
11.1 The Occurrence Of Two-Point Boundry Value Problems





clear
syms x
figure
axis([0,8,-10,5])
hold on
yline(0)
fplot(-x)
fplot(tan(pi*x),[0,8])
for n = 1:8
    % start estimation just to right of (2n-1)/2
    a = vpasolve(tan(pi*x)==-x,x,(2*n-1)/2 + 0.1);
    a2 = a^2;
    sprintf('n=%d   a = %.5f   a^2 = %.5f',n,a,a2)
end







clear
syms x
figure
axis([0,20,-5,5])
hold on
yline(0)
fplot(1/x)
fplot(tan(x),[0,20])
for n = 1:6
    % start estimation just to right of (n-1)*pi
    a = vpasolve(tan(x)==1/x,x,(n-1)*pi + 0.1);
    a2 = a^2;
    sprintf('n=%d   a = %.5f   a^2 = %.5f',n,a,a2)
end







clear
syms x
f2 = 2*x/(x^2 - 1);
figure
axis([0,20,-10,10])
hold on
yline(0)
fplot(f2)
fplot(tan(x),[0,20])
for n = 1:8
    % start estimation just to left of (2n-1)*pi/2
    a = vpasolve(tan(x)==f2,x,(2*n-1)*pi/2 - 0.1);
    a2 = a^2;
    sprintf('n=%d   a = %.5f   a^2 = %.5f',n,a,a2)
end





clear
syms x
figure
axis([0,20,-5,20])
hold on
yline(0)
fplot(x)
fplot(tan(x),[0,20])
for n = 1:8
    % start estimation just to left of (2n+1)*pi/2
    a = vpasolve(tan(x)==x,x,(2*n+1)*pi/2 - 0.1);
    a2 = a^2;
    sprintf('n=%d   a = %.5f   a^2 = %.5f',n,a,a2)
end

























clear
syms x L
x = 0:0.01:5;
figure
hold on
plot(x,x)
for L = [1/4,1/2,3/4,1]
    f = (2/3)*tanh(3*L*x);
    plot(x,f)
end
axis([0,0.7,0,0.7])
legend('y=x','L=1/4','L=1/2','L=3/4','L=1',...
       'Location','northwest')







clear
syms x n
n = 3;  % arbitrary value
figure
hold on
fplot(x)
f = (2/3)*tan(n*x);
fplot(f)
axis([0,10,0,10])















clear
syms x
f1 = x*2^(x-1);
f2 = 2^x - 1;
figure
hold on
grid on
fplot(f1)
fplot(f2)
xlabel('x')
axis([-5,5,-5,30])
legend('x2^x^-^1','2^x - 1',...
       'Location','northwest')
% zoom in on intersection
figure
hold on
grid on
fplot(f1)
fplot(f2)
xlabel('x')
axis([-0.5,1.5,-0.5,1.5])
legend('x2^x^-^1','2^x - 1',...
       'Location','northwest')





clear
syms x
y1 = 2/x;
y2 = cot(x);
figure
hold on
grid on
fplot(y1)
fplot(y2)
axis([0,30,-2,5])
xlabel('x')
legend('y=2/x','y=cot(x)')



x1 = vpasolve(2/x==cot(x),x,4);
x2 = vpasolve(2/x==cot(x),x,8);
sprintf('x1^2 = %.5f',x1^2)
sprintf('x2^2 = %.5f',x2^2)



clear
syms x
y1 = sqrt(x)/2;
y2 = tanh(sqrt(x));
figure
hold on
grid on
fplot(y1)
fplot(y2)
axis([0,10,-1,3])
xlabel('x')
legend('y=sqrt(x)/2','y=tanh(sqrt(x))')
w = vpasolve(y1==y2,x,4);
sprintf('lambda = %.5f',-w)



























clear
syms x
y = cos(x)*sinh(x)-sin(x)*cosh(x);
fplot(y)
grid on
yline(0)  % x-axis
axis([0,9,-50,300])
xlabel('x');ylabel('y')

% solve for first 2 roots
x1 = vpasolve(y==0, x, 4);
x2 = vpasolve(y==0, x, 7);
sprintf('x1^4 = %.4f',x1^4)
sprintf('x2^4 = %.4f',x2^4)



clear
syms x
y = exp(x) + sin(x) + cos(x);
fplot(y)
grid on
axis([0,pi,-1,25])



clear
syms x
y = exp(x) - sin(x) + cos(x);
fplot(y)
grid on
axis([0,pi,-1,25])

clear
syms x
y = sinh(x) + sin(x);
fplot(y)
grid on
axis([0,5,-1,25])







clear
syms x
y = 1 + cosh(x)*cos(x);
fplot(y)
grid on
yline(0)  % x-axis
xlabel('x'); ylabel('y')
axis([0,6,-20,25])
x1 = vpasolve(y==0,x,2);
x2 = vpasolve(y==0,x,4.7);
sprintf('x1^4 = %.4f',x1^4)
sprintf('x2^4 = %.4f',x2^4)











clear
syms x
g = 0.5;
y = cos(x) - g*x*sin(x);
fplot(y)
grid on
yline(0)  % x-axis
axis([0,10,-5,5])
x1 = vpasolve(y==0,x,1);
x2 = vpasolve(y==0,x,3.5);
sprintf('x1^2 = %.4f',x1^2)
sprintf('x2^2 = %.4f',x2^2)



11.2 Sturm-Liouville Boundary Value Problems





































































clear
syms x
s = vpasolve(tan(x)==x,x,4)
figure
hold on
fplot(tan(x))
fplot(x)
grid on
axis([0,2*pi,0,10])





clear
syms x
figure
hold on
fplot(exp(2*x)*(1-x))
fplot(1+x)
grid on
axis([0,1,0,2.2])
legend('exp(2*x)*(1-x)','1+x',...
       'Location','northwest')







clear
syms x
fplot(2-2*cos(x))
hold on
fplot(x*sin(x))
grid on
xlim([0,6*pi])
vpasolve(2-2*cos(x) == x*sin(x),x,3*pi - 0.1)





clear
syms a L
A = [1, 0,       1,            1;
     0, 1,       a,           -a;
     1, L,   exp(a*L),    exp(-a*L);
     0, 1, a*exp(a*L), -a*exp(-a*L)]
rrefA = rref(A)
B = [0,0,0,0]';
C = linsolve(A,B)



















clear
syms x
m = 1;  % arbitrary
y1 = -m*x;
y2 = tan(x);
fplot(y1)
hold on
fplot(y2)
xlim([0,6*pi])
grid on









clear
v = 1; D = 0.5; L = 10;
x = 0:0.1:L;
T = [0.5,1,3,6,10];
N = 20;  % number of terms
syms u
y1 = -2*D*u/v;
y2 = tan(u*L);
figure
hold on
for t = T
    c_sum = zeros(size(x,1),1);  % initialize
    for n = 1:N
        seed = (2*n-1)*pi/(2*L) + 0.1/n^2;
        u_n = vpasolve(y1==y2,u,seed);
        l_n = u_n^2 + v^2/(4*D^2);  % lambda
          num = 4*D*u_n^2*exp(-3*v/(2*D))*sin(3*u_n);
          den = 2*D*L*u_n^2 + v*(sin(u_n*L))^2;
        a_n = num/den;
        c_n = a_n*exp(-l_n*D*t)*exp(v*x/(2*D)).*sin(u_n*x);
        c_sum = c_sum + c_n;
    end
    plot(x,c_sum)
end
grid on
xlabel('x'); ylabel('c(x,t)')
title('Mechanical Dispersion with Advection')
legend('t = 0.5','t = 1','t = 3','t = 6','t = 10')



clear
v = 1; D = 0.5; L = 10;
t = 0.3:0.1:10;
X = [1,3,5,7,9,10];
N = 30;  % number of terms
syms u
y1 = -2*D*u/v;
y2 = tan(u*L);
figure
hold on
for x = X
    c_sum = zeros(size(t,1),1);  % initialize
    for n = 1:N
        seed = (2*n-1)*pi/(2*L) + 0.1/n^2;
        u_n = vpasolve(y1==y2,u,seed);
        l_n = u_n^2 + v^2/(4*D^2);  % lambda
          num = 4*D*u_n^2*exp(-3*v/(2*D))*sin(3*u_n);
          den = 2*D*L*u_n^2 + v*(sin(u_n*L))^2;
        a_n = num/den;
        c_n = a_n*exp(-l_n*D*t)*exp(v*x/(2*D))*sin(u_n*x);
        c_sum = c_sum + c_n;
    end
    plot(t,c_sum)
end
grid on
xlabel('t'); ylabel('c(x,t)')
title('Mechanical Dispersion with Advection')
legend('x = 1','x = 3','x = 5','x = 7','x = 9','x = 10')









clear
v = 1; D = 0.5; c0 = 1; L = 10;
x = 0:0.1:L;
T = [0.5,1,3,6,10];
N = 25;  % number of terms
syms u
y1 = -2*D*u/v;
y2 = tan(u*L);
figure
hold on
for t = T
    c_sum = c0 + zeros(size(x,1),1);  % initialize
    for n = 1:N
        seed = (2*n-1)*pi/(2*L) + 0.1/n^2;
        u_n = vpasolve(y1==y2,u,seed);
        l_n = u_n^2 + v^2/(4*D^2);  % lambda
          num1 = 8*D^2*u_n^2*c0;
          num2 = v*sin(u_n*L) + 2*D*u_n*cos(u_n*L);
          num3 = exp(-v*L/(2*D))*num2 - 2*D*u_n;
          num = num1*num3;
          den1 = v^2 + 4*D^2*u_n^2;
          den2 = 2*D*L*u_n^2 + v*(sin(u_n*L))^2;
        a_n = num/(den1*den2);
        c_n = a_n*exp(-l_n*D*t)*exp(v*x/(2*D)).*sin(u_n*x);
        c_sum = c_sum + c_n;
    end
    plot(x,c_sum)
end
grid on
xlabel('x'); ylabel('c(x,t)')
title('Mechanical Dispersion with Advection')
ylim([-0.3,1])
legend('t = 0.5','t = 1','t = 3','t = 6','t = 10', ...
       'Location','south','NumColumns',3)



clear
v = 1; D = 0.5; c0 = 1; L = 10;
t = 0.3:0.1:10;
X = [1,3,5,7,9,10];
N = 30;  % number of terms
syms u
y1 = -2*D*u/v;
y2 = tan(u*L);
figure
hold on
for x = X
    c_sum = c0 + zeros(size(t,1),1);  % initialize
    for n = 1:N
        seed = (2*n-1)*pi/(2*L) + 0.1/n^2;
        u_n = vpasolve(y1==y2,u,seed);
        l_n = u_n^2 + v^2/(4*D^2);  % lambda
          num1 = 8*D^2*u_n^2*c0;
          num2 = v*sin(u_n*L) + 2*D*u_n*cos(u_n*L);
          num3 = exp(-v*L/(2*D))*num2 - 2*D*u_n;
          num = num1*num3;
          den1 = v^2 + 4*D^2*u_n^2;
          den2 = 2*D*L*u_n^2 + v*(sin(u_n*L))^2;
        a_n = num/(den1*den2);        
        c_n = a_n*exp(-l_n*D*t)*exp(v*x/(2*D))*sin(u_n*x);
        c_sum = c_sum + c_n;
    end
    plot(t,c_sum)
end
grid on
xlabel('t'); ylabel('c(x,t)')
title('Mechanical Dispersion with Advection')
ylim([-0.3,1])
legend('x = 1','x = 3','x = 5','x = 7','x = 9','x = 10', ...
       'Location','south','NumColumns',3)





11.3 Nonhomogeneous Boundary Value Problems













clear
syms x n
i1 = int(x*sin(n*pi*x),x,0,1/2);
i2 = int(sin(n*pi*x),x,1/2,1);
i3 = int(x*sin(n*pi*x),x,1/2,1);
cn = simplify(2*sqrt(2)*(i1 + i2 - i3))











clear
syms x a
g = sqrt(2)*(-a-x)*sin(pi*x);
i = int(g,x,0,1)

clear
syms x n
g = sqrt(2)*(1/2-x)*sin(n*pi*x);
cn = int(g,x,0,1)



clear
syms x
figure
y1 = (1/(2*pi^2))*cos(pi*x) + (1/pi^2)*(x-1/2);
fplot(y1,[0,1],'r')  % book solution
ylim([-0.015,0.015])
y2 = 0;
for n = 1:2
    y2 = y2 + sin(2*n*pi*x)/(n*pi^3*(4*n^2-1));
end
hold on
fplot(y2,[0,1],'b')  % plot 2 terms
grid on





clear
syms x a
g = sqrt(2)*(-a-x)*sin(2*pi*x);
i = int(g,x,0,1)





clear
syms x a
g = sqrt(2)*(-a+cos(pi*x))*sin(pi*x);
i = int(g,x,0,1)

clear
syms x k1 k2 p
yp = k1*x*cos(pi*x) + k2*x*sin(pi*x);
d = diff(yp,x,2) + p^2*yp;
collect(d,[cos(pi*x),sin(pi*x)])

















clear
syms x n
f= -sqrt(2)*x*sin((2*n-1)*pi*x/2);
i = int(f,x,0,1)



clear
syms x n
f= sin(pi*x/2);
yn = sqrt(2)*sin((2*n-1)*pi*x/2);
i = int(f*yn,x,0,1)





clear
syms x zn
f = (1-x)*cos(zn*x);
i = int(f,x,0,1)









clear
syms x n
f = (1-x)*sin((2*n-1)*pi*x/2);
i = int(f,x,0,1)

















clear
syms x n
f1 = cos(3*pi*x/2);
f2 = sqrt(2)*cos((2*n-1)*pi*x/2);
i = int(f1*f2,x,0,1)







































































11.4 Singular Sturm-Liouville Problems







clear
syms x
N = 100;   % number of terms for J0
% construct J0 for N terms
J0 = 1;
for m = 1:N
    f = factorial(m);
    J0 = J0 + (-1)^m*x^(2*m)/(4^m*f^2);
end
fplot(J0,[0,30])
hold on
fplot(diff(J0,x,1))  % derivative of J0
grid on
yline(0)
legend('J0','DxJ0')

clear
syms x
J0 = besselj(0,x);
Jx = diff(J0,x,1); % d/dx J0
fplot(J0,[0,30])
grid on
yline(0)
legend('J0')

fplot(Jx,[0,200],'r')
grid on
yline(0)
legend('Jx')







































11.5 Further Remarks on the Method of Separation of Variable: A Bessel Series Expansion























































































11.6 Series of Orthogonal Functions: Mean Convergence

clear
syms x
f = 1;  % the function
n = 1;
Sn = (4/pi)*sin(pi*x);  % first partial sum
Rn = vpaintegral((f-Sn)^2,x,0,1);  % 1st error
while Rn >= 0.02    
    n = n + 2;  % only look at odd terms
    coef = 2*(1-cos(n*pi))/(n*pi);
    Sn = Sn + coef*sin(n*pi*x);  % next partial sum
    Rn = vpaintegral((f-Sn)^2,x,0,1);  % next error
end
n,sprintf('%.4f',Rn)  % display n, error



clear
syms x n m
I1 = int(sin(m*pi*x)*sin(n*pi*x),x,0,1)
I2 = int(sin(m*pi*x)*sin(m*pi*x),x,0,1)
I3 = int(x*sin(n*pi*x),x,0,1)



clear
syms x
f = x;
Nmax = 20;     % number in series
N = [1 Nmax];  % array for x-axis
Rn = [1 Nmax]; % array for mean square error
Sn = 0;        % initialize for partial sums
for m = 1:Nmax  % compute partial sums, error
    N(m) = m;
    coef = 2*(-1)^(m+1)/(m*pi);
    Sn = Sn + coef*sin(m*pi*x);   % next partial sum
    Rn(m) = vpaintegral((f-Sn)^2,x,0,1);  % mean square error
end

plot(N,Rn,'b*','LineWidth',1.5)
grid on
xlabel('N');ylabel('Rn')



clear
syms x
f = x;
Nmax = 40;     % # in series, should be enough
Sn = 0;        % initialize for partial sums
for m = 1:Nmax  % compute partial sums, error
    coef = 2*(-1)^(m+1)/(m*pi);
    Sn = Sn + coef*sin(m*pi*x);        % next partial sum
    Rn = vpaintegral((f-Sn)^2,x,0,1);  % mean square error
    if Rn < 0.01
        sprintf('m = %u  %0.4f',m,Rn)
        break
    end
end



clear
syms x n
int(x*(1-x)*sin(n*pi*x),x,0,1)



clear
syms x
f = x*(1-x);
Nmax = 8;       % number in series
N = [1 Nmax];   % array for x-axis
Rn = [1 Nmax];  % array for mean square error
Sn = 0;          % initialize for partial sums
for m = 1:Nmax  % compute partial sums, error
    N(m) = m;
    coef = 4*(1-cos(m*pi))/(m*pi)^3;
    Sn = Sn + coef*sin(m*pi*x);   % next partial sum
    Rn(m) = vpaintegral((f-Sn)^2,x,0,1);  % mean square error
end

plot(N,Rn,'b*','LineWidth',1.5)
grid on
xlabel('N');ylabel('Rn')

clear
syms x
f = x*(1-x);
Nmax = 10;     % # in series, should be enough
Sn = 0;        % initialize
for m = 1:Nmax
    coef = 4*(1-cos(m*pi))/(m*pi)^3;
    Sn = Sn + coef*sin(m*pi*x);   % next partial sum
    Rn = vpaintegral((f-Sn)^2,x,0,1);  % mean square error
    if Rn < 0.01
        sprintf('m = %u  %0.6f',m,Rn)
        break
    end
end



















clear
syms x a2 a1 a0
f1 = 2*sqrt(3)*x - sqrt(3);
f2 = a2*x^2 + a1*x + a0;
i20 = int(f2,x,0,1)
i21 = int(f2*f1,x,0,1)
i22 = int(f2*f2,x,0,1)
subs(i20,a1,-a2)
subs(i22,[a1,a0],[-a2,a2/6])









clear
syms x a2 a3
p2 = (3/2)*x^2 - 1/2;
p3 = a3*x^3 + a2*x^2 -(3/5)*a3*x - a2/3;
i23 = int(p2*p3,x,-1,1)
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