
4.1 General Theory of nth Order Linear Differential Equations



clear,clc
M = [0, 1, 2; 2, 0, -1; -3, 1, 0];
det(M)



clear,clc
M = [0, 2, 3; 2, 0, 1; -3, 1, 0];
rref(M)



clear,clc
M = [0, 1, 2, 1; 2, 0, -1, 1; -3, 1, 0, 1];
rats(rref(M))



















































04-2 Homogeneous Differential Equations with Constant Coefficients







clear, clc
p = [1, -1, -1, 1];
rats(roots(p))







clear, clc
p = [1, -3, 3, -3, 2];
rats(roots(p))







clear, clc
syms r
factor(r^4 - 7*r^3 + 6*r^2 + 30*r - 36)

clear, clc
syms r
factor(12*r^4 + 31*r^3 + 75*r^2 + 37*r + 5)





clear,clc
t = 0:0.1:4*pi;
eqn = 2 - 2*cos(t) + sin(t);
plot(t, eqn)
grid on
xlabel 't', ylabel 'y'
title 'y(t) = 2 - 2cos(t) + sin(t)'



clear, clc
syms t y(t) c1 c2 c3 c4
x = t/sqrt(2);
y(t) = exp(x)*(c1*cos(x) + c2*sin(x)) + ...
    exp(-x)*(c3*cos(x) + c4*sin(x));
subs(y, t, 0)
subs(diff(y,t,1), t, 0)
subs(diff(y,t,2), t, 0)
subs(diff(y,t,3), t, 0)



clear,clc
t = 0:0.1:10;
x = t/sqrt(2);
eqn = 0.5*sin(x).*(exp(-x) - exp(x));
plot(t, eqn)
grid on
xlabel 't', ylabel 'y'
title 'y(t) = 0.5*sin(x)*[exp(-x) - exp(x)]'

clear,clc
t = 0:0.1:14;
x = t/sqrt(2);
eqn = 0.5*sin(x).*(exp(-x) - exp(x));
plot(t, eqn)
grid on
xlabel 't', ylabel 'y'
title 'y(t) = 0.5*sin(x)*[exp(-x) - exp(x)]'





clear,clc;
t = 0:0.1:3;
eqn = -3 + 2*t;
plot(t, eqn)
grid on
xlabel 't', ylabel 'y'
title 'y(t) = -3 + 2t'

clear, clc
syms r
factor(2*r^4 - r^3 -9*r^2 + 4*r + 4)



clear, clc
A = [1 1   1   1;...
     1 2 -1/2 -2;...
     1 4  1/4  4;...
     1 8 -1/8 -8];
B = [-2 0 -2 0]';
rats(A\B)    %From AX = B

clear,clc;
t = 0:0.1:3;
c1 = -2/3; c2 = -1/10; c3 = -16/15; c4 = -1/6;
eqn = c1*exp(t) + c2*exp(2*t) + c3*exp(-t/2) + c4*exp(-2*t);
plot(t, eqn)
grid on
xlabel 't', ylabel 'y'
title 'y(t) = (-2/3)exp(t) - (1/10)exp(2*t) - (16/15)exp(-t/2) - (1/6)exp(-2*t)'



clear, clc
syms r
factor(4*r^3 + r + 5)
p = [4 0 1 5];
rats(roots(p))

clear, clc
syms t y(t) c1 c2 c3
y(t) = c1*exp(-t) + c2*exp(t/2)*cos(t) + c3*exp(t/2)*sin(t);
subs(y, t, 0)
subs(diff(y,t,1), t, 0)
subs(diff(y,t,2), t, 0)

A = [ 1    1   0;...
     -1   1/2  1;...
      1  -3/4  1];
B = [2 1 -1]';
rats(A\B)   %Solve AX = B



clear,clc;
t = 0:0.1:12;
c1 = 2/13; c2 = 24/13; c3 = 3/13;
eqn = c1*exp(-t) + c2*exp(t/2).*cos(t) + c3*exp(t/2).*sin(t);
plot(t, eqn)
grid on
xlabel 't', ylabel 'y'
title 'y(t) = (2/13)exp(-t) + (24/13)exp(t/2)cos(t) + (3/13)exp(t/2)sin(t)'



clear, clc
A = [ 1    1     1;...
      0  -1/3  -1/2;...
      0   1/9   1/4];
B = [-2 2 0]';
rats(A\B)   %Solve AX = B

clear,clc;
t = 0:0.1:20;
c1 = 8; c2 = -18; c3 = 8;
eqn = c1 + c2*exp(-t/3) + c3*exp(-t/2);
plot(t, eqn)
grid on
xlabel 't', ylabel 'y'
title 'y(t) = 8 - 18*exp(-t/3) + 8*exp(-t/2)'





clear, clc
A = [ 1    1     1    0;...
      1   -1     0    1;...
      1    1    -1    0;...
      1   -1     0   -1];
B = [7/2  -4    5/2  -15/8]';
rats(A\B)   %Solve AX = B









































4.3 The Method of Undetermined Coefficients

clear, clc
p = [1, -1, -1, 1];
rats(roots(p))

clear,clc
syms t A
c3 = 1; c2 = -1; c1 = -1; c0 = 1; %coeffs of diff eq
y = (A*t)*exp(-t); %attempt
c3*diff(y,t,3) + c2*diff(y,t,2) + c1*diff(y,t,1) + c0*y



clear,clc
syms t A B C D
%coeffs of diff eq
c4 = 1; c3 = 0; c2 = 0; c1 = 0; c0 = -1;
%attempt
y = (A*t + B) + C*t*cos(t) + D*t*sin(t);
P = c4*diff(y,t,4) + c3*diff(y,t,3) + c2*diff(y,t,2) + c1*diff(y,t,1) + c0*y;
collect(P, [cos(t) sin(t)])



clear, clc
p = [1, 1, 1, 1];
rats(roots(p))

clear,clc
syms t A B C
%coeffs of diff eq
c3 = 1; c2 = 1; c1 = 1; c0 = 1;
%attempt
y = (A*t)*exp(-t) + (B*t + C);
P = c3*diff(y,t,3) + c2*diff(y,t,2) + c1*diff(y,t,1) + c0*y



clear,clc
syms t A B C D
%coeffs of diff eq
c4 = 1; c3 = 0; c2 = -4; c1 = 0; c0 = 0;
%attempt
y = A*t^4 + B*t^3 + C*t^2 + D*exp(t);
P = c4*diff(y,t,4) + c3*diff(y,t,3) + c2*diff(y,t,2) + c1*diff(y,t,1) + c0*y;
collect(P, t)



clear,clc
syms t A B
%coeffs of diff eq
c4 = 1; c3 = 0; c2 = 2; c1 = 0; c0 = 1;
%attempt
y = A*cos(2*t) + B*sin(2*t);
P = c4*diff(y,t,4) + c3*diff(y,t,3) + c2*diff(y,t,2) + c1*diff(y,t,1) + c0*y;
collect(P, [cos(2*t), sin(2*t)])

clear, clc
p = [1, 0, 0, 1, 0, 0, 0];
rats(roots(p))
syms r
factor(r^3+1)







clear, clc;
t = 0:0.01:5;
y = (1/8)*t.^2 + 3/16 - (3/16)*cos(2*t);
plot(t,y)
grid on
xlabel 't', ylabel 'y'
title 'y = (1/8)t^2 + 3/16 - (3/16)cos(2t)'



clear, clc
syms t c1 c2 c3 c4
y(t) = 3*t+4 + c1*cos(t) + c2*sin(t) + c3*t*cos(t) + c4*t*sin(t);
subs(y(t),t,0)
subs(diff(y(t),t,1),t,0)
subs(diff(y(t),t,2),t,0)
subs(diff(y(t),t,3),t,0)

clear, clc;
t = 0:0.01:10;
y = 3*t+4 + (t-4).*cos(t) - (3*t/2 + 4).*sin(t);
plot(t,y)
grid on
xlabel 't', ylabel 'y'
title 'y = 3t+4 + (t-4)cos(t) - (3t/2 + 4)sin(t)'



clear, clc
syms r
factor(r^4 + 2*r^3 + r^2 + 8*r - 12)
solve(r^4 + 2*r^3 + r^2 + 8*r - 12 == 0)

clear,clc
syms t A B C
%coeffs of diff eq
c4 = 1; c3 = 2; c2 = 1; c1 = 8; c0 = -12;
%attempt
y = A*exp(-t) + B*cos(t) + C*sin(t);
P = c4*diff(y,t,4) + c3*diff(y,t,3) + c2*diff(y,t,2) + c1*diff(y,t,1) + c0*y;
collect(P, [cos(t) sin(t)])



clear, clc
syms t c1 c2 c3 c4
yc(t) = c1*exp(t) + c2*exp(-3*t) + c3*cos(2*t) + c4*sin(2*t);
A = 1/20; B = -2/5; C = -4/5;
yp(t) = A*exp(-t) + B*cos(t) + C*sin(t);
y(t) = yc(t) + yp(t);
subs(y(t),t,0)
subs(diff(y(t),t,1),t,0)
subs(diff(y(t),t,2),t,0)
subs(diff(y(t),t,3),t,0)



clear, clc
A = [1,   1,  1,  0;...
     1,  -3,  0,  2;...
     1,   9, -4,  0;...
     1, -27,  0, -8];
B = [  7/20 + 3;...
      17/20 + 0;...
      -9/20 - 1;...
      -3/4  + 2];
%solve AX = B
rats(A\B)

clear, clc
t = 0:0.01:6;
c1 = 81/40; c2 = 73/520; c3 = 77/65; c4 = -49/130;
yc = c1*exp(t) + c2*exp(-3*t) + c3*cos(2*t) + c4*sin(2*t);
A = 1/20; B = -2/5; C = -4/5;
yp = A*exp(-t) + B*cos(t) + C*sin(t);
y = yc + yp;
plot(t,y)
grid on
xlabel 't', ylabel 'y'
title 'y vs t'





clear, clc
syms r
factor(r^4 - r^3 - r^2 + r)

































4.4 The Method of Variation of Parameters







clear, clc
syms r
factor(r^3 - 2*r^2 - r + 2)



clear, clc
syms r
factor(r^3 - r^2 + r - 1)



clear, clc
syms t
y1 = exp(t); y2 = cos(t); y3 = sin(t);
B = [0; 0 ; exp(-t)*sin(t)];
w1 = [y1; diff(y1,t,1); diff(y1,t,2)];
w2 = [y2; diff(y2,t,1); diff(y2,t,2)];
w3 = [y3; diff(y3,t,1); diff(y3,t,2)];
A = [w1, w2, w3];
W = simplify(det(A))
u1_d = det([B, w2, w3])/W
u2_d = det([w1, B, w3])/W
u3_d = det([w1, w2, B])/W







clear, clc
syms t
y1 = exp(t); y2 = cos(t); y3 = sin(t);
B = [0; 0 ; exp(-t)*sin(t)];
w1 = [y1; diff(y1,t,1); diff(y1,t,2)];
w2 = [y2; diff(y2,t,1); diff(y2,t,2)];
w3 = [y3; diff(y3,t,1); diff(y3,t,2)];
A = [w1, w2, w3];
W = simplify(det(A));
u1_d = det([B, w2, w3])/W;
u2_d = det([w1, B, w3])/W;
u3_d = det([w1, w2, B])/W;
u1 = int(u1_d);
u2 = int(u2_d);
u3 = int(u3_d);
y = y1*u1 + y2*u2 + y3*u3;
simplify(y)

clear, clc
syms t
%homogeneous solutions
y1 = exp(t); y2 = cos(t); y3 = sin(t);
g = sec(t);    %nonhomogeneous function
B = [0; 0 ; g];
w1 = [y1; diff(y1,t,1); diff(y1,t,2)];
w2 = [y2; diff(y2,t,1); diff(y2,t,2)];
w3 = [y3; diff(y3,t,1); diff(y3,t,2)];
A = [w1, w2, w3];
W = simplify(det(A))  %compute Wronskian
u1_d = det([B, w2, w3])/W
u2_d = det([w1, B, w3])/W
u3_d = det([w1, w2, B])/W





clear, clc
syms t
%homogeneous solutions
y1 = 1; y2 = exp(t); y3 = exp(-t);
g = csc(t);    %nonhomogeneous function
B = [0; 0 ; g];
w1 = [y1; diff(y1,t,1); diff(y1,t,2)];
w2 = [y2; diff(y2,t,1); diff(y2,t,2)];
w3 = [y3; diff(y3,t,1); diff(y3,t,2)];
A = [w1, w2, w3]
W = simplify(det(A))  %compute Wronskian
u1_d = det([B, w2, w3])/W
u2_d = det([w1, B, w3])/W
u3_d = det([w1, w2, B])/W





a = -pi/2; b = pi/2;
d = 0.01;  %keep interval open
t = a + d : 0.01 : b - d;



clear, clc
a = 0; b = pi;
d = 0.01;  %keep interval open
t = a + d : 0.01 : b - d;
% yc is an example homogeneous solution
yc = 3 - exp(-t + pi/2) + log(csc(t) + cot(t));
syms s x
t0 = pi/2;  % t0 is in (a,b)
intp(x) = int((cosh(x-s)*csc(s)),s,t0,x); %function to plot
yp = subs(intp(x),x,t);  % create the vector for yp
plot(t, yc + yp)
xlabel('t'), ylabel('y')
grid on



clear, clc
a = 0; b = pi;
d = 0.01;  %keep interval open
t = a + d : 0.01 : b - d;
% yc is an example homogeneous solution
yc = 3 - exp(-t + pi/2) + log(csc(t) + cot(t));
t0 = pi/2;  % t0 is in (a,b)
yp = zeros(1, length(t)); % preallocate memory
for i = 1:length(t)  %create vector for yp
  upperbound = t(i);
  h = (upperbound - t0)/1000;
  x = t0:h:upperbound;
  y = cosh(upperbound-x).*csc(x);
  yp(i) = trapz(x,y); %integrate y from t0 to t(i)
end
plot(t, yc + yp)
xlabel('t'), ylabel('y')
grid on

clear, clc
a = 0; b = pi;
d = 0.01;  %keep interval open
t = a + d : 0.01 : b - d;
% yc is an example homogeneous solution
yc = 3 - exp(-t + pi/2) + log(csc(t) + cot(t));
t0 = pi/2;  % t0 is in (a,b)
func = @(x,c) cosh(c - x).*csc(x);
yp = zeros(1, length(t)); %preallocate memory for speed
for i = 1:length(t)
  %create yp vector integrating func from t0 to t(i)
  yp(i) = integral(@(x)func(x, t(i)), t0, t(i));
end
plot(t, yc + yp)
xlabel('t'), ylabel('y')
grid on



integral(func, t0, t(i))

func = @(x) tan(x);





clear, clc
syms t c1 c2 c3 s
yc = c1*exp(t) + c2*cos(t) + c3*sin(t);
yp1 = (exp(t)/2)*int((exp(-s)/cos(s)),s,0,t);
yp2 = -(t/2)*(cos(t) + sin(t));
yp3 = -0.5*(cos(t) - sin(t))*log(cos(t));
y = yc + yp1 + yp2 + yp3;
subs(y,t,0)
subs(diff(y,t,1),t,0)
subs(diff(y,t,2),t,0)

clear, clc
a = -pi/2; b = pi/2;
d = 0.01;  %keep interval open
t = a + d : 0.01 : b - d;
c1 = 3/2; c2 = 1/2; c3 = -5/2;
yc = c1*exp(t) + c2*cos(t) + c3*sin(t);
t0 = 0;  % t0 is in (a,b)
%evaluate integral from t0 to x, where x is in (a,b)
%thus int1 is a vector of t as it varies from a to b
func = @(x) exp(-x)./cos(x);
int1 = zeros(1, length(t)); %preallocate memory for speed
for i = 1:length(t)
  %create yp vector integrating func from t0 to t(i)
  int1(i) = integral(func, t0, t(i));
end
yp1 = (exp(t)/2).*int1;
yp2 = -(t/2).*(cos(t) + sin(t));
yp3 = -0.5*(cos(t) - sin(t)).*log(cos(t));
y = yc + yp1 + yp2 + yp3;
plot(t, y)
grid on
xlabel 't', ylabel 'y'
title 'd3y/dt3 - d2y/dt2 + dy/dt - y = sec(t)'



clear, clc
syms t
%homogeneous solutions
y1 = 1; y2 = exp(t); y3 = exp(-t);
g = tan(t);    %nonhomogeneous function
B = [0; 0 ; g];
w1 = [y1; diff(y1,t,1); diff(y1,t,2)];
w2 = [y2; diff(y2,t,1); diff(y2,t,2)];
w3 = [y3; diff(y3,t,1); diff(y3,t,2)];
A = [w1, w2, w3]
W = simplify(det(A))  %compute Wronskian
u1_d = det([B, w2, w3])/W
u2_d = det([w1, B, w3])/W
u3_d = det([w1, w2, B])/W





clear, clc
syms t c1 c2 c3 s
yc = c1 + c2*exp(t) + c3*exp(-t);
yp1 = log(cos(t));
yp2 = (exp(t)/2)*int((exp(-s)*tan(s)),s,pi/4,t);
yp3 = (exp(-t)/2)*int((exp(s)*tan(s)),s,pi/4,t);
y = yc + yp1 + yp2 + yp3;
subs(y,t,pi/4)
subs(diff(y,t,1),t,pi/4)
subs(diff(y,t,2),t,pi/4)



clear, clc
a = -pi/2; b = pi/2;
d = 0.01;  %keep interval open
t = a + d : 0.01 : b - d;
yc = 3 + 0.5*log(2) - exp(-t + pi/4);
t0 = pi/4;  % t0 is in (a,b)
%evaluate integrals from t0 to x, where x is in (a,b)
func2 = @(x) exp(-x).*tan(x);
func3 = @(x) exp(x).*tan(x);
int2 = zeros(1, length(t)); %preallocate memory for speed
int3 = zeros(1, length(t));
for i = 1:length(t)
  %create vector integrating func from t0 to t(i)
  int2(i) = integral(func2, t0, t(i));
  int3(i) = integral(func3, t0, t(i));
end
yp1 = log(cos(t));
yp2 = (exp(t)/2).*int2;
yp3 = (exp(-t)/2).*int3;
y = yc + yp1 + yp2 + yp3;
plot(t, y)
grid on
xlabel 't', ylabel 'y'
title 'd3y/dt3 - dy/dt = tan(t)'



% Compute Wronskian
clear, clc
syms x
y1 = x;      
y2 = x^2;
y3 = 1/x;
W = [y1 y2 y3; ...
     diff(y1,x) diff(y2,x) diff(y3,x); ...
     diff(y1,x,2) diff(y2,x,2) diff(y3,x,2)];
simplify(det(W))



clear, clc
syms x
%homogeneous solutions
y1 = x; y2 = x^2; y3 = 1/x;
g = 2*x;    %nonhomogeneous function
B = [0; 0 ; g];
w1 = [y1; diff(y1,x,1); diff(y1,x,2)];
w2 = [y2; diff(y2,x,1); diff(y2,x,2)];
w3 = [y3; diff(y3,x,1); diff(y3,x,2)];
A = [w1, w2, w3];
W = simplify(det(A));  %compute Wronskian
u1_d = det([B, w2, w3])/W
u2_d = det([w1, B, w3])/W
u3_d = det([w1, w2, B])/W
u1 = int(u1_d)
u2 = int(u2_d)
u3 = int(u3_d)
y = y1*u1 + y2*u2 + y3*u3;
simplify(y)

clear, clc
syms t g(t)
%homogeneous solutions
y1 = exp(t); y2 = cos(t); y3 = sin(t);
B = [0; 0 ; g];
w1 = [y1; diff(y1,t,1); diff(y1,t,2)];
w2 = [y2; diff(y2,t,1); diff(y2,t,2)];
w3 = [y3; diff(y3,t,1); diff(y3,t,2)];
A = [w1, w2, w3];
W = simplify(det(A))  %compute Wronskian
u1_d = det([B, w2, w3])/W
u2_d = det([w1, B, w3])/W
u3_d = det([w1, w2, B])/W







clear, clc
syms t g(t)
%homogeneous solutions
y1 = cos(t); y2 = sin(t); y3 = cosh(t); y4 = sinh(t);
B = [0; 0; 0; g];
w1 = [y1; diff(y1,t,1); diff(y1,t,2); diff(y1,t,3)];
w2 = [y2; diff(y2,t,1); diff(y2,t,2); diff(y2,t,3)];
w3 = [y3; diff(y3,t,1); diff(y3,t,2); diff(y3,t,3)];
w4 = [y4; diff(y4,t,1); diff(y4,t,2); diff(y4,t,3)];
A = [w1, w2, w3, w4]
W = simplify(det(A))  %compute Wronskian
u1_d = simplify(det([B, w2, w3, w4])/W)
u2_d = simplify(det([w1, B, w3, w4])/W)
u3_d = simplify(det([w1, w2, B, w4])/W)
u4_d = simplify(det([w1, w2, w3, B])/W)
u1 = int(u1_d)  %integrate above derivatives
u2 = int(u2_d)
u3 = int(u3_d)
u4 = int(u4_d)
y = y1*u1 + y2*u2 + y3*u3 + y4*u4;
simplify(y)



clear, clc
syms t g(t)
%homogeneous solutions
y1 = cos(t); y2 = sin(t); y3 = exp(t); y4 = exp(-t);
B = [0; 0; 0; g];
w1 = [y1; diff(y1,t,1); diff(y1,t,2); diff(y1,t,3)];
w2 = [y2; diff(y2,t,1); diff(y2,t,2); diff(y2,t,3)];
w3 = [y3; diff(y3,t,1); diff(y3,t,2); diff(y3,t,3)];
w4 = [y4; diff(y4,t,1); diff(y4,t,2); diff(y4,t,3)];
A = [w1, w2, w3, w4]
W = simplify(det(A))  %compute Wronskian
u1_d = simplify(det([B, w2, w3, w4])/W)
u2_d = simplify(det([w1, B, w3, w4])/W)
u3_d = simplify(det([w1, w2, B, w4])/W)
u4_d = simplify(det([w1, w2, w3, B])/W)
u1 = int(u1_d)
u2 = int(u2_d)
u3 = int(u3_d)
u4 = int(u4_d)
y = y1*u1 + y2*u2 + y3*u3 + y4*u4;
simplify(y)



clear, clc
syms t g(t)
%homogeneous solutions
y1 = exp(t); y2 = t*exp(t); y3 = t^2*exp(t);
%g = tan(t);    %nonhomogeneous function
B = [0; 0 ; g];
w1 = [y1; diff(y1,t,1); diff(y1,t,2)];
w2 = [y2; diff(y2,t,1); diff(y2,t,2)];
w3 = [y3; diff(y3,t,1); diff(y3,t,2)];
A = [w1, w2, w3]
W = simplify(det(A))  %compute Wronskian
u1_d = det([B, w2, w3])/W
u2_d = det([w1, B, w3])/W
u3_d = det([w1, w2, B])/W
u1 = int(u1_d)
u2 = int(u2_d)
u3 = int(u3_d)
y = y1*u1 + y2*u2 + y3*u3;
simplify(y)
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