
5.1 Review of Power Series





































5.2 Series Solutions Near an Ordinary Point, Part I

















clear, clc
syms a0 a1
n = 6;  %number of desired terms
%allocate space - array to hold coefficients
a = sym(zeros(n,2));
% initialize first entries for the for loop
a(1,:) = [0 a1];
a(2,:) = [a0/2 a1/2];
% i index gets coefficient for (x-1)^i
for i = 3:n
    a(i,:) = a(i-1,:)/i + a(i-2,:)/i;
end
a  % display coefficients











clear, clc
syms a0 a1
n = 6;  %number of desired terms
%allocate space - array to hold coefficients
a = sym(zeros(n,2));
% initialize first entries for the for loop
a(1,:) = [0 a1];
a(2,:) = [-a0/2 0];
% i index gets coefficient for x^i
for i = 3:n
    a(i,:) = ((i-2)/i)*a(i-1,:) - a(i-2,:)/(i*(i-1));
end
a  % display coefficients









clear, clc
syms a0 a1
n = 9;  %number of desired terms
%allocate space - array to hold coefficients
a = sym(zeros(n,2));
% initialize first entries for the for loop
a(1,:) = [0 a1];
a(2,:) = [-a0 0];
% i index gets coefficient for x^i
for i = 3:n
    a(i,:) = -a(i-2,:)/(i-1);
end
a  % display coefficients







clear, clc
syms a0 a1
n = 6;  %number of desired terms
%allocate space - array to hold coefficients
a = sym(zeros(n,2));
% initialize first entries for the for loop
a(1,:) = [0 a1];
a(2,:) = [-a0/2 -a1/2];
i = 3; %use [a0 0] for a(0,:) outside loop
a(3,:) = -(((i-1)^2)*a(i-1,:) + a(i-2,:) + [a0 0])/(i*(i-1));
% i index gets coefficient for (x-1)^i
for i = 4:n
    a(i,:) = -(((i-1)^2)*a(i-1,:) + a(i-2,:) + a(i-3,:))/(i*(i-1));
end
a  % display coefficients









clear, clc
syms a0 a1 x y(x) y1(x) y2(x)
Nterms = 8;  %number of desired terms
%allocate space - array to hold coefficients
a = sym(zeros(Nterms,2));
% initialize first entries for the for loop
a(1,:) = [0 a1];
a(2,:) = [a0/6 0];
% n index gets coefficient for x^n
for n = 3:Nterms
    a(n,:) = ((n-1)/(3*n))*a(n-2,:);
end
a  % display coefficients
y(x) = a0 + a1*x;
for n = 2:Nterms
    y(x) = y(x) + (a(n,1)+a(n,2))*x^n;
end
y(x)
y1(x) = subs(y(x),[a0 a1],[1 0])
y2(x) = subs(y(x),[a0 a1],[0 1])







clear, clc
syms a0 a1 x y(x) y1(x) y2(x)
Nterms = 8;  %number of desired terms
%allocate space - array to hold coefficients
a = sym(zeros(Nterms,2));
% initialize first entries for the for loop
% note a(0,:) = [a0 0], but MATLAB 1-based
a(1,:) = [0 a1];
a(2,:) = [-3*a0/4 0];
% n index gets coefficient for x^n
for n = 3:Nterms
    a(n,:) = -((n+1)/(2*n*(n-1)))*a(n-2,:);
end
a  % display coefficients
y(x) = a0 + a1*x; % initialize
for n = 2:Nterms
    y(x) = y(x) + (a(n,1)+a(n,2))*x^n;
end
y(x)
y1(x) = subs(y(x),[a0 a1],[1 0])
y2(x) = subs(y(x),[a0 a1],[0 1])









clear, clc
syms a0 a1 x y(x) y1(x) y2(x)
Nterms = 5;  %number of desired terms
%allocate space - array to hold coefficients
a = sym(zeros(Nterms,2));
% initialize first entries for the for loop
% note a(0,:) = [a0 0], but MATLAB 1-based
a(1,:) = [0 a1];
a(2,:) = [-3*a0/4 -3*a1/4];
% n index gets coefficient for (x-2)^n
for n = 3:Nterms
    a(n,:) = (-3*(n-1)*a(n-1,:) - (n+1)*a(n-2,:))/(2*n*(n-1));
end
a  % display coefficients
y(x) = a0 + a1*(x-2); % initialize
for n = 2:Nterms
    y(x) = y(x) + (a(n,1)+a(n,2))*(x-2)^n;
end
y(x)
y1(x) = subs(y(x),[a0 a1],[1 0])
y2(x) = subs(y(x),[a0 a1],[0 1])





clear, clc
syms a0 a1 x y(x) y1(x) y2(x)
Nterms = 6;  %number of desired terms
x0 = 0;  %the ordinary point
%allocate space - array to hold coefficients
a = sym(zeros(Nterms,2));
% initialize first entries for the for loop
% note a(0,:) = [a0 0], but MATLAB 1-based
a(1,:) = [0 a1];
a(2,:) = [a0/2 0];
% n index gets coefficient for x^n
for n = 3:Nterms
    a(n,:) = a(n-2,:)/n;
end
a;  % display coefficients
y(x) = a0 + a1*(x-x0); % initialize
for n = 2:Nterms      % build y(x) from coeffs
    y(x) = y(x) + (a(n,1)+a(n,2))*(x-x0)^n;
end
y(x)



clear, clc
syms a0 a1 x y(x) p(x) y4(x) y5(x)
Nterms = 6;  %number of desired terms
x0 = 0;  %the ordinary point
%allocate space - array to hold coefficients
a = sym(zeros(Nterms,2));
% initialize first entries for the for loop
% note a(0,:) = [a0 0], but MATLAB 1-based
a(1,:) = [0 a1];
a(2,:) = [a0/2 0];
% n index gets coefficient for x^n
for n = 3:Nterms
    a(n,:) = a(n-2,:)/n;
end
a;  % display coefficients
y(x) = a0 + a1*(x-x0); % initialize
for n = 2:Nterms      % build y(x) from coeffs
    y(x) = y(x) + (a(n,1)+a(n,2))*(x-x0)^n;
end
p(x) = subs(y(x),[x-x0 a0 a1],[x 2 1])
% MATLAB coeffs display in descending order
% So make in ascending order
c = fliplr(coeffs(p(x), 'All'))
y4(x) = 0; y5(x) = 0;
for n = 1:4
    y4(x) = y4(x) + c(n)*x^(n-1);
end
y4(x)
y5(x) = y4(x) + c(5)*x^(4)
figure
hold on
grid on
% x, y limits obtained by trial-and-error
axis([-1.1 1.1 0 6]);
fplot(y4(x))
fplot(y5(x))
xlabel 'x', ylabel 'y'
title 'Solution to y" - xy'' - y = 0'
legend('y4(x)', 'y5(x)')





clear, clc
syms a0 a1 x y(x) p(x) y4(x) y5(x)
Nterms = 5;  %number of desired terms
x0 = 0;  %the ordinary point
%allocate space - array to hold coefficients
a = sym(zeros(Nterms,2));
% initialize first entries for the for loop
% note a(0,:) = [a0 0], but MATLAB 1-based
a(1,:) = [0 a1];
a(2,:) = [-a0 0];
% n index gets coefficient for x^n
for n = 3:Nterms
    a(n,:) = -a(n-2,:)/(n-1);
end
a;  % display coefficients
y(x) = a0 + a1*(x-x0); % initialize
for n = 2:Nterms      % build y(x) from coeffs
    y(x) = y(x) + (a(n,1)+a(n,2))*(x-x0)^n;
end
y(x);
y0 = 4;  % initial conditions
dy0 = -1;
p(x) = subs(y(x),[x-x0 a0 a1],[x y0 dy0])
% MATLAB coeffs display in descending order
% So make in ascending order
c = fliplr(coeffs(p(x), 'All'))
y4(x) = 0; y5(x) = 0; % build y4(x), y5(x)
for n = 1:4
    y4(x) = y4(x) + c(n)*x^(n-1);
end
y4(x)
y5(x) = y4(x) + c(5)*x^(4)
figure
hold on
grid on
% x, y limits obtained by trial-and-error
axis([-1.1 1.1 0 6]);
fplot(y4(x))
fplot(y5(x))
xlabel 'x', ylabel 'y'
title 'Solution to y" - xy'' - y = 0'
legend('y4(x)', 'y5(x)')







clear, clc
syms a0 a1 x y(x) p(x) y4(x) y5(x)
Nterms = 5;  %number of desired terms
x0 = 0;  %the ordinary point
%allocate space - array to hold coefficients
a = sym(zeros(Nterms,2));
% initialize first entries for the for loop
% note a(0,:) = [a0 0], but MATLAB 1-based
a(1,:) = [0 a1];
a(2,:) = [a0/2 0];
% n index gets coefficient for x^n
for n = 3:Nterms
    a(n,:) = ((n-2)/n)*a(n-1,:) - ((n-3)/(n*(n-1)))*a(n-2,:);
end
a;  % display coefficients
y(x) = a0 + a1*(x-x0); % initialize
for n = 2:Nterms      % build y(x) from coeffs
    y(x) = y(x) + (a(n,1)+a(n,2))*(x-x0)^n;
end
y(x);
y0 = -3;  % initial conditions
dy0 = 2;
p(x) = subs(y(x),[x-x0 a0 a1],[x y0 dy0])
% MATLAB coeffs display in descending order
% So make in ascending order
c = fliplr(coeffs(p(x), 'All'))
y4(x) = 0; y5(x) = 0; % build y4(x), y5(x)
for n = 1:4
    y4(x) = y4(x) + c(n)*x^(n-1);
end
y4(x)
y5(x) = y4(x) + c(5)*x^(4)
figure
hold on
grid on
% x, y limits obtained by trial-and-error
axis([-1.1 1.1 -7 -2]);
fplot(y4(x))
fplot(y5(x))
xlabel 'x', ylabel 'y'
title 'Solution to (1-x)y" + xy'' - y = 0'
legend('y4(x)', 'y5(x)', 'Location', 'southeast')









clear, clc
syms a0 a1 t y(t) y1(t) y2(t)
Nterms = 8;  %number of desired terms
t0 = 0;  % the ordinary point
%allocate space - array to hold coefficients
a = sym(zeros(Nterms,2));
% initialize first entries for the for loop
% note a(0,:) = [a0 0], but MATLAB 1-based
a(1,:) = [0 a1];
a(2,:) = [0 0];
a(3,:) = [-a0/3 0];
a(4,:) = [-a0/12 -a1/4];
% n index gets coefficient for (t-t0)^n
for n = 5:Nterms
    a(n,:) = -a(n-3,:)/n - a(n-4,:)/(n*(n-1));
end
a  % display coefficients
y(t) = a0 + a1*(t-t0); % initialize
for n = 2:Nterms
    y(t) = y(t) + (a(n,1)+a(n,2))*(t-t0)^n;
end
y(t)
y1(t) = subs(y(t),[a0 a1],[1 0])
y2(t) = subs(y(t),[a0 a1],[0 1])







clear, clc
syms a0 a1 x y(x) y1(x) y2(x)
Nterms = 8;  %number of desired terms
x0 = 1;  % the ordinary point
%allocate space - array to hold coefficients
a = sym(zeros(Nterms,2));
% initialize first entries for the for loop
% note a(0,:) = [a0 0], but MATLAB 1-based
a(1,:) = [0 a1];
a(2,:) = [0 0];
a(3,:) = [-a0/3 0];
a(4,:) = [-a0/12 -a1/4];
% n index gets coefficient for (x-x0)^n
for n = 5:Nterms
    a(n,:) = -a(n-3,:)/n - a(n-4,:)/(n*(n-1));
end
a  % display coefficients
y(x) = a0 + a1*(x-x0); % initialize
for n = 2:Nterms
    y(x) = y(x) + (a(n,1)+a(n,2))*(x-x0)^n;
end
y(x)
y1(x) = subs(y(x),[a0 a1],[1 0])
y2(x) = subs(y(x),[a0 a1],[0 1])











clear, clc
syms a0 a1 x v y(x) y1(x) y2(x)  % v = lambda
Nterms = 8;  %number of desired terms
x0 = 0;  % the ordinary point
%allocate space - array to hold coefficients
a = sym(zeros(Nterms,2));
% initialize first entries for the for loop
% note a(0,:) = [a0 0], but MATLAB 1-based
a(1,:) = [0 a1];
a(2,:) = [-v*a0/2 0];
% n index gets coefficient for (x-x0)^n
for n = 3:Nterms
    a(n,:) = -((v-2*n+4)/(n*(n-1)))*a(n-2,:);
end
a;  % display of coefficients
y(x) = a0 + a1*(x-x0); % initialize
for n = 2:Nterms
    y(x) = y(x) + (a(n,1)+a(n,2))*(x-x0)^n;
end
y(x);
y1(x) = subs(y(x),[a0 a1],[1 0])
y2(x) = subs(y(x),[a0 a1],[0 1])



















syms n a(n) x
f = a(n)*x^n;           % n-th term of f(x)
df = (n+1)*a(n+1)*x^n;  % n-th term of f'(x)
sf = symsum(f,n,0,4)    % summation terms of f(x) to x^4
sdf =symsum(df,n,0,3)   % summation terms of f'(x) to x^3
s = sdf^2 + sf^2 - 1;   % (y')^2 + y^2 - 1:  add the terms
p = collect(s,x)        % collect terms in polynomial form
c = coeffs(p,x,'all');  % 'All' gives coeffs in descending order
l = length(c);          % number of terms

c(l)                    % constant term
c(l-1)                  % coeff of x
c(l-2)                  % coeff of x^2
c(l-3)                  % coeff of x^3
subs(c(l), [a(0),a(1)], [0,1])    % use a0 = 0, a1 =1 to
subs(c(l-1), [a(0),a(1)], [0,1])  % simplify above expressions
subs(c(l-2), [a(0),a(1)], [0,1])
subs(c(l-3), [a(0),a(1)], [0,1])



clear, clc
syms x y(x)
y(x) = x;  % Don't plot this
figure
hold on
grid on
for n = 1:6
    y(x) = y(x) + ((-1)^n)*(x^(2*n+1))/((2^n)*factorial(n));
    fplot(y(x), [-1.5,1.5])
end
xlabel 'x', ylabel 'y'
title 'y" + xy'' + 2y = 0, y(0)=0, y''(0)=1'
legend('n=1', 'n=2', 'n=3', 'n=4', 'n=5', 'n=6', ...
       'Location', 'northwest', 'NumColumns', 2)







clear, clc
syms x y(x)
y(x) = x;
figure
hold on
grid on
xmin = -3.0; xmax = 3.0;
fplot(y(x), [xmin, xmax])
for n = 1:5
    y(x) = y(x) - (x^(2*n+1))/((4^n)*(2*n-1)*(2*n+1));
    fplot(y(x), [xmin, xmax])
end
xlabel 'x', ylabel 'y'
title '(4-x^2)y" + 2y = 0, y(0)=0, y''(0)=1'
legend('y=x', 'n=1', 'n=2', 'n=3', 'n=4', 'n=5', ...
       'Location', 'south')



clear, clc
syms x y(x)
y(x) = 1;
figure
hold on
grid on
xmin = -3.0; xmax = 3.0;
fplot(y(x), [xmin, xmax])
a = 1;
for n = 1:5
    a = -a/((4*n-1)*4*n);
    y(x) = y(x) + a*x^(4*n);
    fplot(y(x), [xmin, xmax])
end
xlabel 'x', ylabel 'y'
title 'y" + x^2y = 0, y(0)=1, y''(0)=0'
legend('y=1', 'n=1', 'n=2', 'n=3', 'n=4', 'n=5', ...
       'Location', 'south')





clear, clc
syms a0 a1 x y(x) f(x)
Nterms = 8;  %number of desired terms
x0 = 0;  % the ordinary point
%allocate space - array to hold coefficients
a = sym(zeros(Nterms,2));
y(x) = sym(zeros(Nterms+1,1));  % MATLAB likes to preallocate
f(x) = sym(zeros(Nterms+1,1));  % for these expanding polys
% initialize first entries for the for loop
% note a(0,:) = [a0 0], but MATLAB is 1-based
a(1,:) = [0 a1];
a(2,:) = [a0 0];
% n index gets coefficient for (x-x0)^n
for n = 3:Nterms
    a(n,:) = ((n-2)/n)*a(n-1,:) - ((n-4)/(n*(n-1)))*a(n-2,:);
end
a         % display coefficients
figure     % prepare to plot
hold on
grid on
xmin = -2.0; xmax = 2.0;
y(x) = a0 + a1*(x-x0);             % initialize
for n = 2:Nterms
    y(x) = y(x) + (a(n,1)+a(n,2))*(x-x0)^n; % build y(x)
    f(x) = subs(y(x),[a0 a1],[0 1]);   % y(0)=0, y'(0)=1
    fplot(f(x), [xmin, xmax])
end
xlabel 'x', ylabel 'y'
title '(1-x)y" + xy'' - 2y = 0,  y(0)=0,  y''(0)=1'
legend('n=2', 'n=3', 'n=4', ...
       'n=5', 'n=6', 'n=7', 'n=8', ...
       'Location', 'north', 'NumColumns', 2)
y(x) = subs(y(x),[a0 a1],[0 1])    % show final result





5.3 Series Solutions Near an Ordinary Point, Part II



clear, clc
syms x ph(x)
ph1 = diff(ph,x,1)
ph2 = (-(1+x)/x^2)*ph1 - (3*log(x)/x^2)*ph
ph3 = collect(diff(ph2,x,1), [ph, ph1, diff(ph,x,2)])
ph4 = collect(diff(ph3,x,1), [ph, ph1, diff(ph,x,2), diff(ph,x,3)])
ph_1 = 2; ph1_1 = 0;
% ph2_1(x) = ph2(1) should be a constant function
ph2_1 = subs(ph2,[x,ph(x),ph1(x)], [1,ph_1,ph1_1])
% ph3_1(x) = ph3(1) should be a constant function
ph3_1 = subs(ph3,[x,ph(x),ph1(x),diff(ph,x,2)], [1,ph_1,ph1_1,ph2_1])
% ph4_1(x) = ph4(1) should be a constant function
ph4_1 = subs(ph4,[x,ph(x),ph1(x),diff(ph,x,2),diff(ph,x,3)], [1,ph_1,ph1_1,ph2_1,ph3_1])



clear, clc
syms x ph(x) a0 a1
ph1 = diff(ph,x,1)
ph2 = -(x^2)*ph1 - sin(x)*ph
ph3 = collect(diff(ph2,x,1), [ph, ph1, diff(ph,x,2)])
ph4 = collect(diff(ph3,x,1), [ph, ph1, diff(ph,x,2), diff(ph,x,3)])
ph_0 = a0; ph1_0 = a1;
% ph2_0(x) = ph2(0) should be a constant function
ph2_0 = subs(ph2,[x,ph(x),ph1(x)], [0,ph_0,ph1_0])
% ph3_0(x) = ph3(0) should be a constant function
ph3_0 = subs(ph3,[x,ph(x),ph1(x),diff(ph,x,2)], [0,ph_0,ph1_0,ph2_0])
% ph4_0(x) = ph4(0) should be a constant function
ph4_0 = subs(ph4,[x,ph(x),ph1(x),diff(ph,x,2),diff(ph,x,3)], [0,ph_0,ph1_0,ph2_0,ph3_0])





clear, clc
syms x
solve(x^3 + 1 == 0)



















clear, clc
% call below function for coefficients
b = DispCoeffs(1,0)  % for y1(x)
c = DispCoeffs(0,1)  % for y2(x)

function a = DispCoeffs(a0, a1)
syms x y(x)
% compute all the derivatives
dy1 = diff(y,x,1);
dy2 = -sin(x)*y;  % from equation of problem
dy3 = diff(dy2,x,1);
dy4 = diff(dy3,x,1);
dy5 = diff(dy4,x,1);
dy6 = diff(dy5,x,1);
dy7 = diff(dy6,x,1);
dy8 = diff(dy7,x,1);
% use initial conditions a0, a1
% evaluate all derivatives at x = 0 to get a()*n!
dy20 = subs(dy2,[x,y(x),dy1(x)], ...
               [0,a0,a1]);
dy30 = subs(dy3,[x,y(x),dy1(x),diff(y,x,2)], ...
               [0,a0,a1,dy20]);
dy40 = subs(dy4,[x,y(x),dy1(x),diff(y,x,2),diff(y,x,3)], ...
               [0,a0,a1,dy20,dy30]);
dy50 = subs(dy5,[x,y(x),dy1(x),diff(y,x,2),diff(y,x,3),diff(y,x,4)], ...
               [0,a0,a1,dy20,dy30,dy40]);
dy60 = subs(dy6,[x,y(x),dy1(x),diff(y,x,2),diff(y,x,3), ...
                             diff(y,x,4),diff(y,x,5)], ...
               [0,a0,a1,dy20,dy30,dy40,dy50]);
dy70 = subs(dy7,[x,y(x),dy1(x),diff(y,x,2),diff(y,x,3), ...
                             diff(y,x,4),diff(y,x,5),diff(y,x,6)], ...
               [0,a0,a1,dy20,dy30,dy40,dy50,dy60]);
dy80 = subs(dy8,[x,y(x),dy1(x),diff(y,x,2),diff(y,x,3), ...
                             diff(y,x,4),diff(y,x,5),diff(y,x,6), ...
                             diff(y,x,7)], ...
               [0,a0,a1,dy20,dy30,dy40,dy50,dy60,dy70]);
% compute the coefficients a()
a2 = dy20/factorial(2);
a3 = dy30/factorial(3);
a4 = dy40/factorial(4);
a5 = dy50/factorial(5);
a6 = dy60/factorial(6);
a7 = dy70/factorial(7);
a8 = dy80/factorial(8);
a = [a0 a1 a2 a3 a4 a5 a6 a7 a8]';
end





clear, clc
syms x n a(n) a0
Nterms = 8;  %number of desired terms
f = ((-1)^n)*x^(2*n+1)/factorial(2*n+1);
s = symsum(f,n,0,Nterms);               % sin(x)
y = a0 + symsum(a(n)*x^n,n,1,Nterms);   % y(x)
% d2y = y"(x)
d2y = symsum((n+2)*(n+1)*a(n+2)*x^n,n,0,Nterms);
% from diff eq, compute series up to Nterms
p = taylor(d2y + s*y,x,'Order',Nterms);
% initial conditions for y1(x)
y1 = subs(p,[a0 a(1)], [1 0]);
c1 = coeffs(y1,'All');
c1'  % display in column format
% initial conditions for y2(x)
y2 = subs(p,[a0 a(1)], [0 1]);
c2 = coeffs(y2,'All');
c2'  % display in column format





clear, clc
% call below function for coefficients
b = DispCoeffs(1,0)  % for y1(x)
c = DispCoeffs(0,1)  % for y2(x)

function a = DispCoeffs(a0, a1)
syms x y(x)
% compute all the derivatives
dy1 = diff(y,x,1);
dy2 = -x*exp(-x)*y;  % from equation of problem
dy3 = diff(dy2,x,1);
dy4 = diff(dy3,x,1);
dy5 = diff(dy4,x,1);
dy6 = diff(dy5,x,1);
dy7 = diff(dy6,x,1);
dy8 = diff(dy7,x,1);
% use initial conditions a0, a1
% evaluate all derivatives at x = 0 to get a()*n!
dy20 = subs(dy2,[x,y(x),dy1(x)], ...
               [0,a0,a1]);
dy30 = subs(dy3,[x,y(x),dy1(x),diff(y,x,2)], ...
               [0,a0,a1,dy20]);
dy40 = subs(dy4,[x,y(x),dy1(x),diff(y,x,2),diff(y,x,3)], ...
               [0,a0,a1,dy20,dy30]);
dy50 = subs(dy5,[x,y(x),dy1(x),diff(y,x,2),diff(y,x,3),diff(y,x,4)], ...
               [0,a0,a1,dy20,dy30,dy40]);
dy60 = subs(dy6,[x,y(x),dy1(x),diff(y,x,2),diff(y,x,3), ...
                             diff(y,x,4),diff(y,x,5)], ...
               [0,a0,a1,dy20,dy30,dy40,dy50]);
dy70 = subs(dy7,[x,y(x),dy1(x),diff(y,x,2),diff(y,x,3), ...
                             diff(y,x,4),diff(y,x,5),diff(y,x,6)], ...
               [0,a0,a1,dy20,dy30,dy40,dy50,dy60]);
dy80 = subs(dy8,[x,y(x),dy1(x),diff(y,x,2),diff(y,x,3), ...
                             diff(y,x,4),diff(y,x,5),diff(y,x,6), ...
                             diff(y,x,7)], ...
               [0,a0,a1,dy20,dy30,dy40,dy50,dy60,dy70]);
% compute the coefficients a()
a2 = dy20/factorial(2);
a3 = dy30/factorial(3);
a4 = dy40/factorial(4);
a5 = dy50/factorial(5);
a6 = dy60/factorial(6);
a7 = dy70/factorial(7);
a8 = dy80/factorial(8);
a = [a0 a1 a2 a3 a4 a5 a6 a7 a8]';
end





clear, clc
% call below function for coefficients
n = 8;  % do for 8 terms of x^n
b = DispCoeffs(1,0,n)  % for y1(x)
c = DispCoeffs(0,1,n)  % for y2(x)

function a = DispCoeffs(y_0, dy_0, Nterms)
% Series solution of 2nd order linear diff eq
%   y_0  = y(0)
%   dy_0 = y'(0)
%   Nterms = highest order of x^n desired
% just change dy(2) below from problem
syms x y(x)
% create array of symbolic terms, 's' is a dummy
%   then assign derivatives to the terms
dy = sym('s',[1 Nterms]);
% compute all y derivatives based on y"
%   from equation of problem, store in dy()
dy(2) = -x*sec(x)*diff(y,x,1) + 2*sec(x)*y;
for i = 3:Nterms
    dy(i) = diff(dy(i-1),x,1);
end

% create symbolic array of terms, will assign
%   values of the derivatives at x=0 to terms
dy0 = sym('s',[1 Nterms]);
% use initial conditions y_0, dy_0 to evaluate
%   all y derivatives at x = 0 to get a()*n!
%   store in dy0() array
% preallocate memory for arrays in "subs" command
Aold = sym(zeros(1,Nterms+1));  % will contain "search for" values
Anew = sym(zeros(1,Nterms+1));  % will contain replacemnt values
Aold(1:2) = [x,y];       % intialize before "for" loop
Anew(1:2) = [0,y_0];
dy0(1) = dy_0;
for i = 2:Nterms
    Aold(i+1) = diff(y,x,i-1);
    Anew(i+1) = dy0(i-1);
    % Evaluate derivatives derived from y", dy(i), at x=0
    %   by replacing symbolic derivative functions with
    %   their values at x=0.  Store value in array dy0()
    dy0(i) = subs(dy(i), Aold, Anew);
end

% compute the Taylor coefficients, assign to symbolic array
a = sym('a', [1 Nterms]);
a(1) = dy_0;
for i = 2:Nterms
    a(i) = dy0(i)/factorial(i);
end
a = [y_0, a]';  % expand array to include y_0

end































clear, clc
syms x
P0 = 1;
P = sym('P',[1 5]);
P(1) = x;
P(2) = -1/2 + (3/2)*x^2;
P(3) = (-3/2)*x + (5/2)*x^3;
P(4) = 3/8 - (15/4)*x^2 + (35/8)*x^4;
P(5) = (15/8)*x - (35/4)*x^3 + (63/8)*x^5;
fplot(P0)
hold on
grid on
xlim([-1 1])
ylim([-1.1 1.1])
for i = 1:5
    fplot(P(i))
    vpa(solve(P(i)==0,x))
end
xlabel 'x', ylabel 'P(x)'
title('Legendre Polynomials P0,P1,...P5')
legend('P0','P1','P2','P3','P4','P5','Location','south', ...
       'NumColumns',2)

















5.4 Euler Equations; Regular Singular Points







clear, clc
syms x
f = 2*x^(3/2) - x^(-1);
fplot(f)
grid on
xlabel 'x', ylabel 'y'
title('y = 2x^(^3^/^2^) - x^(^-^1^)')



clear, clc
syms x
f = x^(-1/2)*(2*cos(2*log(x)) - sin(2*log(x)));
fplot(f)
grid on
xlabel 'x', ylabel 'y'
title('y = x^(^-^1^/^2^)*(2*cos(2*log(x)) - sin(2*log(x)))')





clear, clc
syms x
f = 2*x^2 - 7*(x^2)*log(abs(x));
fplot(f,[-3 0])
grid on
xlabel 'x', ylabel 'y'
title('y = 2x^2 - 7(x^2)log(abs(x))')



















































































5.5 Series Solutions Near a Regular Singular Point, Part I





























































































5.6 Series Solutions Near a Regular Singular Point, Part II





















clear, clc
b0 = 0;
NumTerms = 5;    %up to b5
b = zeros(NumTerms,1);
b_last = b0;
for n = 1:NumTerms
    b(n) = (b_last - (2*n/((factorial(n))^2))) / (n^2);
    b_last = b(n);
end
b0
rats(b)  % display as fractions



clear, clc
syms r
NumTerms = 4;  % degree x^4
a = sym('a', [NumTerms, 1])
s = 1;
for n = 1:NumTerms
    s = s*(r+n)^2;
    a(n) = diff(1/s,r,1);
end
subs(a,r,0)









clear, clc
syms a0 r s sn frn
NumTerms = 4;
p0 = 0; q0 = 0;   % preload values of p(n), q(n)
p = [2 0 0 0];    
q = [6 6 3 1];
a = sym('a', [NumTerms,1]);  % create symbolic array
for n = 1:NumTerms
    s = 0;          % initialize sum
    for k = 0:(n-1) % code for sigma from k=0 to n-1
        if k == 0  %MATLAB is 1-based, so a(0) not valid
            sn = a0*(r*p(n) + q(n));
        else
            sn = a(k)*((r+k)*p(n-k)+q(n-k));
        end
        s = s + sn;
    end
    frn = (r+n)*(r+n-1) + p0*(r+n) + q0;
    a(n) = -s/frn;
end
% display coefficients a(n), using a0 = 1, r = 1
subs(a,[a0 r],[1 1])





clear, clc
syms a n x y1 c
NumTerms = 5;

% compute -a*(2y1' + 2y1 - y1/x)
ay = [1, -4, 17/3, -47/12, 191/120];
y1 = 0;
for n = 1:NumTerms  % create y1(x)
    y1 = y1 + ay(n)*x^n;
end
% need the simplify(y1/x) to make a polynomial
pa = -a*(2*diff(y1,x,1) + 2*y1 - simplify(y1/x));
[coef_a, ta] = coeffs(pa,x,'All');
coef_a', ta' % display vertically

% now compute L[S]
% create symbolic array for S(x)
c = sym('c', [1, NumTerms]);
S = 1;
for n = 1:NumTerms
    S = S + c(n)*x^n;
end
S1 = diff(S,x,1);
S2 = diff(S,x,2);
e6 = taylor(6*exp(x), 'Order', NumTerms);
ps = x*S2 + 2*x*S1 + e6*S;  % L[y] = xy" + 2xy' + 6ey
[coefs, ts] = coeffs(ps,x,'All');
coefs', ts'  % display vertically







clear, clc
syms a n x y1 c
NumTerms = 5;

% compute -a*(2y1' + 2y1 - y1/x)
ay = [1, -4, 17/3, -47/12, 191/120];  % y1(x) coeffs
y1 = 0;
for n = 1:NumTerms  % create y1(x)
    y1 = y1 + ay(n)*x^n;
end
% need the simplify(y1/x) to make a polynomial
pa = -a*(2*diff(y1,x,1) + 2*y1 - simplify(y1/x));
[coef_a, ta] = coeffs(pa,x,'All');
coef_a', ta' % display vertically

% now compute L[S]
% create symbolic array for S(x)
c = sym('c', [1, NumTerms]);
S = 1;
for n = 1:NumTerms
    S = S + c(n)*x^n;
end
S1 = diff(S,x,1);
S2 = diff(S,x,2);
e6 = taylor(6*exp(x), 'Order', NumTerms);
ps = x*S2 + 2*x*S1 + e6*S;  % L[y] = xy" + 2xy' + 6ey
[coefs, ts] = coeffs(ps,x,'All');
coefs', ts'  % display vertically

% solve for c(n) coefficients c2 -> c5, setting c1 = 0
v = subs(coef_a, a, -6)'; % evaluate using a = -6
B = v(2:(end-1)) % just the x terms: drop a assignment
C = c(1,2:end)'  % c2 -> c5
% create A from coefs array of L[S] to x^5, with c1 = 0
A = [3, 6, 14, 20;...
     6, 12, 12, 0;...
     10, 6, 0, 0;...
     2, 0, 0, 0];
% coefs array has some constants - subtract off
Xtra = [1/4, 1, 3, 6]';
% A*C = B - Xta
B - Xtra
A*C
C = A\(B - Xtra)





clear, clc
syms a0 r s sn frn
r2 = 0;  % specify r2
NumTerms = 4;
p0 = 0; q0 = 0;   % preload values of p(n), q(n)
p = [2 0 0 0];    
q = [6 6 3 1];
a = sym('a', [NumTerms,1]);  % create recurrence relation
for n = 1:NumTerms
    s = 0;          % initialize sum
    for k = 0:(n-1) % code for sigma from k=0 to n-1
        if k == 0  %MATLAB is 1-based, so a(0) not valid
            sn = a0*(r*p(n) + q(n));
        else
            sn = a(k)*((r+k)*p(n-k)+q(n-k));
        end
        s = s + sn;
    end
    frn = (r+n)*(r+n-1) + p0*(r+n) + q0;
    a(n) = -s/frn;
end
c = sym('c', [1, NumTerms])
for n = 1:NumTerms
    f = simplify((r-r2)*a(n));
    % take derivative of (r-r2)*a(n), evaluate at r = r2
    c(n) = subs(diff(f,r,1),[a0, r],[1, r2]);  % set a0 = 1, r = r2
end
c







clear, clc
syms a0 r s sn frn
r1 = 1;  % specify r1
NumTerms = 4;  % compute to x^4
p0 = 0; q0 = 0;   % preload values of p(n), q(n)
p = [0 0 0 0];    
q = [1 0 0 0];
a = sym('a', [NumTerms,1]);  % create symbolic array
for n = 1:NumTerms
    s = 0;          % initialize sum
    for k = 0:(n-1) % code for sigma from k=0 to n-1
        if k == 0  %MATLAB is 1-based, so a(0) not valid
            sn = a0*(r*p(n) + q(n));
        else
            sn = a(k)*((r+k)*p(n-k)+q(n-k));
        end
        s = s + sn;
    end
    frn = (r+n)*(r+n-1) + p0*(r+n) + q0;
    a(n) = -s/frn;
end
subs(a,[a0 r],[1 r1])  % display coefficients a(n)



clear, clc
syms a0 r s sn frn
r2 = 0;  % specify r2
NumTerms = 4;
p0 = 0; q0 = 0;   % preload values of p(n), q(n)
p = [0 0 0 0];    
q = [1 0 0 0];
a = sym('a', [NumTerms,1]);  % create recurrence relation
for n = 1:NumTerms
    s = 0;          % initialize sum
    for k = 0:(n-1) % code for sigma from k=0 to n-1
        if k == 0  %MATLAB is 1-based, so a(0) not valid
            sn = a0*(r*p(n) + q(n));
        else
            sn = a(k)*((r+k)*p(n-k)+q(n-k));
        end
        s = s + sn;
    end
    frn = (r+n)*(r+n-1) + p0*(r+n) + q0;
    a(n) = -s/frn;
end
c = sym('c', [1, NumTerms])
for n = 1:NumTerms
    % simplify needed so common factors can be canceled, which
    %   avoids a division by zero error
    f = simplify((r-r2)*a(n));
    % take derivative of (r-r2)*a(n), evaluate at r = r2
    c(n) = subs(diff(f,r,1),[a0, r],[1, r2]);  % set a0 = 1, r = r2
end
c



clear, clc
syms a n x y1 c
NumTerms = 5;  % y1 was evaluated to x^5

% compute -a*(2y1' - y1/x)
ay = [1, -1/2, 1/12, -1/144, 1/2880];  % y1(x) coeffs
y1 = 0;
for n = 1:NumTerms  % create y1(x)
    y1 = y1 + ay(n)*x^n;
end
% need the simplify(y1/x) to make a polynomial
pa = -a*(2*diff(y1,x,1) - simplify(y1/x));
[coef_a, ta] = coeffs(pa,x,'All');
coef_a', ta' % display vertically

% now compute L[S]
% create symbolic array for S(x)
c = sym('c', [1, NumTerms]);
S = 1;
% compute to x^4 since -a*(2y1' - y1/x) is degree 4
for n = 1:NumTerms-1
    S = S + c(n)*x^n;
end
S2 = diff(S,x,2);
ps = x*S2 + S;  % L[y] = xy" + y
[coefs, ts] = coeffs(ps,x,'All');
coefs', ts'  % display vertically

% solve for c(n) coefficients c2 -> c4, setting c1 = 0
v = subs(coef_a, a, -1)'; % evaluate using a = -1
B = v(2:(end-1)) % just the x terms: drop a assignment
C = c(1,2:end-1)'  % c2 -> c4
% create A from coefs array of L[S] to x^4, with c1 = 0
A = [0, 1, 12;...
     1, 6, 0;...
     2, 0, 0];
% A*C = B
A*C
C = A\B









clear, clc
syms a0 r s sn frn
r1 = 1;  % specify r1
NumTerms = 4;  % compute to x^4
p0 = 1; q0 = -1;   % preload values of p(n), q(n)
p = [0 -1/6 0 1/120];    
q = [0 1/2 0 -1/24];
a = sym('a', [NumTerms,1]);  % create symbolic array
for n = 1:NumTerms
    s = 0;          % initialize sum
    for k = 0:(n-1) % code for sigma from k=0 to n-1
        if k == 0  %MATLAB is 1-based, so a(0) not valid
            sn = a0*(r*p(n) + q(n));
        else
            sn = a(k)*((r+k)*p(n-k)+q(n-k));
        end
        s = s + sn;
    end
    frn = (r+n)*(r+n-1) + p0*(r+n) + q0;
    a(n) = -s/frn;
end
subs(a,[a0 r],[1 r1])  % display coefficients a(n)



clear, clc
syms a0 r s sn frn
r2 = -1;  % specify r2
NumTerms = 4;
p0 = 1; q0 = -1;   % preload values of p(n), q(n)
p = [0 -1/6 0 1/120];    
q = [0 1/2 0 -1/24];
a = sym('a', [NumTerms,1]);  % create recurrence relation
for n = 1:NumTerms
    s = 0;          % initialize sum
    for k = 0:(n-1) % code for sigma from k=0 to n-1
        if k == 0  %MATLAB is 1-based, so a(0) not valid
            sn = a0*(r*p(n) + q(n));
        else
            sn = a(k)*((r+k)*p(n-k)+q(n-k));
        end
        s = s + sn;
    end
    frn = (r+n)*(r+n-1) + p0*(r+n) + q0;
    a(n) = -s/frn;
end
c = sym('c', [1, NumTerms])
for n = 1:NumTerms
    % simplify needed so common factors can be canceled, which
    %   avoids a division by zero error
    f = simplify((r-r2)*a(n));
    % take derivative of (r-r2)*a(n), evaluate at r = r2
    c(n) = subs(diff(f,r,1),[a0, r],[1, r2]);  % set a0 = 1, r = r2
end
c





clear, clc
syms x
p = (x-1)/(2*log(x));
q = (x-1)^2/log(x);
taylor(p,x,1)
taylor(q,x,1)



clear, clc
syms a0 r s sn frn
r1 = 1/2;  % specify r1
NumTerms = 4;  % compute to x^4
p0 = 1/2; q0 = 0;   % preload values of p(n), q(n)
p = [1/4 -1/24 1/48 -19/1440];    
q = [1 1/2 -1/12 1/25];
a = sym('a', [NumTerms,1]);  % create symbolic array
for n = 1:NumTerms
    s = 0;          % initialize sum
    for k = 0:(n-1) % code for sigma from k=0 to n-1
        if k == 0  %MATLAB is 1-based, so a(0) not valid
            sn = a0*(r*p(n) + q(n));
        else
            sn = a(k)*((r+k)*p(n-k)+q(n-k));
        end
        s = s + sn;
    end
    frn = (r+n)*(r+n-1) + p0*(r+n) + q0;
    a(n) = -s/frn;
end
subs(a,[a0 r],[1 r1])  % display coefficients a(n)





































5.7 Bessel's Equation
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