)l
Fan (1 [s/'nz&) oot = fan ) O

. /0(70 W[}’, ,y,J(X)r fan(&



AONNEY O<s 5 X
G0, = 4 pW [y, v, 3)

=Y (0 Y, (8) X<S<
/0(20 W [7,))’2@00

“Sin(s) [s/m O - fqm(osoc\] 6£S£X
= tan (1)

-3/n(x) [5{:4(53- Tay (;)cos(s)] xX<s4/
Tan(?>

- [sz'm(ﬁ) [sinGQ)coscl) - §/n@) ms(xﬂ] 0 455X
:7 S V](') SR S/r") (OK'K> = S,rno((osﬁ ~ (oS S}M/G

) 5—’7/(‘/3 [5,%(;& [sfn(s) cos) = 5/1) cos ()| ] *£S£

=/ - STIVT(/) [5‘,';/’(5'3 S/‘IO(X"IBK O €S5£EX

_ / r ! z
o) sin(x)sin(s-N| xese|
SJ'V)(S)'S/'V)(/‘ﬁO O £5<x
= SO
s/ax) sin(ks) X <3</
sin())

T%)/s s f/;c samc Gyeens tunction m #29



(<)

/0(><> W[}’, | yzz(x) = ﬁ(ﬂ fy,oo y{(x} ~ )/,)(x>)/2(x>j

TPV SN
A Gny ) = pr */Vz’yzg*é{]/({{
Ay pr P
PR PR
AR S R /N R S
= Oy y = 'y,
<Gy v avn oy ) yat e
Sy LDyt ylif\/,f Zfﬂz—(//)ﬁx/
- 0 + O =0

From the de timtron o 6069, 1ts assumed constant 10,



(o)

Z(f /{X>él/[>’,,}’lz(><>‘~ /() o (Omsfamf

KG(xs)= Y = yi(s)h&) , o
— Y Dy, () X

/‘/O}” /(6(5 X> J'uS7L SW/'DLL// I he l/aV/fOté/eS y

E f YOV n® | 0sxes I3
/(s>/,_(x) seXsl 43

Lonsifer The Fhrec /a;sz!,//y“m Lor X2 X20, X2/, Gud
0<x<| . Note for al] 3 cases, 0cs</
X=0 " [I] decomes 50, -y,(0) % (0)

[28 ecomes o0<s</, \//(0)72(55

. k@’(x)@“‘ [G[O,S}f - ‘/,(03 yz(o>) S=p
Y (0),(s) | 0<5=]

[30 Lecomes 02841, -y, (y(5)
243 éCCOMI’S s£0, so 570, —y,(o}yz(@

- KCGs9) = K6(5,0) - g Y)Y, (5) , o5
//(")}’LM) 3 =0



L For X0, KG(%9) 7 K6(5.%)
X=[: [27 becomrs 5=/, ~y,(/§y2(s>=~/,(/)y1(/3
LIS becomes osss/, =y, (8) Yo (1)

KL, = KEGS) = {—/v,cs))/z(/), 0£S %)
’)’;(’) )’z(/) ) §=1/

[53 5660;4/168 S=/) ‘%(ﬂyl(/B
ILIFS éewmrs O <s</, ’\//(5\72(”

KG(5,X) = KGG) = -y,() (1), 5=/
‘)’1(5371(0) O0=S 2]

- KG(s5,x) = KG(x,s) Sor x=/
O<X< [ [33 ée(omes O<X£3</],0p XESE /| ~>//<><>72(3>
[41 éecOWIz"S Séxé/, or OLS<EX, '7’, (SSYZO(}

e KE(S )= ) =, ()Y, (;R) | 0£3 X
-7/,(?0 ){7\(53 ) xSSS/

7_4/‘8 (S f’/lc Same as KG(X,@ MS/hS [/K,[ZS.
- K6 (x,85)= KG(sx) for o4x<]

. Forall 3 Cases /<G(><,S§3/<C«(S,7O =7 C«(X,S\“—G(s,ﬂ




Q
From (<), [et /(:/,/x)w[\/,)ylg(@) a constanT.

L Glxys) = { Y,(8) Yalr) Ky ots<x
D IO ROV SR LY A

! X ]
From ¢(K> = S é(X) $) f(éﬂ/s B g REN, £) ofs ‘)‘LG(’%S}{@)JS
) X \ /
= = LK (S efs - VK NORIA
L goy S)f O/S = LY ) 5

X X
ZZ/A(_X)g y,(SB fes)ofs + )@g )’Z(SW(S%/S [3]

K
(“/’(Aﬂ/rr‘ f/TA

@/(X> = 72 (7(3 f )l (5){(5)% )(Z(x> )’,(XWOQ 7C Calc /qS
K

\ concel

1 ('(K\ g yl(s\f(s)p/s t L{i yz(x} ,C(;()
K

- - 2‘()(\ ,(53%(S)0/3 ¢ ,’(x) 2(53?(3)0/3 [4]
L v [

¢//(><> - —MSX/, (&) ds - y2’(><3 Y, (X) F(x)
K20 Tk

" [s]
0 /"(7() § )’2(§> ?(Qp/g r M fz(ﬂf(x)
K 7! 7




EO(/(VIO/W'/ Cond bions
(1) )+ -Xz_m(oy/@f(ao/s ) Yﬁ)f{yﬁ) ) ols  Spom 131

- %, P0) =« (o) [ yl(s) f(s)a/s]
(o) - -y, (o) S v, (FE)Ls - )’L£0>§ Y, () F(5)ds from [4]
K LN o

(/(0% X 7(03[ S /2(537%%/3}

oA, B(O) 1 o B(0) = [w %, () fow(o)][ &y@%@%]

=0
=0, Since pa (K) sati'shics éo(,,no/w] conditons ot x=0

(Z) ?f(/ﬁ M§ y,(s\w%)o/s t )/,(l)g yz(s)f(s)o/s from [s3

]\\0

RV ROk A )’(')[ g 7,6535-(5)0/5]
PO [yt DL AT
K o K 7

\\0

. ﬁlﬁ/a) z %2 722’(/) [‘ﬁﬂ 7’,(854/[330/51

., /L,qﬁ(o +/51 §é’(/> = jﬂ, Y2 (1) 1‘/51 y!o}l[*%i;’,&ﬂ(ga&]
N6



=0, Since Y,(x) Saftsbres !ouno/a/‘)a condhbons af K=/ -
o 0) e ) g R) sabisfes He Zowa/m/v condl, tons.
/Sr'ﬁefenf/'a/ /:_?mf/mi
LIgdS - “(/000 ;zs’(;g}'f 700%)
< - /Cﬂ) F(x) - /0’(;0¢ (X) + 7009400
= - /(x) y (x) [’}(gon@ WSM/S’I S IVANHACY Fixzoﬁkm

_/A(X)),I"[;Q [}é S’Xyz(s) {(s)o/s:l ’/(}(3){,/(}())/2(@)?(@//(

*/}'(;O 7;(x) [ ‘i‘< S:y,(s) f(S)o/\*:] - /)/(K) y'(@ [/’ﬁ f()‘z@’(@‘/*]
Jrom [45

t 9(x) % ) [-/l( S: ROLIO ar/S] + 9 (x) )’,(7() (}L( j‘f/z(? §(<) z/s[] :
rom L3

= [7000 Yo 60 =p 1B + 90 Vz(%ﬂ [Z,E K?’r@ ) "/5]

+ /)(70[)’, (7())/2/(7() ~ 7/2(;(>>1/’(X>] j_(f_)
= (A/[}/' ))/2](7() K

- [7 60 Y, 60 - p Ry o) + 760)!,(;01 [“‘/( Slx?’z@ F(o) s K

= [~(/(x)yx’(x))/+ 7(x))’l(x)1 [7/{ L) ¥, (8) f(5)obs |

X L Ly, ]



3/

t ) WLy, 1) £09)
\\K K
7 [’</<><3 yr’(xﬂ’* G(x)y, (»0] [ 7’; S’ ¥, (5) $(s) c/s]
S LLy,00]
= Z[)/,(x)] + K §x) %L[/l(x)z
o) K =~ aq
= 0t 5x) O = F&)
L[ g)] = &)

—

To tind y02) and y,(x), [0oK af Z[/(x)] = ~y"6)=a.
7(70 SO GX, Y gL ¥ (0) 7 =0
V)= oy Y= L0370 and y,(0) =0

V() 20 =7 ¢ 4¢3 70, or (-G, ot K(X)EGX-G,
oY )Q@i_ﬁ’/' Lfygﬂ 20 ond )/2(/)-—0‘

WIy,y.500= |1 x;/]z/%o.

(&




52,

/fere) /(x)ﬂ) 7[><)=O /(x)&/[y,)yﬂ(x)l/,

X

é(X,S)‘— ‘}’,(53\/200 B ~(x~/> = [-X e
< x /

—7/,0(\}/2(53 ’(S"/)? (~S

<
Ry

<
£

: X /
B(x) = jé(&,ﬂ fs)ds = f G(r,9) $)ols + f o3, 8) F( s

X [
= Jo (1-})§(9) s+ Sx (1-9)$65) ofs

—

L[/(x\] = "7"(x)=(‘) =7 >/(><>: C, + X

\//0) =0 = ¢, 0 .. (e? /,(x)':X ) SO >//(OJ=O
Y(/>7)’/(/> =0 =2 ((,to) 1 (50 =2 2¢ - -,

[t (2:/; < ’2) 7/1(’0 = X-2 y 39 7/"(0772,('):0.

x x-2} -2 0.
[

Wy, o () =
I
[{ere, /(X) =/, 70() =0. .ﬂf(K)W[)/,)yZZOO’ Z

- 5 (x-2) $Q1-%) pegex
2

~ % (5) Yy (%)
G (%y5) 2 - - o
’ ~ Y, CR) Y5 (5) -x(5-2)  x(2-5)

5 p) Ty xEse
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/ .
1[7/]: '(y/) -7/;0, ,./(x);/) 7(x>:~/,
>///f- )/ =0 =2 }/()(\) = ¢ CoS(X) + CZS/'/:(X)
Y(0)70 = ~¢;sin(0)+ Gs(d)=0 =2 & =0

C40086 /,(X) = (05()(>

)/(/)’;O =) C/ cos (1) + Czs/'h(ﬁiO ) CAOOSC ¢y =/, C,“-“ZLan(A
>/Z (x) = - Izan(/) cos(X) + §/n (7<>
wal )72?(7() -

CEICO N W cos (<) +5(n (x)
~S/n (XY Tan(l) sin(x) t cos(x)

/(xﬁét/[y,,yzzoo = |

a (X,S) = g’/r(@ HOR) = ~cos(S) (- tan () cos ) 5in X))
O, (s) = = cos () (~Faul)CO$5E) % 5nés) )

= [ fo

Nof : o5 () [fan(/) COS(R) ~5;’n(x)]: Cos(s) [ sin(1)cos(X) ~ cos(r) <,>,(;0Z
CosCr)

= cos(s) s/ (1-x)
cos (1)

a»’la/ Ccos(x) {fan(/)(os(s)-s/’n (&] 2 (05(><)[S/'n(/)cas(©* cos(D)sin (ﬁ

Ccos(r)



(L

= (os(r) S/n(]-s)
cos (D

cos($) S/’n(/\x) /(05(,) , O4S£x
G (K, $)~
o5 (x)5in(1-3) fcos) , Kese/

—————

LZY’B 1‘>///>0 =7 )/()O‘*C, FOX f<>0=/, 9.(x)= 0
7@\:0 =2 C,=0. ., CAOOSf’ )/,(X} = X
yf({)‘—C) 2 (,206. .. Choyse Y2 = |

wz)‘/))’zg(@: Ao

| O

CC(xS) = U R  (O) - S, os
Y D (s) () (1) P

= A/ ' /(70&/[){:)71100: -/
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Gryen P0X) = ? S BN where wd N and
LLgn00) = A red g0, LLyT=- (/ay'))+ 9y = M redy + 16:)
o, £,(0) T Ky P(0)=0 X ROV MO and

= L/ fx) B,V x| =123, -

W»/‘ff( Cp as (7 L}CQQ{WCS)JS

PORPE SRR LLLL PP

? é,,,(x) S 8,3 $(5) ofs

=



©0 ]
b (K) G,(5) (
= 2 ()t : .
= S‘O Aw ,/4 S) s 1N cK f'4< mfejfo/

/orsn’7 0/6 end on x
2 Bo(K) B,y (<) '
Z n ($
- S Z Y 5_(3>0/5 /f'meavﬂz] dg /'V)7L<3fa/s

w ~M
0

= | s p) Ok, S G- 3 B
’ =1

n- M

T/IC ’/'wo /Co/w/zﬁ 760;” Q/(’O are 7LA< Same /“; G(X,S,/t)
IS /ef/ne/é/ G (x5, u) = deméq@

N=1 )\l/\ -/(4

()

ASfume é—(X, S,/() = _2 a,'(x)}f)%;(s). Need t, 7{/"0/4;(&/3
é&e Orfzoworwm//‘b' af ¢,‘ cu/,fé /‘QS/MC7 fo 1/‘(7()

2

é(x,s,/@ ﬂ@%’(g) = /z 4Ry ) INS) %(3\ &(<)

"~

! 2

f 6(&3,/4«)//‘(53%(00/3 = Z 4 (x, 1) S V‘(S3Q€‘(S>¢;(s)/3
o ) =1 o S g

X



i’é (5,5, 00 (s = 2 (%, )
From (2), the form for 6(xs.4) /s g%.%)%n@
Thys swjjmfs G (X, 4) = ..?%‘}, or Op-p)a;(x =g (x),
ov 4Gy p) s gl (xp) 6 Tryimg to 5T 745
into Sturm- Liwrlle Form, as the solubion fo #he
nomZomo%mmws C7uaf/bw Was of Form Z,\%‘/, »
VMM/f;/b/)/ Lot sites 4 r(R) fo gef
A7 1CR) 4 (%, p) = /u/‘(x)a (x, p) + 7 (x) § (x)
L Lel g (X, ) = JZ/ g (<) . The ém
Sqf/‘sfy Fhe éauna/ar/ cond ' fions. So need 1o find
The coeSicients éé"' So that P = a(x 0
Satisties  LLB6) = wrt) o) ¢ rx) dilx), L3
Where (%) B (x) scres The /u703e0§ $6) in he
Sturm= Lowville form [TySs uredy + £(x).

Note Fhat the sshation to 017 (s ate z) 460,



WAC({ <y gf(xwé(x)g/(x)Jx - ,

v
gd CJ‘ -0 exm'/of for J:/ " WA/'G}I Ca St Cj = /.
4/(7(,/44\: X: /4¢ (7(3 (AR o/cSl'fco/,
7—;) 6“;00(/ é;i %{3 Vloft’ f%af
L4t 0] JZ/ 6, LId N = g, L) e )
[(1 éecomes

> A ro) B () - 1) 24 ¢J(»<> AT IS

J,/

/Vl zﬂfB 4>/ f()() mﬂn/ WCQVVQVIS/}WS,
z éJ’,(A.' ) %’(2& = 4 (x)

J=!

/'}’76(’ 7LA€ ¢J'O§\ /e /'/IO/C/U”DA‘V)f 4)(47“356 'foV‘J
t><cr/7 =i which casc é (A=) = 1.

CEy
S/n(e /\( "M 7‘(’) ;of all [ éJ' B m

gumrmfr)/ .
r/\/)c fcu//lcf/'ow a; (X)//c> For a 3/(/614/44) o/ff/'mJ
a5 7‘4f solution ) To LT4) = U rK) k) ¢ r(x>¢,'(;<§



gC.

C?Vly/ 5&72/'97(:7:'14(3 ZL/m %/'Vt‘ﬂ égaqa/ary cono//'f)bViS) a/é(/(

ggl(ﬂ) ) A,‘ are @/%Cﬂﬁ/ﬁﬂ(_%/@ﬂg anC/(oY’V(s/oy)O/,'”j
g;o&

f,%cr)uec%ors 7LO Z.):y/l")l/‘(@)’, 'S Q/’()(,//D“‘ X p

The functioy
GOx,s, p) = éﬂq(xw}gb;(@: Z'i g’%ﬁ‘(‘s‘\
which yixlds o Greens function (nteqral
A(x) = ié—(x,s,ﬂ) () ds
selves LLy1= ur X ) and Fhe given foundary

Condifions  as Shown 1a (a).

ﬁroé/em # 28 /¢ ‘% = ‘F(K)) )’(0)20))’(0:0

7_46 50/6(7L/'0m ;;”om #2§(c) is .
X !
2(x) = f s(1-x) () s + i x (7-3) §(s) dls



The cwrmf/mé/cm uses 5 as th< /'mc/;/om ent
ariable. Switching to 5 as the finchpendent vagintle
ind I as the \\O/cemm/luar/'qé/f in The alove definiton,

B(s) = ff (1-9)$@)elt + L, S(1-1)f()dlt

This can be written as.

5
S A= F)lT | 62155

d(s) = [

fls(/ AR s fs)

Now comidke o point x €(01 and. the impule Fuction
§C-X) . §(1-x) 1's dfined on an inferve) [x-7, %71,
where T 15 small emajA so thet [x7,x+7] < (0,1)
MNote §(#-X) = 77 on [x-7 x+7].

Consider the cases of 0<x<s , 5<x<|

b /s now a funchion of o¥h s and x

(1N 6<x<S

/(/07[6 on 7[%( /hh’n/ﬁ(/ (X+7’, J]) 3\(2“)(3: 0.



g: s (1) FC) ot - SSIS(M) §(+-x)dlt =0
Since X(f—x) =0 o [5//3.
L Fpom [

¢(5)X3 = SO f(lfﬂ 1(([) O/f :CI(I"S\X(1~X>O/f

Xt+T II:K*;L

i} € GO WE
Z L\T A-8) 7 dt = T

—

27 A 2.7

= (/-5) [(xf’f)%- (X~T)m‘l = (1-5) Y% - 7&((4\

§é(§)7<) = K(/-5) | 0<% <S

(2) s<x<|
Note on the inferval [6,%-7), 5(t-x) =0
- jj 7 (1-5) $(1)oft fﬂ‘(wﬂﬂf«)ﬂ =0
Since 5(4-x) =0 on [0,5]
- From (1],
) = [ s 50t = [ s00)8-0lf

XETF 1| T2 KET
_ i s [_G-2)
- g S(”*fl) 27 A/f =27 [ = ]

X-T

1=x-7



27

- S |- '\(X"ﬂ)l + (- (X-@II
2

- 3 { /- 2(x-T) 4 (-7~ [/-2(xrr)+<xrr)‘]]

27 =
= S [ (=20 P27 ¢ K% 2T #T = [#2% F2T - 2,~,<~71]
2T >

- S [47’—4{71 - S (1-x) §(1-><)
27 L 7 = T 47 i

cl(s,ﬂ: SCi-%) | 5 <x<]

(D) and (2) indicate
§p/(5/7<) = gx(l—s)' O<K<LS

§(1=K) | S <X<]
This s 7%< Sang< 0/51%/%/0:4 a5 é(x,s) o o
ContH x ano/s /'ﬂilc'fCAangfr/>, Nore C/(ar//)

@/(G)/O’: 1(-q) , o<t <a
«C1-1) , a<7<]

Note That at f=a, Lotl formulas ave Tle samc, So
)/au Cow/o/, " Me /c[/'mf/'an, J%a/c o<tsq N ast<|.



11.4 Singular Sturm-Liouville Problems

Use the ez‘ﬁmﬂfﬂcﬁbns { vom, —(x/’>'=}b«/) Whiere
r(x)=x . /43 J/’scwssc/ (' /_:)Qam//c Zan/q.jc S60,
e/‘gw,fmc%/o“ for  Fhe /OMOjeneaag /mé/w, Gey) = Axy,
w'h 7%6 i/'t/cz/; 40(4140/5/1’/ cond Frons , ave &)= 3, (17, %),
Where Ny are determined as He rots of 3, (73 )=0.
Since ifs yen p# Aa For sy n=123, ... e
USing The develigment in Scchion 113, p 5K,

assume {'(ﬂ)
TRy

g/'rlc( /’4( O(m x) ave el morma//%ca/; Wu/fi/éf 4074

ZC J, (77 x)

S/\JC N é/ /\OQ) j;(ﬂ; )<> = X 3; (/f)\—;’ X>) a//)o/ /lﬂjL€jV0(7[€..
] L )
D LOR DA = 2 6| A TN 4



o [ L0
because of orf403ona/,7// o5 T ).
ty o | IOTEK
L < |9 (77, )] e
As with Section 1.3, R

0 Co,
y()() - Z An‘/”f o (72
&/:SCWXCC/ 4!0(/(-

<l

/Z/(V‘5‘7L //107[<J /ﬂ[XBTK /\(X)= X) f'()():O. AQ 3404«)/; 4/7/.536

)

-0 20
07( 7L[,e 7L<><7z, S{(Z-[ML/ - U ifvz>o/x SNONOVA “M(/)\/(/)) =
//’M & LM’(@ V(C-)’ér(@)v'(cﬂ: O, Slnce “V, W\ v are gou%o/fc/
e -0t

&s x~90}.

/_’::'jél/]ﬂmc'f/oné %,,(x\ ex'sT WAI'CA ave Solutions Fo
- (X/,y: Anx/, fmy/ é”ngm are 0V‘7ZA030V10// /‘(’/q?é/'l/€



7LC) X for ,/,/4,4,)) and fAf/ S‘??Z/%?(/ 7LA€ goorno/mf/
conds tions
(2)

For } =0, ~(xy) Mxy becomes “(xyV=0.

For Y=gz, y'=o - ;(7/:0,30 ~(xy) =0 .

G =] s o e/‘ﬁen function for 1,7 0.

For \>0, /66’7 of Hie text showeof +4e generul

§0/o(7[/'om 7o “(X/)li /\Ky ('S >/=4,J;(77\"X)ffz\/,,(ﬁx3,
hich o aloo discussed on Jp 230 =253 of Fhe text.
1o sc,f/'sﬁ/ the boun “y conch tron af X =0, sel” =0
as c//’smgsc/on 2 ST (<) = I, (0, x) )s the

t’/j?t/) wnction Sor Ny >0, and LMK safrisfies the
éoW/m/ condibion at x=/, or T, (0) =0




(4)

MS/)’]i M/Yl TL/f/g,

clear
syms X
N-=-100;
% construct JO for N terms
Jo = 1;
for m = 1:N

f = factorial(m);

JO = JO + (~L)AM*XA(2*m) /(A2 m*FA2) ; 0

end
fplot(JOo,[0,30])
hold on
fplot(diff(J0,x,1))
grid on

yline(0)
legend(*JO", "DxJO0")

%-—number—of terms for-JO

% derivative of JO

0.5¢

JO
DxJO

05 \

A
VE A

A//fz X = /’ J:(ﬂﬁ = 3;(7)\— | 50//97‘7[”73 J—O/(Q /N

/WAZT/-/HK Séou/s J,,’/x) Cfoss[nj /:0 mw/?l)/'n/f Fomres
m/fﬂ/l/ﬂ AK/S & i(unc%/'ovl“!e%c/\j ) ZLZqYL can a/so éc MS(/.

clear

syms X

JO = besselj(0,x);

Ix = diff(J30,x,1); % d/dx JO
fplot(JO, [0,30D)

grid on

yline(0)

legend("J0™)

fplot(Jx,[0,200],°r")
grid on

yline(0)

legend("Jx™)

50/60 osc///afts

asS X~ 1t 0

1R

087

Jo |

0.6 |

0.4 |

0.2}

0t 1

-0.4 -

-0.2 |

0 50 100 150 200

T'6) phtted
on ZO/>02°OK



@

/‘r’am 7‘/( (ymmeﬂf mm/c af Fhe éejmnmj > f 7‘4
/foé/(m § LZL{K‘/ %ZYVKO& =0.
‘g LLulv /A = J MLEVK&/X

AT LT

L ) ks - L)%M () ok

- - Ad) S:Xffm Bo ol =0 Note: prac for meo
Since Au # A f%%ﬂ .

)

/45 /107Lco/ 'n (ﬂ\ {é,(x): jo(ﬁﬂ /S 7‘4<
Q/get/];andlbn So/wf/'on I[Of A, >0 7L447L Satr's fres




Fhe 5oum/w7 conclitions al x=0, X2/, where X,
are o<termined from I.0)=0.
Hosseser, in 1 hic probbin, A(R)=1 /s an elenfunchion
for A =0
 fssume Y2 0= 2 L A0, O]
where B0 =1 and & x) = T, (x) for n >0
Consiofe v f(:j - Zc & (x)
/%/f,/o Lolh sides ¢ y ) Ghy(x) anel inbeg rate.
J FC) Py (<) olx = Zc j 7, 6O (x) ol x
=<, L [;zfm(x)j o using ()
Mote tor m=0, &, (=1, so
j £6)ofx = ¢ SX&/;(~ 2 Co . [2]

_
fFov m >0,

= TR o
| x[mamy] 4
From LIT ‘(Ky')l = L [yS = yxy + X fg} L3




cnd (DT L Tgo0Y= 34 2I8w0T= 2 LIxA

0

F}"CJ BK s s oD
m ) Eo g”Anxyf,,(x):/meéngxn(x)+ ng” ;/,,(K)

/66?10’&/13{/16 ) .
Z [{n ()‘V) F/A - CV;])( ¢n (x) =0

. /Cof 6{// UO//(,(cs 0§‘7<,

V‘Z: ZZV.(A,,‘/&‘C”K O

)
C ¢ 2) ftwd
For mn-=ua, éo(ovu)—co =0, So \(O:‘;{g - - f/oq X
For nse, b= brom 03
Aa-M

. 2 En—=
. y:%(ﬂ): —~£€ + Z /\V\_//IJU(’//\—,,X)

/(,( Nn-f

/
A/Af’fe C, = ZL?(XM/;(

("t % 07 0k
[ AL (] o

ﬂV\C// A s Frow 3;(7/;\:):0

o
3
Vi




(%)

TOpY Ly sy bt sy ey Ay,
or —-xl)//'— X//f- /(2)/ ‘)\X?}/ :O) oV
XZ/+ xy’MM‘-k’)/:o [13

/\./ap(/ C‘onSML//(/ )/ G faVICf/'dW 0? /7: )’(7((2‘33

Sy 7/, = //—
””” AN

Sels tuting these into LIS
E04) @) iy T

O, 47y e 2y + ey =0

7/—4/'3 rs g(ésf/é ‘e7<4617‘/'on 07( orp/rr /<



(5)

As stated in @), T () s o sofution to

AN By e (SL) y=0. Let d, be a soluion
to T (£,)70. Using 1= Thx, T KR 15
Solutjoun to - (xy) + k/ Axy , and so, af
Hhe éow/m/ of x=1, 1= TA () =Th,, aud
so LR)Z 0. .. The Th, are zeros 1o

L (t)=0, so fhe erpenvalqes by are the
Sguaves of 1 The zews of T (7).

Gince we consiley A, >0 Mz/ are ZLA</005/'111'(/(
zevos oF S (). T () ave 4
Corr’tj/ono//‘/ﬂs e/‘icmfancﬁ'ow %/w‘m3 - Gy /;y:)x/
ard 1 he éoanc/m/ cond/tions.




This is a sclf-adornt Starm- Lisaille prollom,
snd s0 arfhwjom//'vzy follows as a result,
§/ec/f/'ca//t, fet LIyT= -G+ /7(:7 = AXy s
thet pG= %, 9K and re0=x.

T s and y=v0d are solutions odeying the
éomo/ar] cond) ions, g(LmU ul L) olx =

~/ (x) [u ) Vi)~ UV S |
/)m[amm umvo)] Flim pl]uleywe) - uey' ]

ot

L 7%/‘3 /ofoé/em) u(1) =0, vin=o, ano//o(é)‘: e,

&(ﬂc/ U,y u', V' core Zoo/na/c/a{s X =0 .
-0 -0
< [(/(/(/) 1/03’0((/}!/’(/)} =0, amO/

//m - [0( I(G)I/CQ’L((C-':) g/’(e-)] =0

E =07
/—Ac /ot/Lizzlf 7{0//0&05 MG/‘ni fA( p/if/cl'n/’yl/'an og //M?LT

X
G/r/z;q an) >0, 640056 S0 s1 0 < Imn



W/? eve M = I/M&)(g(lgouwa/miu/) /éouy,c/ d}'l/’? on [O)ég ,
O(VIC/ mll max;léour@o}q'/) /éaum/c);‘v’)% onN EO,GK ‘
X

/“7( e <d < 2mm' 7LACV}

/é ZC(/(é) V(6> - (’{(C-)l/,[é)l - OI > z,(g,'ﬂﬁ fr/'om'j/< /}757“4///

e u'cca] e ucew'ce) < Sm'mrSom’

- Z;/W/ﬂ/ < Z(zﬁm’)mﬂ/’/ = X
M5/"’i ¢M<X> gar u(x), ;/,,,(K\ ?or \/(x)
for m#n, j(LWmK;/ &, L[8.)dx =0 |

j (Cx @]t - £ Lhax # ) dx = 0

Or, (A,,,Mj X &, dx =0
v |
S/nce A = Ao 7‘() Sor m#a, LX C/m%qo/x =0

()

/?/ﬂff, f/)e @’n(X) are Uizn {unmz/'om 5&7‘/"36//:4?

7"46 0r7640§0na//()// foz/;a//://’am I'n (C) T4(/ are



(e)

//)071 //}orma//'Zec/ 50 S’xf@,(x\&zzyﬁc 7‘SV,;Z meceswm?

Guel Ho | Mulhiply H0= 2 andod by xth

/

end [nte ofe. - ] ® '
C/ﬂ 31/ i&?(@%&) ”/X :Z/an §o><§/n5/m/><

é/s/}n(& 0)”7%030140{//'{)/ )(/‘0444 (CJ) a// Terms sn 7‘4,3
m'g%f 6/‘0/@ are 0) exce/of ?or A/Aen N=m.

f x £(0) &, R elx = ﬂ(,,,,g x [, olx

Com = fo(x\%m@o/x ] Sox £<) T (I3, =) ol

J < [0} b f:, x| 5G] b

/—‘lsswme y:%(x\"- ;':éy,y{,,(x)) 1]
wAerc ?/ﬂ(x) = j‘K(ﬂ:x) aned A, are From D}(ﬁ}to

& S4awz/; /{n Cé>] Wééfe Zf}’IZ "(Xy'y* ;(K‘ZY: AK)’



Cohs/'o/e\/ 7}(}% = /]Z:/C,, %(x) | WAcrf' V‘(x):x

ma/%y'd/y,;,@ bot) sisles 1/ P U (<) inef 'n beqrating,

( 0O ) I
j () Q{m(@o/x = glcn jox @, ) 52{%6&0& = ¢, jx ¢’:,<x>o//<
(/{5/'/13 orﬂoican/d‘/ of %,%A Frowm ().

Y i f(x) o (x) olx
|, Kk gace) e

- From [ 2012 LT} = 2 4, LTA,001 7 2 L 2axg60)

From /—E/K-’/uxy fzf(><>)
o - 00
Zén )V\K %(X} ://(X ;/‘4’1 ?/y,(x} r gl ¢, @;(X)

;/ [énxln ‘/uén-C,,] x &,(X) =0, or

7 TG - el xh00=0

n=l

TC) é? 7L}"M€ ?C)f d// 5<' GZOllz) éy‘()\n-‘/oO —CVT :0)

or én: Cy y A=42,5 ..
/\n’/




MS/'MS §/,, (X) = J—,((ﬁ; x) ,

Cn

y: %(7(\ - Z A - M j’((ﬁ:xB\ wéere

)lvn are /gasz¥/'ue 2eros Og I(?}T)"O,

Coz | 0031, ) o

f % Tem s e

(@)

[et Z[ﬂ - ~((/~x2)7’)'= Ay. /p(x)= )X 7(x):o, r(x)=)
b{j/hzs 7%6 i]ldno/ﬂrq/ gfurm- Z/Ejum//e gorhm
Erom Zdi}’“njt’; /o/m/z*/Y (section //\Z)/, §$3¢),

y:a(ﬂ) g{mo/)/:!/()d ave€ 7LWC> 35/“7[/'6”3‘) 7%9’/’



f (LLudy - 4 LI dx = —/(A) [u'(x)V(x)~ U0 IL
. fm fgl'g/)rc/!/em w/'VZA/O()O: (I'Xz) amo/
U (o) = V(o) =0

)

I(Lfal(/ (,{va3>0/><— /m/z (/*63[6€(e)\/(€) M(C)Mc—)]

Sl

+ (|- 0)[&(031/(0) U(@V(O)]

= //W; - (I -C—ﬂ[M'(GBV(G)Au(é)V’CC-)] =0
&= ("
since  U(E) V(E), e (e), 1V Ce) are bounded as €=]”
and fym (/’C"?) =0.
G ("

Eyr a €5 f// /7”007(’ of 7%/5 Sste #3(C) 4ouc
j LTuSy -ulDlck =0 )(of f/y/s/oroé/?m

/\/m} usmg U (X) = yﬁm(@ ana/ 1/(@ §/(/§> m#n,

: (/2”' -/ > S ¢Wl % ”/X = 0. 5/%@ )lm/(?‘é/\w
7(”‘” MEn 0/“/10/{ Z ) - A 7O 1o 6(71
5 é,, (XB%OOO/X = O




(%)

ZC—I )/” éé@ 26 a §O/a7[/5h 41/19/4550(/446 fé(X)::‘Z;/ éndn/x)‘
W/ch §% (70: ﬁ;,, ,(7(3 7%6 or7'40j01/1af/ ZCjEVIG/fe 6iﬁc’mfunc7[/'on5

from ILA /vomojrneaws ((1~%¢ >/: /
LB Zo/ LLB.0] = Z b M B () L7

Also consiider [0 - 563 - wZ:,cngé(x), since vx)=1.
/m/%/ ins 8. Th Z/o/es by Fn ) and inteqrating,
5 FOR) B )b = ZC J 5,0 dx = ¢ §¢ () dlx
o(smcg .fmf/mjom//// oF #,.K) shown in &)
< [ wod b _ [ 560 P00k
AL W YA
-~ From LISz wy e f0) and (13 for y= g0,

2Ll 2 U 2 4R + 2 G B )




/?fafm’!ﬁ/hi 2 14, Xy ) ~ C.l¢(><) =0 [2f
/LUV‘ [25 to A» 74»"‘/1( for G// X, 7LA€’14 é,,, (hn>‘/'>-Ch =0
Or

) ém: C” ')lOf Vl:/.z)g) -
Am"/“

)/(70* Vf N /02'1 /(7‘> éuAf’)”f

o= 24C2n-0), £, <) arc the com’fﬁomﬁ'nj
ch'eno/fc /ﬂo//momzq/ Q/j\omclzmdl/ons omJ
G, = j ﬁ(x 2] () fx
L Porey (<) ol




(/’xz)/’— X)'} rAyso = -(/—x‘)y”vt x/v/= )/v

2 i /
SIS A S A §
ER RS N

= )"y = LAy =y Yy
&2 '—<(/_X:~)'/2\)/,>/ - }\ ()\;(Z)-//l/

——

(4)

Lt Z[ﬂ - “(</~><1)'&/>, = (l-X‘7%/; 50 p(x%(hx‘)yz,
Cand r&)* (G- /o stnolard
Sturm- Lisuville Form.

?(XPO

/‘/fom /LAe /ajmnje /b/enz‘/'f/, f & u(X) ano//cm\



are  solutions o Lfy]”/\<l-><2§l/>/, Fhen
J (LL3v - (/’Z[VD/)Q" [ L (20dv- w2 13) I

of =/

A==t

o« Sec Text Vi $35-S3¢,
Us hS m?’cs»’a// on 5/doa7$

On 57114/») Zzomu // 7{

= /0 (x>[u (<) V(x) ~ ux) t/(z&)z
o<~»/
B=3-1T

= //m f(%) [L( (£V () ~ UG V' () )
ot C]
‘Q’m . /)(,@[u (DVE - u(n) V')
=

Z(ff M = M&x{l éounc/ 7c(/( oano/c)-f v § on [@,x]
m' = mo«x%/éouno/ah | | dowrof oF ' {mx; [Qﬁl
/\/ = maxf éounc/ f(,( O(AVW/()" 4 % on [ﬁ)o:{
I

/\/, = m&x%/éouno/dg'(/t I ‘!o«mﬁ/d;‘ ou Zﬂp]

. . €Ex
: é/l/€V) a"/ éox>0 Qmo/ 6%’)0/ CZO&SC ():( = ;’LMM)

€
arw/ (J\ = L Then o f O< |-« <dy and

A YA

o </{§-(-/\ <A:8 ) Fhen

(&) *<] =2 atl <2 = == (~)(1+) < 20,



/f(o& [ (v - u V'] ~ o) <
= |- o
f)(od) ( U ((x)l/(oO/ /u(o()v(a>}> 1‘;/:7;;?4/;’#/
- Cmme mm™) = 28 amm’)

= dmm' by = 4mn' (55) = €

L lm p) [ OV = uGdv'en) =

K =/

(é\> O </5,—(~/\<)\ a=> @</{3+/ <(J"/)
/6'0 ﬁ</=’~7//4<2 /“/31<ZJ/>
~ /fo(@[m/bv(/;x- W=~ 0] <
(-£)( lumogh ] + lagvel) *,:;’;’;//‘47
= 204 (YN’ + W) - Fund, =4MM’(%7N,>
z é/é |

/Q'm /0(,@ [u’m V@ -u() V') =0
=7

: {[fOVm [(1] (a\, ano/(Q)
j(L[uI\/—uL)_‘vﬂo/x =0 27
=l



. /’Po;f fZ;‘S/)/oé/fm) solulions o Lfy]l)\(wx‘)‘//})
f/af 5017L/'S'f)/ 7%f éowh&/ar/ cono//‘%/’ons a7L )(7-~/) x:/
Oé()/ /:Z] = SC/}r ao(j\m'nf ﬁro!/em

(€)

/—:z'jén functions m a SC/MIJM Sturm-Liouw'lle
/)/OZ/cm core 0V7L4030V{a/ relative o vi(X),
/)or< s/ecx;m///) gven LLyT= Arty, wheve

r<) = (XD Fhis /om!/em, From (4),
T x) and T, (<) are two solutions, then

5_: Q [T N 1,60 = T, 0) L[T,,(v(ﬂ)p/x =0

2 [ P r T T - Tt A Tu) e =0

[

= O M| 70 TOT0) e =0




5/,//)(? /)W, 7 /{,,l ](a;r m#aq, 71'4{” a/)/'w'o/zlni é)/ Ay Auns
[ Tl 00k = o

/

Since r(x) = ((*Kz)—f/z)

[
Tm (%) 7,;()0 _
jd ?(~><’“) T é/ﬂ = ('), Icor W\#VI




11.5 Further Remarks on the Method of Separation of Variable: A Bessel Series Expansion

501//05@ L((X,)/)’-‘ X(x) Y(f)
"'Mxquy)lzo =>
X/ny')(y“=0’('j)/

A/,(X) = = \{ /((Z) - ’)
X(x) )/(»

CxTeax=a, YAV 0 [6]
/)/0143 A sibfe 722” for p<x<|
A/M() phe niht side, y= 2u-4 for 22x<3
(1) 501/7/056 )20, Then XG)= ¢ + 6%, }/(/)z Kk
C Bottom U@ =0 = (i) h) =0, pens2 (]

[t &((X)Z7G=O =7 CC,'I'sz)([,fZ/\/zXS:O) o<x<) [2]

ﬂf@%f: U (%, 2¢-4) (,r Gr) (K, + 26 x-9%,)=0, 2 <x <3 [1]



From LIS, at x=0, ¢/ =0
and af XK=2 K+ 2ck =0 .. (k=0
L TR K40, G o and 320 = XX =0, S0
0((><,/> =0, the Frinal sohidson. . /(._:_9
/(y) = Kz)/, and Ko #0 $ov nonteivial solution.
From [2] ) 1/({/’/13 120, at x=1, (&1, X24,) =0 =2 ¢, 0
since kt0. At x=3, @r Q) k=0 = ¢+ 2 =0
juéz‘mchhj, %"10 = G20 and - <, =0
o X(R)= 0 so UKY)=0, a triviel solution.
L N=0 = po nontrivial solutisns.
(2) §w/ogcg SO Let Xz, pro.
From [0, X't u*X=0 =7 X(X) = K cos () K5 in ()
/f/anﬁ Fhe bottom bordder, O2x <2,
¢ caSﬁwOvL (Lsinyxﬁo =7 -£ cos(/ux%—/(zs;nguxB
At X=0, k=0 .. X(x)= /@s/’nyﬁ



7 he 0/1// wey for X(<) =0 for 0<x=2 /s for
K=0. . K=K70 =7 X()=0 forcexz2.
L ulky)=o
A0 = so wontrinal solutrons.
(3) uppose <0 Let A=, uz0.
From [63, Y tu™Y =0 =2 V()= ¢ cos(4) + G5inGuy
At the bottom border, y=0, 5o o) = ¢, oeso
V(- Gosnuy) andd 70,
From [13, y=2x for o2x</ clong the left Lovchr.
>//Zx>: Co5inQux) =0 for 0<x<]
The only way for Cusin(Gand=0 for every xce (o)
(s for ¢,=0. 1. ¢ =20 and Y(y) =0
u(><,y> =0, 80 )}<G =7 no sontrivial softioms.
o (),(2),(3) =2 po gontrival solations of Sorm

¢ (%,y) = X&) \/(y> ‘




/\/uz‘c~' ]Cor Mc/pfoé/em 2722 20, Z(0)= 2(L)= O on f@,ﬂ)
A s real | as demonstratee/ g Poblewm #23 oF
Sechivn /0.1 RO Téaf/omé/em wsed Lo,
but 7%(/,@(} works for [0 L, Lo

o The above ama//s/s was restoeted b e

Cases of A=0, X >0, A<0.

Q)

(Y Bottom on DERL2, y=0. - e = X”}iy =X, Ny,

Oéé§27 VIZO) same gof%owz 501/3/6}"

Left bordder on o2 x2] y Y =2x, 0<y2 7
L ex )(-2// = x-10x) 7 0 N7y, 0€nzl.

C"'O) 05//)52‘ |<ft éafé’/(’}’ of S?uare

/,0/0 Lorder on £X£3, )/:-Z.




. e = 7(*,{7 =X~ 51(2>= X-1/. n=>/=> n=2.

[SX423 =2 [=2e4]<3 =2 0 e=s2.

O ﬁC-ﬁZ) I/):2) 7Lo/,7 zor"%r Oﬁ Sﬁaa}’C

ﬁgéfgom/rr o 2£X=3 / =2x-4, o= J A2
Lec X-dy kg () X=X 2 msy

6‘52) ()ensl) /\/'j[f éo/‘r//(;r 05' Sfu«/e.

(2) Consjder e ny= (e, niop) = tuleby,x)

, {
G/;/(ﬂ (/{Xx '8 é{77$‘-0 OVIV/ € = )('27/) Vl:)/
}Q‘: /, b-: -1 }}’I:O) }_ﬂ:/

J X >y >

P -

X’y - 3(%) }Ue~}£ {-}L/c - U e
SE X 3n 0K

%
UXx: Uee
=l =
= ,
Ju . yu. e ML s e v o,

<




QZ_U -2 (3u *MD =0 "{éfé &:é_z 2 (~Fu \2n
By" 7(26 (}é(z >l?>/+2n( }>}7
+_>i(qm)>_zl+ }\(Un>};)
> & >/ Pl r

J 1 [
= 7‘”6—6 2 L(C—u\ "3 Upe t Ui

_ A
M}/){ B Uee ~ L/ém L
Qéﬁ/mﬂ/hi (0147//'/1(1/'7// o? Uye awc/ &{é,,l ,
C{XX% L(Y)‘ ) uéG ! %”Gé “Uey, t Up,

- 5 -
4 L/Ge EN U MVM

QXX t My)/ =0 =7 ?L(’{Gépdéh t MVM =0

(3) From (1), the borolers i Fhe W/m Pranslote
o the Sgtarc Lorders in the én~/éne~
o U(50)20 on 02X 2 y=0 Fransletes fo
a(c—,o%oim:égz, n=0
More divectly, ulen =ulx-iy,y) -

U(R=3(0),6) = U(x,6) =0 = U(€,0)




Sz‘nce X=C o0nN 0&e XL 022
(/((X;)’> O on OﬁXﬁ/7>/:Z7Y transfates to

U(o,n)=0 on €0, 0<n=22

m0f< 0//'/-(’C7L/7/) L{(G}m): 0(()(~§7/))/>-"
HESEIEN) 75 = (o, 7> =0, n)
M(K,y>:o on Zéx5377:27<-4 7Lfcms/47tfs 7o

u(z,n)fo on E=2, 0O<ni2

Morc diveetly, u(e,n = M(xﬁiy)/ys
Le (X~ i(Zxﬂ)ﬁ: u(Z,y)= tU(z,n) =0
M(x,/v)z F(x) on (£x=3, Y =2 Trans/ates 1o
U(e2)= flet) on 02e<2, y=2

Wore dyrectly, ftor €< x-%),y=2
Fhen &= X/ s0 X=¢&4/
CfK) = fler) oy 0se <2

e, = alx-ay,y) = ulxlyy)=ul€2)



TF ule,n)= WOV, #hen
%‘—U//‘/'Ull//f U(///:p
/01}/)'0//'/73 !7 (’{U %(9”)7 ""70//@7[( a éw/ 7Lo 5704"47,(‘7

/
Vs V=0

/1 ;o

g%{‘ oV

There (s no iny fo 5(/6”’07({ Hre U andf  Functions
in order to ereate gyamfe oro//mm// o/ Seventia/
(701@7[/5;757 unfess (/=0 gy V' 20 . y=c or
V(n)=¢, ¢ a constant. If U(E)=C, then Fo colhere
fo the écano/m/ romc%}‘/bns) C~0 =7 tripal solution.
IE V()= C, then =0 Using e [ower goan/q//)

and - a@w’n, ¢ trivial solution.




Si'nee theve 15 /‘aa//a/%/mmm/// oy lonces <guation i’

/ﬁd/af coordates Lecomes Upp t Ly, - z&/ﬁ

As in /:Xam/ﬂ/f | oF the fext, dsing ulrd): AT,
PR ek Xrtd=0 0]

T e Na'T=0 [27

LT = Kcos(Dab) + Ky sia(hat)

U =0 =2 T(0)=0 =7 £, =0
T()= £ sin(hat)

As iu E‘Kaw//f ) using Fhe boundedness of u(r,1),
he solution to (15 s A= ¢, T (W)
From U2) =0 for £320, £()~0 = T,(1)= 0
ang - the Jafuite <,'vaa/ms A herive From



L) =0
U, (r,4) = I(Ah@@‘m(}na,ﬂ
Let ylrif) = 2 ¢ 5,00, M Sin(h, at)

Cos(o) =]

L U (roe) = :%c,]m,ql Or) = 5(r), 0ere]
Since LIS s (R ) = NP R S Sherm - Liowile
form , the I, (kor) are om%ogm//c wtrve Fo r,
so Z Ca . afN (ko) 3, Q) v :fqu Pofv

( [

. C, /L,,,aL rfs;z(kmrﬁ/r ‘-Lrg(ﬂl()mﬁo/r

l
Gy~ (O rg(lf\ 3O, " ol
M §o W\T:()mr\) v

w2 e TOuAsinlinad), where
X is From 5O0)=0 and
SR TR WA A

M 0 T




SI.WCe flneft 'S fozc//br/ S/Mrﬂf?Z)?/) Zay/acrsl e7(/m7‘)bm /}7
fo/ar wor‘o//'mﬂfes i('or /‘Ae c/';rcuz/ar Vnemémne 4«6»465

o<r<l, >0 [

Upp * Fle = 5 g
[ V(B de the soldion to L2 5.4 V{1, 1)=0, 20,
Vo) = 40r) , Y(ro)= 6, Osrs]
[t W (v #) ée Fhe solution 0 L1 st wl ) =0, ¥t =0,
w(re) =0, W (r0)= 4(r), 0<r=l
Now lct wl#) = Vint) + w ()9
Up t 7ty = Vot Wy * £ Vo + 0,
SVt T e
Wl 2) = JL,1)+ wl f) =010 =0
U(r o) = V(ro)+ wlro)=$(r) +0 = f(vr)

Up (r,0) = Vp(ro)r wy (ro)= ot 4(N> §(7)



Ul t) salisties (7 as well as the bounday
and iaitral cond Hous.
From /:Mm/a/f “/ on p.SE3- Sy
y(r ) = Zc L (A eosat), where A, are
W 020 and 0= | e HAT0u) dr

LV\Jo(AV' l/‘>&/¢‘
ﬁ,ﬂy{ 7(1”014/7 #Z aZm/t)

wirdt) = 2L T 0ur) saOnal), where b are
from T (1,)=0, and b= | re3.00 A dr
)ngf 3;2()14"3 o r

Ulnt) - n?f/ L0 ¢, cosChad) r L 5inOnad)]

where Ao ave from JT.(00) =0, and
o= [ HATON e, Lm (g ds
Jor T AL b 00 ol




Let welr6,£) = PO T ()

Ury = ﬁl'ér) Ur:’é/éT) Uoe™ /QQ'T; W/{’ﬁé/ﬂ“

o ReT 4 ﬁ%’em L o' T —' WAy
/\Bl'tli' /'mj 47 % B
A AR N L s S
V4 4 r~¢ AT

HAssume 60 ;'5/50'0 V< Such as 6(s127)= 6(s) .

Also a5 shown /}./mé/m 49 o Seetion 10.8] p.S21,
Mc solutioy to 67tA6=0 /s /)ef/'oa//'c c*)mé/ )0
real. Case fam/.§/9 5 ow § A 20 fazf/em'oa//c
g/fzmw/mg

The right side of L0 15 o function of £ auly.
the [ebt side of » and & but ot F. .. For a



7{/5((/ Voaved 6, as A varics 7T s a fixed
ﬂamér(/‘, [q// 1‘7L ,(/ . T/vc /(767Z S/%( LS a‘/gp
<7ua/ 7Lo 7LA((S ('OV}S]Z&VW/ &S mer/C-) VQV/.

T U becomes ﬁﬂfﬁ/ t —Iz g £ ) o
A 4 r- e

P2y rl k= -0 [23
g R o

The [e5t side 15 o Sunction of r on// the m'jﬁ
side of 6 0;4//, az/m/ s eccl, e7o<oé Fle Same
constant. Call 't K. - [25 becomes

B 1 1,6 =0 [rom the comments above,
assam/rmzj e /‘S/Gf//o%'c) Ly s real and £, 20
TF 20, then @)= ree. O)-6(st7)=7 (=0
A NCIOE Cy Fhea UCr6,8) 1's uot o function
of 6,50 Upg=0. 7 Hefect K20 Also, T 4 <o,

%gef -

g(é)’l C)Q Czeﬁ:g} 0{/4/'04 /S Mo/'/O\‘fI,O”//'Ch



Ko r0. o Mssign Kysa® nve

L8t b0 neo.

e S

/ 1
Now 1] betomes A", B~ " o T
R rR r= a* T

Siace Hie Jeff side s a Sunchion of won// and the
right sydle of 1 only, Mc) st e/ Hle same
constant. Coll f 4.

IF you assume T(#) /'s/m'w%'c) then K5 <o,
Similer to The reasons 3/1/m above for ().
Thea assion £y= ~X", h>0, and then
7"+ Xa"T=p and r 2" e iR (N =0

7f Lz =0, then L[] Lecomes PR R -0 =0,
so Alr)=c r's e /495Ww/n3 LV 5
bpinded a5 10" e and A0 =0
(i, unit eivcelar membyanc), +hen €,=0 -

KS -0 y/r/o/s & ]Lf/’l/l'ct/ §0/u7l/bn.




L K3 >0, /67Z /(5: )lz, A>0. TAfn [T Gecomes
“Aad

2

fmof/ fzfllv‘fﬁ/“(/liz/?#%l)/(‘(), The /a?‘/er

7" )&2427/%), so Tt)-= c, c/\dr , €

IS a f@ja/w sfmcgu/ar /o;'nf at r=0, and
further assumplions are necessary fo analyze
it k20 leads 4o ny contradictions.
. Assuming he /}Cf,w/,fc,'// oF B and T(H,
a/z% w(re )= A0 G)T(4), Fhen
PR R (V=m0
T e Na 120
G"+n*6 =0




()

With utrez)= Loy bley 2y, u, - K602 -6z,
Uy = RO'2, 4= 002"

(//(92 + }«//Tﬂléf + ;/—2 /@”Z,L /62//:0
/J,'wa/i'ng 4/ VEES

f_f /lfi_é”»LL//—_O. [O}
A A b6 2z

S
3

[
2

S |~

/(carmmj/ﬂﬁ) % t ‘Ji %// = [o]

TAC /cff s/‘o/c s« ;‘wnc%/om o?‘ (r", Cﬂ, f:(( f‘)'j%f&
Sunction of z ”'7/7’/ and so ot sifes must €7ua/
71'%6 Same (0”57(@47/) (a// ,‘7L /(l

Z//v‘%/?:()z [(z

- Z
Z




The left sicle s a Sunction of r On/y, e m'jﬁ
s[o/f of o 0:4/7/, and so (o} c7ua/ z%e S ame
conctant, call /1 K,.
6+ K0 =0 and
RV RO RSV R
We coun assame B )'s /O(/‘/'oo//'c © 68 =6(s+P)
LT k0, O@): ¢t G8  Olo)=6(P) = 0.
6(0)=¢ =2 8720, 50 Upy=0. .. Exclude fy=0.
Tf k<o, ey 6)=c e cc, ™ whic
IS ﬂof/pﬁ,'oa//“c, /;xc/uo/c Ko <0O.
Ky=0. [<} Ki=n", n>0.
6"+ n26:=0. TF ZLAC/cr/'oa///‘S 277, S
that 6(0)=6Gr), then O(e)= ¢ co5(ne)ic, sinlne)



and N must be av /'m‘cﬁer) n=123% ...

[2] now gcramcs PR et - (rtk, s h=0 [2'S
Zf k=0, z%cy, A= ¢ r szﬂn. /#sorm/’nj
L) /s bounded, =0 since P00 s Po

%67“"””[8 Pla) = constant al +he ééuﬂ/a/y of
r=q =2 C=0. .. Exclucle k= 0.

7% K =0, 7%( sofution to [2°3 Jnyolyes
“vodl§ied Resce] Functions’, ahich violate
£he MSam/of/'ow Hhat RO Vs Loanded

L xelude Ko <a. DKy <O, call it
Ly= -4, A>0.

[2@ !<COW1€S fz,éuf-wl?/* (7\1/‘1—/)1)&=0

ancl [i§ becomes 2~ NZ=0.

465um:’m¢3 /er/a /'c[// ‘n & and éoump/eo/«ss

n T 7% €N



PR R (A =0
@//1‘ 6 =0
Z,,—)slz : O

(4)

j? a(r,&,z) 5 /'m/%cno(enf df" 8, 7%@4 MéG:O’
anof (/((/‘,6,@:%(»”)2(@. 7—/16 e7aqf/‘on fO’} i (a)

éeCoVVIZS @Nf J_K_/ :_—Z_/’ - kl [O”:(
A ~ R Z

C Consifer r(“+£1= k,, or (V‘ﬂl>/: £,
If L =0, Fhen r R = C,,a constant.
A= Sy RO = b ¢ lalr)
Thi's 1's unbounded as r=0", S0 C=0.

,((:f): 174 (OV)ST/QNL Mecans L{(V‘)é'\Z) ) Cv/SO

/707[ o%c/cma/c/ﬂf on I", S50 l/)a U, =0, cf/A/cZ

Seems am&“fyfaé/:. - Ey cude el



Tt Kk oco, [} K= u”, uro. Then
A r R ‘//zrz =0, which 1's o
mod fred Besse] Sunction descriled in (),
which orofetes bounded considervations

LK, 0, e} k= -X, Ao,

o' becomes | 27-)X07 =0

P NP0

Ino/e/eno/fn(e oo =2 Ut Lupt dyy =0 s feadty
State means 1=, s6 The /5 no Yy Term.
[t ulrz) = /MZ(@) so u(,2)= AN2EY=0 for all
2 means R>)=0.
0"z ¢ _/l;z’zf £2"=0. Niv'ding 6y #z and



f

rearrangingy B4 L& 202 K wheoe £
is a gf/mmn constant as Soth sides must
<iaa/ Fhe same Comstant, as Fhe 51 siche /5 a
Zfamc%/'oﬂ of » M/y, Fhe V‘/'j%f o 2 0»7//'
) If k=0, then rp"+ 020 2GR) 20 =
A = ¢+ lnG) . L)=0 = ¢, =0
Sinee (A= -00 ag r =07 then 0.
L Triviel selution so exefudde K =0
2) £ s0. " 246220 = 2()= ¢ cos(TE 2) t G sin(T72)
For u(h2)=R(r)2E >0as 220 C,=6=0.
‘//41‘5 Means a ff)‘u)'o/ 50/6{7[//0% 50 cxc/um/e /(,>O.
(). [, <0, 50 [t L= —)\Z, >0
L 2-N2=0 [
PR L F =0 T2

/43 SéQWV] /1 /.c\(m/m/o/c/ on /.5_63 of Fhe %(Xf)



the solution to [0 is R =T,(0), as 4
funolamenta ! so/af/'oh) anel the e/;cgem/a(/u(cs
arise from 2(/3"0 =) J:(A\’%L Thi's /s
an infinite set of €)‘jem/a/ues as d)scusseo on
p557-55F Since [2] can be written /n

S turm- Liouville foom: =(r8) = X1 A, the
J(h,) are aerocSoz/Ja/ relative to r.

KV](M = —\E(M@) ))Vl from 3;(/\,43;0~
N2

,)z
t {5 €

From [/3\ 7%{ so/af/m s 2(2)= ¢ e
U, (r2) = N2, T [c, e”"zfcze’**if
The fe7m‘remenf Fhat Uy (1,2) =20 as 2900
Means ¢, = O
U, (D 0w pre fundomental
Solutions.

et ((r2) = Zj S (N, P e

A2



U o) £ - écnjo (hor)

oo

N T, ) = 2 e 0 5,005 )

-

ir f(r) \To(hmﬂo/r = 2 ‘, Lr J, O r) }—0 (o)

/ 2
s, jo rd, () dlr
(/(6{%[3 0/7"/;03(/#1&//’77 p‘ﬁ yo fc/q7ll'l/c To V.

u(rz)- Zl ¢ Jo Chor) e'A”%, where
j—o(An):O anq/
1
&= | HOT, 000 dr
! 2
JO v J; (A,,, V‘> A




(4)

(/,rf%(/r +}Lz l/éef/(l/:O éecomes
,4//@ + Tﬁ\.,(/@ t _[_Z /6//} /(2/26 :ﬂ/ or
v

PR e p e P61 L0 =0
A/’Ul'c//'mi é/ %G’ WIC/ /“fafzf&/)?rhﬁ]
N P,/_/ e Xt s ~Q” = <,

4 £ 2
¢, 5 a constant as the [ft cide s 4 Funchion of r
on§/ awo/ /‘Ae V‘(iﬂf S}'c/c 0F G anfx) 50 éoﬂ sx'c/és mé{sf
57(16(/ 7%< Seme (onsizémf

O

/féfélm€ @ f‘S /CY/?&/'C/ So 9(0)15[2’]/’>, TA/S ensures

r

/
tC,0 0.

(ow%/(VIW“Z[/) 6%. 67(5( c/r‘Cu/a/ ermémme or ;“ao/, etc.



(1) ¢, 70 =2 § =4,14,6. B(6)= 8(27) %) G, =0.
A(e)= ¢, /'s/affz‘oc/‘c) and we don't koo F G0)=0
S 06)=1 s c//ymsié/e sofwtion.
(2) ¢, <0. . L ¢, = —/az)/u>o. .. é(@)’c«,eﬂér e’
This 15 nof o periodc fanction. " Exclule <.<0.

N 2
‘ C(>O’ "- ZC/ C/:)\) /\>0

2

A/SO) V‘Zé_ﬂf /‘_}ngf Lrl= ) yor

()

Let y(re) de Fhe solution and assume Uir,6) = Hlr)(6).
From @), 0" \'0=0 =7 0- ¢, cos(X6) £ G Sin(X6). For a

/ﬂer‘/bo/ of 20y X =0,0,25 . /\/07Zc bor cach )\ Fhe




constonts can be diffevent. " Tt 5 Letler to wpie
B(6)= a,cos5(ne)* 8,5in(n6), n=0425, .. Msfm& n for A
Frowm (aY AT R es rf)(: o [i]

Ms/mg the sugqestion of a werizble Substitution /n
Section 114y prblon #3, Jet J= L1 ) and

consider R(rcH). %1 /z /.r WIOYEN

%12 £ g(o]) = L de\= L (£ )44

o/%-ﬁfr)—- 4 /( 146 //é
Al - 2 kgt 0/ >/(7—’-

‘ 2/3 ézcomes (%Yklf/( (7(‘>/(/[ }7>/€(r(z‘)> =0

Or, A )4 f/f% () R0rd)=0

Ar*
7%/5 s a /366‘?6/ 7qqf/on ’fo/‘ er }7) %/fm/ 7L4€
§0/u7zl?)17) Iiram §€C7L/'On //'4)‘5[‘3) /‘S /?(/‘(I\v:/é(%>:jn(/>
Mél‘hf /ZL:[/‘, Z(Af \Tn(/(r), n=0,/725 ..



Uy (r@)= (k) L4, cos(n0) + 4, sin(n8) |
That ('S, one sofution is I, (kr)oS(6) and anither
/s 3, (Kr)sin(ae) . Mot These funchons are
mzoiw/ as they acl [ile Gco5n0) and dlsintn).
f G, Cosn®) dysinlne)de = ¢, d, f(05(né)5m(wé)ﬂ/9 =
as T, (kr) docs pot a//eno/on g.
CLet Y(ro)= Z V, (r.6) = Z T(6) [ costos) ¢ 4, 5intoa)
One ém/a,) com//f/om /5 (/(6)67- f6)
_ . V(c6): :% ’J;(/(a[@ms(m é,qsfn/néﬂ - o)
This 1s a Fourier Serics, so crite Fhis as

Vo= 2 TGN + 2 3,00) |2, costusy 6, | 12
=l

F(6) = 1/(c,6) = 5 A fZ In((c>[4n603(ne)% b sin(ney| 3
MWWS N Qven <’7<7l€nS/om 0; %(6“) av] [lf/ 2//K amq/

MS)IMB g Sm(né‘)éos(‘wé)p/é’ = , oz//,nfc’je/s n,m >0



2ir
S sintng)sin(medle = O, m#n , muso
0

= 77‘) wl=n : wy >0

20
L Cch(mé)c()S(méf)o/é’ = (5) m#+N , M) >0
= 77} m=49y mn>0

p Mu/ﬁ/'g// (3] éy cos(me) and /};ftgmff) m 2/,

27 _ 21" =
J f() cos (me)ofo = —%’ J, (K °>5 o
$n (k) a7

2r
1
J g(o)ros(m&)ofe , M Z/

ﬂfﬂ? : Z\’J;q(kc) o

I
ws(me)de +

/MMH//'ﬁz (3} é\/ sin(ms) and /;#ifejrq?zi\am z/,
j 7‘(0)5/'h(me)a/&: % Jo(/(c>§ 5:'/4(%970/6 +

j-,,,, (Kc> g”l’) //
/ TN
fo flo)sin (me) s . m =/

ém T, (KO

T nte %fa’/‘/hi CSE)

27 7=

it = LT [ o 7
5 :S—n (/\/c) ["‘n gzﬁc/os (:51@ t ér. §Zz}h (:Sofe]

Nzl °

= 407/’ J_b(/(c)



27

Ao = _,,_~—/’ 3 i ﬂ@)cos(me\c/@») m=0

77 3, (ke

L (/(}’)ér> ij () + Z j (Kr)[a,,(ai(rzaﬂé Stn(n@]

N=l

q//wre , 2%
Xy = ’/‘-/’—j:e—kc) Jo ‘;(O‘)COS(V&O)g/e) N =02

27
R f C@)sin(a)dls, n- 120

7 J,0ko)

\)
>

Assume M(f/f) 20r) T




Ao the o5t side s g Fonetion of r oy the right sicl
of f ony, They botl must equel the same constont
Call it K. 0 T kT30

angd 1"+ vR - XA =0

() K=0. Then T(t)= conslont, S0 ulnt) /s a
Sunction o r % wnd 7méﬂf o Hime. This
Makes no/%/vs/‘ca/ sense, 50 exclude k=g Also,
for £00), rR" v 2"z (rt) =0 > r£'=c, | a constant
= L= ¢, ln()rc, . AN=0 =0
But as r—o6", R(r) becomes anéauno/;c/, 50
u(r ) s wuqbounded a5 r=0" | which aleo makes
710 //)/5/'(‘0/ 57 $t-

@) k>0. Let k*u*, uro. o Toux*T=0 =3
T(t)= c, At a(w)=/(f><,/zx{ so Fat

Qs /f’QVO) C((/‘)J’B éemm«:s anéOQMO/(OK



R /;.C;QC‘/MQ/Q £>0.
k<o. Let =X, p70- . T'v¥iT=0 =
A‘x‘z ' ,

(f) /3 a {ano/;;mmfa/ 6’0/«71/01/7.

/'2/4/,’/ f/g(v‘ )\Zf”l/{:() /’h s/)own /‘M Exam//ﬁ /)
ﬁe 563, /é(f): 3—0()\0 1/5/143 éouno/f&//rc% of u(f,t).
v%e éaomo/a/ COVI&//‘f/'&W 0((/ 7)"0 =7 %(?)1 :]-0(2}20 7
wé/o/, >//€/0£ ezjewva(/o(cs A, Aoy e

g (r )= T One Wt

7~ 1 2
Assume M(W;f)'—'— ? C”\f/‘o{/lnw>e~AKf
N=/

7’4e éouna/ar)/ cond from y(re)=t(r) o4r=/

means  f(r)= 2643;(%0

6(5//43 PR RN AR s ~(rR) = XA

m Sturm-Lisaville Sorm, the 3,00r) are

0!”7%030146?/ relative fo v, so thal
ng‘(ﬁJ (Vo) ofr = Zc gﬁjdnr)\\ Q1) ol



a

Con = P FA T, Ol
[r T dr

ﬁ

ulr,4) = Z’ Ch 3—0()\,,@ e‘)mj, cu/mfc
)\,,\ are 7C)"om 3;0“,3=0 amc/
ez | A BT dr

[ r T (e

Let ulp, 0,4)- 20000 fap)
Zﬂf/c((f;‘ éfua?l/bh 4@(0%«»5)



/azpl/@% + 2/70l5‘¢ t CSCZ(%) /49”@ t+ /A§)¢”+ Cof(,é>/d<9ﬁl-‘0
@/\//Jr'ni é/ /@ﬁ) amo/ femmng/nfsy

Y/ r_ 2 Vi " /
/_7;1 y 2/;,1;_ = - esC (;A)_gi -%—cof(;é)_g. [1]

The [t is o function of p only, the right side o

6 and ¢ but wot p. - ol sides must egual Fhe

Same canstant, call /1K

/ff)ﬁ"f 2/07@’: € or fF 2P (P or
(p* ") =K/

Tf ko, then (*P)=0 =>/2ﬂ':c, NIONE RS
/}3/040", P decomes anbounded  5et <=0
PG s a constant, 50 a(/o,@,fé!) Aoesn?
/c/em/ onp. . Frelude K=o

" Lonsider /02/042/9/)/—/(/0 20, an Euler eguation
[t /”3/(\ o<(p<~r)/f fzx/“—,(/)"‘ 20, or

A -
V(fO(‘/(:O/OY' X = /i_)\{———m So 0(/'31/\?4{/

2



(b (4K 20 TEITIR <1, then bot) yoofs are
negafive. p- c,/a”"+ G~ s anbouncfed, #,y, <0,
as p=o’. . Sl Vir#k = | = K>0.
Sef/@/cf,/aw ﬁl/”fz/ﬂi//’ =0 [
Now IV decomes. = esch) g~ )~ afh g s
After rearrangns,
- % cof) 8 RO
sl B - st D P - s 6 [
2 % 4
The (oft sicke /s a function of fonly, the richt sick
o G mo/)/, and S0 7%(/ {7Lw{/ Fhe Same constont,
ol e o B-co=0 [4]
Tt /s assumed ulpep) s periodie in 6, 50
Glo)=G020). . C0= B()=- ¢ 0rCy

B8(0)- @(2/7> =7 C, CO/ so O (¢) = ¢, wl./c% means



U(r.6,8) 15 not a Function of 6. " Exclucle 0.
I+ c >0, [et c- )(2) hro. .. L[+ =7 6’(9)-—(,?8152@%

Bul this (s not /ﬂcf/'oc//'c (0 20 O Fxclede coo

C<o, call ¥ ce-k, p20. o [4T Lecomes

0" X6 0 [5]

e /ﬂcfr'(w//'c (n 27 mecans A= [23... as
@(e)t ¢, cos(\6) + ¢, sim(re).

/ 3 ‘ X
//(g m& . ] 6;//%% 4 ’9 5f'm(¢yos(¢>

- 5/%3(@%@_ - 5‘/’02(@ Cof(¢>_ﬁ_/ ~/(2€/(/72(q§) = ‘)11)

# 2

or, §/n2(¢> ﬁn # S/.h(ﬁ\603(é> @/+/A25,}12[¢> % - ){"‘ﬁ
or, s @Y+ sin(@es@) B+ (u*sin @D -X)E =0 Le]

J;/} SMMWM/)/
)

ﬁl/hf 2//,‘/{/12f:0 ) /)><>
@Nv‘ )\29 =0 ; D627

sn’ @)D"+ sin@s) P + (lsin@-X)E =0, ocger




Up6,6) becomes ulp, @) = /W/W%@ cend/

/02‘%0 + Z/gq/g S Uyg + Uy + CoHE) Uy =0

becomes /z% ; z/g o(/ I UYpp t (B Ug ~O s
L/g 20 and - 50

Y RV Pﬁ » Pt cot) PB -0
Am%‘nj by PG and vearanging,

/d f == //\ cof /
Pl ol =L -etig

/€a§0m’hi as /'V) (a),

2/0” F ,: — (90 ’ > )
B g We , u
/O /0 # /g/A /p( =0

¢ f(of(,@gﬁf/u%:(‘) [77
MU/@Oé//'Mﬁ [71 4/ 6/%1@5\ &no/ 1’107[}'%%
6:'//]2@4} Cof/%) < <in(g) (o>(p’> )



S/nl(?ﬁ ¢// t sl'n(/b’>(03(¢> /@/ +/alsfnm(§2{3¢ =0

————r—————

As (05(@ ('S continuoas andf Jecrcasfnj on O <B< T,
Use §=arccos(s) tor Fhe ¢ ang¢ of variables, so
¢(¢(5>> (s l%c ;unc?é/'cm fo (0145/%’/; -[<5<|

Aote : p/a’- Y :—5(/~5'L3_3/l
As 7/""‘ 5% ’Céé

%@ ”~§l ﬁ W% Le(

o ;%(%f’%% %'ﬁ?% S
ﬁ\ ' [56-)"]

use [8]

(/~S§_@ @~/S¢ @fséf
B (- &3%9@ _ 36@ [93



/0,

From s = Cos(f{>) $™= cos’(p) = (-sm*(P).
Csint@= -5 o]
sin(@=Vi-s= L[]
as §ing) >0 for 04 <7 .
Suésf/%‘u/,'mj [#3,195 1] 1] into
sin (@) B+ sin@cosh) B+ sin(@) P =0
(1-5%) [(/@ % - S 3{?] ¢ %’?s[zﬁ? g?[f/(/-&w =0
/5/1/;%‘% Zy [-S™ as [~ 40 Sor ~/<5<l

(/—s’*)% -233/? +/42¢ = O

Steadly ~state means Uy =0, where £ /s for Fime
" Iﬂ0/</ﬂeﬂ6/€n(c of & means

/0(// t 2/0{,{0 1 Upg + Co5(A) Uy 7O ) £ 20, 028<F [o]
and . from 408) using u(p,8) F)I@), and



c(s/mﬁ Fhe varied e %m,je b= arecos(s) , -1<s</ for

ocfeT, lp, g): Llp)Blecs), or ulps)- AP
PP Pl o s o
(1-5P" - 253"+ y*P=0 (2]
Here, ¢'= db/i

Assume /0@70"( DY AR W) E0
SRR R N S VY

2

/2(5(’6% 7L4€ /]f@é’(}é/'(K /‘OOZL S('/’/(‘— 7%%7L WO&(/O/WIO/\/e

/j( tun Goundleof ﬂSﬁﬂof. Cood e Ve
2
/X 4] = }/7‘%2) %7(2440(7‘/__/{?[/“2' /(/(7_: 0((&{-/))
anq/ /er X 20 .
é%anf Ti5, 025 4o
ﬁz/@”f 2//)/~ (1) P = 0 [1']
(/”52>¢//“23¢/+ p((f({-/>¢:0 (le

Aot /"( solves ||



/’ffow; S‘cﬂlz'om 5—3) Proé/fm #/7) 7%»2 50/14721'01/15 To [ZIJ

are, /u/'f/a m/'c(é 0{’ (’om/rric’ncr 0?‘ IS/ / (

b.(s) = I+ Z () o (4-2) (- ) - [ (2 2)] (x)(a49) - [+ (2onr-1)] o 2
(2m)!

4 (s) = s+ Z( D)t -)(&-3)-[&- (2m-D{ K 2)(o4) - (2 # 200) 2™

(Zmz1)!
Tt 15 shown alove Hat x 50 for bl borcdecd
TF x=1,2%, Fhen 005 !ow/eo/cfsp’so* and,
as shown [n Section $.R, //04/«% 218 H(s) and & (s)

are finte /o//nom,zz/s, The Zc§em%/e /d/ymm/&/

PAs) s G(S) for n even, and $.() for n odd

L addtion, by difinition, Pa(i)= 1.

Stace B9 bas om// even powevs ab s in s series,
)= B1). Since $(s) has an odd power of

s in every feom, Bz -g). L)L)

for neven, and LD, (D)= -1 for nodd.



/On (5 vs detined and dounded af s=121.

ﬁﬂ(@ converge for ~lss</
. We can use Plios@®) for ot BET Sing 3= co5)
There are afinctely any A (), and as shown i
5“71/0” 3, frobem 22 e Py cre orths jm,a/

j P(S) uCs)dls = O, m#n ,mo/f_/ P )d: :zm |
S U (pys) = p "LES), n=123, . are sokdions to [5)
and can serve K basis vectors oy e{‘ﬁenﬁmﬁm
Sw,né,mj bock using 52 5(8), U,(p9h)= 0" P, Leotd]
- Assume 0((/0 &)= Zc,,,/) /)[cas(;é)] 920,084
Using 1he éomi{a? condtron , u(n,f)= (), 0edsT

f(s)- 5 ¢, AJeos@ |

7_0 Usec 0)"7‘//030”6‘(//,?[/) wé/'cé /‘5 /'V) 5] no7l ¢5) w},)n{e
sl
$arccos(®) = 2 ¢, /ﬂ(ﬂ

f(a/cmS(ﬁﬁ p (5) = i <, /4,(53/21(63

n=l



N

j: ‘;(afcws(sﬂ pm(S\ &/S 2 Cn ij/ﬁ, (5) &(s}c/g

I, ,

<, L P, (s)ds =c, (g;q;f)
l

Cpy © me/g £ (arccos)) fm(e) ds

n

2

(/((/,){g) - ;, Cn/)'? A((OS(¢)> | /020,05¢5,7~
a/4ere P afe chcvc//e /00/7;40144/‘4/6,
an/ Cp = _Z_n__f/ j#(amw&(ﬁ) /;),(63 As

2 -l




11.6 Series of Orthogonal Functions: Mean Convergence

o/mﬁ IRTLASB,

clear
Syms X
f =1; % the function
n=1;
Sn = (A/pi)*sin(pi*x); % Tirst partial sum
Rn = vpaintegral ((f-Sn)"2,x,0,1); % 1st error
while Rn—>=0.02
n=n+2; % only look at odd terms
coef = 2*(1-cos(n*pi))/(n*pi);
Sn = Sn + coef*sin(n*pi*x); % next partial sum
Rn = vpaintegral ((f-Sn)"2,x,0,1); % next error
end
n,sprintf("%.4f",Rn) % display n, error n=21

ans = '©.0184"'

9= 2/

/\/o/e 7L447Z %L,OQ) - 7:2\5/(/4(%477%) Gare 7L4c ﬂorma/'zt’o/

C/(fcq’fwncf/'owf fo ‘()//>/: >\7 \ /(O>:0, )/(D:O

as o//'jca{fsfo/ on /0 S5 andd on / 573%-53 ?) },:xmy/,/o/f /.
r(<)={ ' 7-46 $turm- Zrbuuz//F efaaf/bm,



4)

(4)

Let F(r) =K = Z 5M§/m(><> = 72 _2/ b, S0 (mTK)

/ . |
J X 5nGai £)ddx = V2 2 «4,4,, y 5iv (mirx) s in (e Ylx
o m=l o
L/WS MATIAR,

clear 11 =
syms x nm S
IT = int(sin(m*pi*x)*sin(n*pi*x),x,0,1) _mcos(x m) sin(x n) — ncos(x n) sin(zx m)
12 = int(sin(m*pi*x)*sin(m*pi*x),x,0,1) 7 (—n*+m?)
13 = Int(xX*sin(n*pi*x),x,0,1)
12
1_sin(2z m)
2 dmnr
5/”(( m A arc ntkgers -
) ) sin(z n) — & ncos(x n)
j:a ffifﬁ-(OS(n)
l / ! fl 2‘/ 3 lq//
ntl
- j )(S)V[(}’)//)(>0/x -  ~ (oS n/l} ( />
e na
oo {
' ¢ — [
ﬁMZ’ AMJOSW(M??’)QS/M(W/;QG/;( = 72 én (3>

NS RS PR

2 v Y

A nt)
.60 = 12 2 4, sinlamd = 12 2 2 ()

S (iR



-2 % %(X”sfm(wx)
/\/ca/ #o com/w‘e; ]
£y = i (x- 5,000
é/s/ﬂi AT/ AB,

clear
syms X
f = x;
Nmax = 20; % number In series
N = [1 Nmax]; % array for x-axis
Rn = [1 Nmax]; % array for mean square error
Sn-=0; %-inttialize for partial sums
for m = 1:Nmax % compute partial sums, error
N(m) = m;
coef = 2*(-1)"(m+1)/(m*pi);
Sn = Sn + coef*sin(m*pi*x); % next partial sum
Rn(m) = vpaintegral ((f-Sn)"2,x,0,1); % mean square error
end

plot(N,Rn, "b*","LineWidth",1.5)

grid on
xlabel ("N");ylabel ("Rn")

0.14

0.12

0.1

0.08F =

Rn

0.06 5

0.04

0.02




Mao//'f/ above WATLAB code .

clear

syms X

f = x;

Nmax = 40; % # in series, should be enough
Sn = 0; % initialize for partial sums

for m = 1:Nmax % compute partial sums, error
coef = 2*(=1) (m+1)7/(m*pi);

Sn = Sn + coef*sin(m*pi*x); % next partial sum
Rn = vpaintegral ((F-Sn)”2,x,0,1); % mean square error
if Rn < 0.01
sprintfCm = %u %0.4f",m,Rn)
break
end
end

ans = 'm = 20 ©.9099'

LAt ne20 R 0.0097<0.00

(a)

oD 02
Let f(x)= X(i-X) :g/g,,,{&;(x) = Tz_;/ £, sin(miix)

/

, 70
j x (1 ~)<)_</h (n?}“x)/x = Uz Z/ g,,,, S/'M(M%YSS/'V) (1’177%30/7(
0 m= o

From @) ) : ,
£5/w(mi7;<) Sm(nf/’x)o/x = O (m#l'I), é(m:/o




|
Jox((-xﬁsz'n(ni/’xvo/x = 7/,_3_ !y,
6/5/'/’)3 MATLAR,

clear
Syms X T . . 4 sin (” )A
int(x*(1-x)*sin(n*pi*x),x,0,1) 2 /) _ sin(z n)

2 o)
HS JT3 n-m-

FOV /'14/(30” ", S;'M(W/“\ =0, sfnz(%): ] -cas (%)
2.

sf‘mz(’—’@ = |- cos(nr)
2

- i K(/-X)Sm(n//x)w/x = Z(/ (05(”//)) = f é

n3 >

én = Zﬁ[/*(’OS(")W)]

a3
mg//

()
S, (x) = WZ 4, Sin (m7x) = £ S5 L ms(’”ﬁ)}g&n(wﬂ

3
7‘M/"”'

l , l 5
= L (7{[70*5/;,@53 oAx = Sd [x(l'x) - 5,\,(703 Ax
“51'43 /W/?l/’ﬁﬁl/g, COo/c f/éf o 7[46 /IﬁXfojc.



(c)

clear

Syms X

f = x*(1-x);

Nmax = 8; % number In series

N = [1 Nmax]; % array for x-axis

Rn = [1 Nmax]; % array for mean square error
Sn = 0; % initialize for partial sums

for m = 1:Nmax
N(m) m;
coef = 4*(1-cos(m*pi1))/(m*pi)"3;
Sn = Sn + coef*sin(m*pi*x);
Rn(m) = vpaintegral ((f-Sn)"2,x,0,1);
end

plot(N,Rn, "b*", "LineWidth™,1.5)
grid on
xTabel ("N®);ylabel ("Rn™)

-5
5 x10 .
* *
4_
3,
o
o
2,
1_
* *
0 . : * * - *
0 2 4 6
N

MS/'ng M/47[/f/3,

clear
syms X
f = x*(1-x);
Nmax = 10; % # in series, should be enough
Sn = 0; % initialize
for m = 1:Nmax
coef = 4*(1-cos(m*pi))/(Mm*pi)"3;
Sn = Sn + coef*sin(m*pi*x); % next partial sum
Rn = vpaintegral ((f-Sn)"2,x,0,1);
if Rn < 0.01
sprintf("m = %u
break
end
end

%0.6F",m,Rn)

% compute partial sums, error

% next partial sum
% mean square error

/45 5%00'/”’ % f%(//a/‘)

5/\/()(> /’3 an €X C’f//(ﬂf

7//0)4/3%@711'01/1 fo ;()(\))
cven ?/OV /V=/

% -mean-square error

ans = 'm=1 ©.000048'



for n={, A, <dol

(/§ //m 5 (K> /VI/} ”X"/Z //m Kfi%*
N—>0o N © o 7€
R_

MS/'V;S 17/7/70/ 7[4/5/ ruelc

- 7\//'47 ;/z = 0, 0<X=/

7(/2 N 50 C

{

Stnce //m o O
n—~vo

For X=0 § (x)=0 for a//m, 56 lim 9,(8) = O

N0

//‘m g,,,(/(\ =0 fﬁlf O € Xﬁ/. ) ./Oo/nftd/se com/efjence’

N = o>

L ] , | N
- 2 -
(Z> %/) :j Sn(x) O/K :j (ni% e g )ﬂéf "fmzxenxo/x
(6) 17 o
! 2 7('6/



- _ "4_ - e
= _7._[6 A 42-(1€>

Sence lim g(f~€”">"—"ﬂo, [ina £y = +7°
1 %0 N2

No vl can §7m/€ mkmmfien(c’.

(4)

() Ji) 5,003 7 [o-x7T "< x™
- : el |
L [ £ 2Tl o all et

2nt|

. L
. - //I/VI /,] = /;W' 2.4 ¢l =0 D yean S7am’e (onVeVTnae‘
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