
7.1 Introduction









clear, clc
t = 0:0.01:2;
x1 = (11/3)*exp(2*t) - (2/3)*exp(-t);
x2 = (11/6)*exp(2*t) - (4/3)*exp(-t);
plot(x1,x2)
grid on
xlabel 'x_1(t)', ylabel 'x_2(t)'
st = strcat('x_1'' = 3x_1 - 2x_2,', ...
            '   x_2'' = 2x_1 - 2x_2');
title(st)





clear, clc
t = 0:0.01:2*pi;
x1 = 3*cos(2*t) + 4*sin(2*t);
x2 = -3*sin(2*t) + 4*cos(2*t);
plot(x1,x2)
hold on      % plot sequential points to get direction
plot(x1(1),x2(1),'r*')   % plot 1st point in red
plot(x1(10),x2(10),'b*') % plot 10th point in blue
grid on
axis equal  % to see if circle or ellipse
xline(0, 'color', 'r');
yline(0, 'color', 'r');
xlabel 'x_1(t)', ylabel 'x_2(t)'
title('x_1 = 3cos(2t) + 4sin(2t),  x_2 = -3sin(2t) + 4cos(2t)')





clear, clc
t = 0:0.01:4*pi;
x1 = exp(-t/2).*(-2*cos(2*t) + 2*sin(2*t));
x2 = exp(-t/2).*(2*cos(2*t) + 2*sin(2*t));
plot(x1,x2)
hold on      % plot sequential points to get direction
plot(x1(1),x2(1),'r*')   % plot 1st point in red
plot(x1(10),x2(10),'b*') % plot 10th point in blue
grid on
axis equal
xline(0, 'color', 'r');
yline(0, 'color', 'r');
xlabel 'x_1(t)', ylabel 'x_2(t)'
title('x_1 = exp(-t/2)(-2cos(2t) + 2sin(2t)),  x_2 = exp(-t/2)(2cos(2t) + 2sin(2t))')

















































7.2 Matrices



clear, clc
A = [1 + 1i, -1 + 2i;
     3 + 2i, 2 - 1i];
B = [1i, 3;
     2, -2i];
B*A





clear, clc
syms a
A = [1, -2, 0;
     3, 2, -1;
     -2, 0, 3];
B = [2, 1, -1;
     -2, 3, 3;
     1, 0, 2];
C = [2, 1, 0;
     1, 2, 2;
     0, 1, -1];
L = (A*B)*C
R = A*(B*C);
isequal(L,R)
L = (A+B)+C
R = A+(B+C);
isequal(L,R)
L = A*(B+C)
R = A*B + A*C;
isequal(L,R)
L = a*(A+B)
R = a*A + a*B;
isequal(L,R)

















clear, clc
A = [1, 2, 3;
     2, 4, 5;
     3, 5, 6];
det(A)
inv(A)

clear, clc
A = [1, 2, 1;
     -2, 1, 8;
     1, -2, -7];
% MATLAB function to evaluate
% how close to zero det is
c = cond(A);
if c < 1000
    inv(A)
else
    c
    determinant =0
end



clear, clc
A = [2, 1, 0;
     0, 2, 1;
     0, 0, 2];
% MATLAB function to evaluate
% how close to zero det is
c = cond(A);
if c < 1000
    c
    InvA = rats(inv(A))
else
    c
    determinant =0
end



clear, clc
A = [2, 3, 1;
     -1, 2, 1;
     4, -1, -1];
% MATLAB function to evaluate
% how close to zero det is
c = cond(A);
if c < 1000
    c
    InvA = rats(inv(A))
else
    c
    determinant =0
end

clear, clc
A = [1, 0, 0, -1;
     0, -1, 1, 0;
     -1, 0, 1, 0;
     0, 1, -1, 1];
% MATLAB function to evaluate
% how close to zero det is
c = cond(A);
if c < 1000
    c
    InvA = rats(inv(A))
else
    c
    determinant =0
end



clear, clc
syms t
A = [exp(t), 2*exp(-t), exp(2*t);
     2*exp(t), exp(-t), -exp(2*t);
     -exp(t), 3*exp(-t), 2*exp(2*t)];
B = [2*exp(t), exp(-t), 3*exp(2*t);
     -exp(t), 2*exp(-t), exp(2*t);
     3*exp(t), -exp(-t), -exp(2*t)];
A + 3*B
A*B



clear, clc
syms t
A = [exp(t), 2*exp(-t), exp(2*t);
     2*exp(t), exp(-t), -exp(2*t);
     -exp(t), 3*exp(-t), 2*exp(2*t)];
B = [2*exp(t), exp(-t), 3*exp(2*t);
     -exp(t), 2*exp(-t), exp(2*t);
     3*exp(t), -exp(-t), -exp(2*t)];
diff(A, t)
int(A, t, 0, 1)







clear, clc
syms t
A = [1, -1, 4;
     3, 2, -1;
     2, 1, -1];
g(t) = [exp(t), exp(-2*t), exp(3*t);
        -4*exp(t), -exp(-2*t), 2*exp(3*t);
        -exp(t), -exp(-2*t), exp(3*t)];
R = A*g(t)
L = diff(g(t), t)
tf = isequal(L, R)  % 1 if true, 0 if false



7.3 Systems of Linear Algebraic Equations; Linear Independence, 
Eigenvalues, Eigenvectors

clear, clc
A = [1, 0, -1;
     3, 1, 1;
     -1, 1, 2];
B = [0, 1, 2]';
C = [A, B]
rats(rref(C))



clear, clc
A = [1, 2, -1;
     2, 1, 1;
     1, -1, 2];
B = [1, 1, 1]';
C = [A, B]
rats(rref(C))

clear, clc
A = [1, 2, -1;
     2, 1, 1;
     1, -1, 2];
B = [2, 1, -1]';
C = [A, B]
rats(rref(C))



clear, clc
A = [1, 2, -1;
     2, 1, 1;
     1, -1, 2];
B = [0, 0, 0]';
C = [A, B]
rats(rref(C))



clear, clc
A = [1, 0, -1;
     3, 1, 1;
     -1, 1, 2];
B = [0, 0, 0]';
C = [A, B]
rats(rref(C))



clear, clc
A = [1, 0, 1;
     1, 1, 0;
     0, 1, 1];
B = [0, 0, 0]';
C = [A, B]
rats(rref(C))



clear, clc
A = [2, 0, -1;
     1, 1, 2;
     0, 0, 0];
B = [0, 0, 0]';
C = [A, B]
rats(rref(C))



clear, clc
A = [1, 2, -1, 3;
     2, 3, 0, -1;
     -1, 1, 2, 1;
     0, -1, 2, 3];
B = [0, 0, 0, 0]';
C = [A, B]
rats(rref(C))

clear, clc
A = [1, 3, 2, 4;
     2, 1, -1, 3;
     -2, 0, 1, -2];
B = [0, 0, 0]';
C = [A, B]
rref(C)





clear, clc
A = [1, 1, 3;
     2, 1, 0];
B = [0, 0]';
C = [A, B]
rref(C)







clear, clc
syms x
eqn = x^2 - 2*x + 5 == 0;
eigv = solve(eqn, x)
A = [3, -2;
     4, -1];
B = [0, 0]';
for i = 1:2
    C = [A - eigv(i)*eye(2), B];
    rref(C)   
end





clear, clc
syms x
A = [1, 0, 0;
     2, 1, -2;
     3, 2, 1];
p = det(A - x*eye(3))
eigv = solve(p==0,x);
B = [0, 0, 0]';
for i =1:3
    C = [A - eigv(i)*eye(3), B];
   disp(eigv(i)), disp(rref(C))
end



clear, clc
syms x
A = [3, 2, 2;
     1, 4, 1;
     -2, -4, -1];
p = det(A - x*eye(3))
eigv = solve(p==0,x);
B = [0, 0, 0]';
for i =1:3
    C = [A - eigv(i)*eye(3), B];
    disp(eigv(i)), disp(rref(C))
end



clear, clc
syms x
A = [11/9, -2/9, 8/9;
     -2/9, 2/9, 10/9;
     8/9, 10/9, 5/9];
p = det(A - x*eye(3))
eigv = solve(p==0,x);
B = [0, 0, 0]';
for i =1:3
    C = [A - eigv(i)*eye(3), B];
    disp(eigv(i)), disp(rref(C))
end











clear, clc
A = [1, -2, 3;
     -1, 1, -2;
     2, -1, 3];
rref(A')

















7.4 Basic Theory of Systems of First-Order Linear Equations













clear, clc
syms t c1 c2
P = [2, -5;
     1, -2];
x1 = [5*cos(t);
      2*cos(t) + sin(t)];
x2 = [5*sin(t);
      2*sin(t) - cos(t)];
Px1 = P*x1
dx1 = diff(x1,t,1)
Px2 = P*x2
dx2 = diff(x2,t,1)



clear, clc
syms t c1 c2
P = [2, -5;
     1, -2];
x1 = [5*cos(t);
      2*cos(t) + sin(t)];
x2 = [5*sin(t);
      2*sin(t) - cos(t)];
Px1 = P*x1
dx1 = diff(x1,t,1)
Px2 = P*x2
dx2 = diff(x2,t,1)
x = c1*x1 + c2*x2
Px = collect(P*x, [c1,c2])
dx = collect(diff(x,t,1), [c1,c2])

clear, clc
syms t c1 c2
P = [2, -5;
     1, -2];
x1 = [5*cos(t);
      2*cos(t) + sin(t)];
x2 = [5*sin(t);
      2*sin(t) - cos(t)];
% (a)
Px1 = P*x1
dx1 = diff(x1,t,1)
Px2 = P*x2
dx2 = diff(x2,t,1)
% (b)
x = c1*x1 + c2*x2
Px = collect(P*x, [c1,c2])
dx = collect(diff(x,t,1), [c1,c2])
% (c)
x1x2 = [x1, x2]
W = det(x1x2)



clear, clc
syms t c1 c2
P = [2, -5;
     1, -2];
x1 = [5*cos(t);
      2*cos(t) + sin(t)];
x2 = [5*sin(t);
      2*sin(t) - cos(t)];
% (a)
Px1 = P*x1
dx1 = diff(x1,t,1)
Px2 = P*x2
dx2 = diff(x2,t,1)
% (b)
x = c1*x1 + c2*x2
Px = collect(P*x, [c1,c2])
dx = collect(diff(x,t,1), [c1,c2])
% (c)
x1x2 = [x1, x2]
W = det(x1x2)
% (d)
x0 = [subs(x1,t,0), subs(x2,t,0)]
b = [1,2]'
c = linsolve(x0,b)   % solve x0*c = b
x1x2*c



clear, clc
syms t c1 c2
P = [4, -2;
     8, -4];
x1 = [2,4]';
x2 = [2,4]'*t - [0,1]';
% (a)
Px1 = P*x1
dx1 = diff(x1,t,1)
Px2 = P*x2
dx2 = diff(x2,t,1)
% (b)
x = c1*x1 + c2*x2
Px = collect(P*x, [c1,c2])
dx = collect(diff(x,t,1), [c1,c2])
% (c)
x1x2 = [x1, x2]
W = det(x1x2)
% (d)
x0 = [subs(x1,t,0), subs(x2,t,0)]
b = [1,2]'
c = linsolve(x0,b)   % solve x0*c = b
x1x2*c
% (f)
dW = diff(W, t,1)
P11P22 = P(1,1) + P(2,2)
P11P22xW = P11P22*W







clear, clc
syms t c1 c2
P = (1/t)*[2, -1;
           3, -2];
x1 = [1,1]'*t;
x2 = [1,3]'*(1/t);
% (a)
Px1 = P*x1
dx1 = diff(x1,t,1)
Px2 = P*x2
dx2 = diff(x2,t,1)
% (b)
x = c1*x1 + c2*x2
Px = collect(P*x, [c1,c2])
dx = collect(diff(x,t,1), [c1,c2])
% (c)
x1x2 = [x1, x2]
W = det(x1x2)
% (d)
%x0 = [subs(x1,t,0), subs(x2,t,0)]
%b = [1,2]'
%c = linsolve(x0,b)   % solve x0*c = b
%x1x2*c
% (f)
dW = diff(W, t,1)
P11P22 = P(1,1) + P(2,2)
P11P22xW = P11P22*W





clear, clc
syms t c1 c2
P = (1/t)*[3, -2;
           2, -2];
x1 = [1,2]'*(1/t);
x2 = [2,1]'*t^2;
% (a)
Px1 = P*x1
dx1 = diff(x1,t,1)
Px2 = P*x2
dx2 = diff(x2,t,1)
% (b)
x = c1*x1 + c2*x2
Px = collect(P*x, [c1,c2])
dx = collect(diff(x,t,1), [c1,c2])
% (c)
x1x2 = [x1, x2]
W = det(x1x2)
% (d)
%x0 = [subs(x1,t,0), subs(x2,t,0)]
%b = [1,2]'
%c = linsolve(x0,b)   % solve x0*c = b
%x1x2*c
% (f)
dW = diff(W, t,1)
P11P22 = P(1,1) + P(2,2)
P11P22xW = P11P22*W





























































7.5 Homogeneous Linear Systems with Constant Coefficients

clear
% set plot boundaries
Xmin = -5; Xmax = 5;  
Ymin = -5; Ymax = 5;
% set how fine to make the grid of values
Step = 0.5;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
A = [3, -2;
     2, -2];
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel 'x1', ylabel 'x2'
title 'Direction Field for X'' = AX'



clear
A = [3, -2;
     2, -2];
[V,D] = eig(A);
ev1 = D(1,1)   % eigenvalues
ev2 = D(2,2)
% normalized eigenvectors
if V(1,1) ~= 0
    evec1 = V(:,1)/V(1,1)
else
    evec1 = V(:,1)/V(2,1)
end
if V(1,2) ~= 0
    evec2 = V(:,2)/V(1,2)
else
    evec2 = V(:,2)/V(2,2)
end



[V,D] = eig(A);
ev1 = D(1,1)   % eigenvalues
ev2 = D(2,2)
if V(1,1) ~= 0  % normalized eigenvectors
    evec1 = V(:,1)/V(1,1)
else
    evec1 = V(:,1)/V(2,1)
end
if V(1,2) ~= 0
    evec2 = V(:,2)/V(1,2)
else
    evec2 = V(:,2)/V(2,2)
end

hold on   %  plot phase portrait trajectories
m1 = evec1(2)/evec1(1)
m2 = evec2(2)/evec2(1)
plot(x,m1*x, 'k')     % asymptotic lines
plot(x,m2*x, '--k')
t = -2.5:0.05:2.5;
x1 = evec1*exp(ev1*t);
x2 = evec2*exp(ev2*t);
for c1 = [-2,-0.3,0.3,2]
    for c2 = [-2,-0.3,0.3,2]
        p = c1*x1 + c2*x2;
        u = p(1,:);
        v = p(2,:);
        plot(u,v)
    end
end



clear
% set plot boundaries
Xmin = -5; Xmax = 5;  
Ymin = -5; Ymax = 5;
% set how fine to make the grid of values
Step = 0.5;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
A = [1, -2;
     3, -4];
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel 'x1', ylabel 'x2'
title 'Direction Field for X'' = AX'

clear
A = [1, -2;
     3, -4];
[V,D] = eig(A);
ev1 = D(1,1)   % eigenvalues
ev2 = D(2,2)
% normalized eigenvectors
if V(1,1) ~= 0
    evec1 = V(:,1)/V(1,1)
else
    evec1 = V(:,1)/V(2,1)
end
if V(1,2) ~= 0
    evec2 = V(:,2)/V(1,2)
else
    evec2 = V(:,2)/V(2,2)
end





clear
% set plot boundaries
Xmin = -5; Xmax = 5;  
Ymin = -5; Ymax = 5;
% set how fine to make the grid of values
Step = 0.5;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
A = [1, -2;
     3, -4];
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel 'x1', ylabel 'x2'
title 'Direction Field for X'' = AX'

[V,D] = eig(A);
ev1 = D(1,1)   % eigenvalues
ev2 = D(2,2)
if V(1,1) ~= 0  % normalized eigenvectors
    evec1 = V(:,1)/V(1,1)
else
    evec1 = V(:,1)/V(2,1)
end
if V(1,2) ~= 0
    evec2 = V(:,2)/V(1,2)
else
    evec2 = V(:,2)/V(2,2)
end

hold on   %  plot phase portrait trajectories
m1 = evec1(2)/evec1(1)
m2 = evec2(2)/evec2(1)
plot(x,m1*x, 'k')     % asymptotic lines
plot(x,m2*x, '--k')
t = -2.5:0.05:2.5;
x1 = evec1*exp(ev1*t);
x2 = evec2*exp(ev2*t);
for c1 = [-2,-0.3,0.3,2]
    for c2 = [-2,-0.3,0.3,2]
        p = c1*x1 + c2*x2;
        u = p(1,:);
        v = p(2,:);
        plot(u,v)
    end
end



clear
% set plot boundaries
Xmin = -5; Xmax = 5;  
Ymin = -5; Ymax = 5;
% set how fine to make the grid of values
Step = 0.5;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
A = [2, -1;
     3, -2];
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel 'x1', ylabel 'x2'
title 'Direction Field for X'' = AX'

clear
A = [2, -1;
     3, -2];
[V,D] = eig(A);
ev1 = D(1,1)   % eigenvalues
ev2 = D(2,2)
% normalized eigenvectors
if V(1,1) ~= 0
    evec1 = V(:,1)/V(1,1)
else
    evec1 = V(:,1)/V(2,1)
end
if V(1,2) ~= 0
    evec2 = V(:,2)/V(1,2)
else
    evec2 = V(:,2)/V(2,2)
end





clear
% set plot boundaries
Xmin = -5; Xmax = 5;  
Ymin = -5; Ymax = 5;
% set how fine to make the grid of values
Step = 0.5;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
A = [2, -1;
     3, -2];
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel 'x1', ylabel 'x2'
title 'Direction Field for X'' = AX'

[V,D] = eig(A);
ev1 = D(1,1)   % eigenvalues
ev2 = D(2,2)
if V(1,1) ~= 0  % normalized eigenvectors
    evec1 = V(:,1)/V(1,1)
else
    evec1 = V(:,1)/V(2,1)
end
if V(1,2) ~= 0
    evec2 = V(:,2)/V(1,2)
else
    evec2 = V(:,2)/V(2,2)
end

hold on   %  plot phase portrait trajectories
m1 = evec1(2)/evec1(1)
m2 = evec2(2)/evec2(1)
plot(x,m1*x, 'k')     % asymptotic lines
plot(x,m2*x, '--k')
t = -2.5:0.05:2.5;
x1 = evec1*exp(ev1*t);
x2 = evec2*exp(ev2*t);
for c1 = [-2,-0.3,0.3,2]
    for c2 = [-2,-0.3,0.3,2]
        p = c1*x1 + c2*x2;
        u = p(1,:);
        v = p(2,:);
        plot(u,v)
    end
end



clear
% set plot boundaries
Xmin = -5; Xmax = 5;  
Ymin = -5; Ymax = 5;
% set how fine to make the grid of values
Step = 0.5;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
A = [5/4, 3/4;
     3/4, 5/4];
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel 'x1', ylabel 'x2'
title 'Direction Field for X'' = AX'

clear
A = [5/4, 3/4;
     3/4, 5/4];
[V,D] = eig(A);
ev1 = D(1,1)   % eigenvalues
ev2 = D(2,2)
% normalized eigenvectors
if V(1,1) ~= 0
    evec1 = V(:,1)/V(1,1)
else
    evec1 = V(:,1)/V(2,1)
end
if V(1,2) ~= 0
    evec2 = V(:,2)/V(1,2)
else
    evec2 = V(:,2)/V(2,2)
end





clear
% set plot boundaries
Xmin = -5; Xmax = 5;  
Ymin = -5; Ymax = 5;
% set how fine to make the grid of values
Step = 0.5;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
A = [5/4, 3/4;
     3/4, 5/4];
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel 'x1', ylabel 'x2'
title 'Direction Field for X'' = AX'

[V,D] = eig(A);
ev1 = D(1,1)   % eigenvalues
ev2 = D(2,2)
if V(1,1) ~= 0  % normalized eigenvectors
    evec1 = V(:,1)/V(1,1)
else
    evec1 = V(:,1)/V(2,1)
end
if V(1,2) ~= 0
    evec2 = V(:,2)/V(1,2)
else
    evec2 = V(:,2)/V(2,2)
end

hold on   %  plot phase portrait trajectories
m1 = evec1(2)/evec1(1)
m2 = evec2(2)/evec2(1)
plot(x,m1*x, 'k')     % asymptotic lines
plot(x,m2*x, '--k')
t = -2.5:0.05:2.5;
x1 = evec1*exp(ev1*t);
x2 = evec2*exp(ev2*t);
for c1 = [-2,-0.3,0.3,2]
    for c2 = [-2,-0.3,0.3,2]
        p = c1*x1 + c2*x2;
        u = p(1,:);
        v = p(2,:);
        plot(u,v)
    end
end



clear
% set plot boundaries
Xmin = -5; Xmax = 5;  
Ymin = -5; Ymax = 5;
% set how fine to make the grid of values
Step = 0.5;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
A = [4, -3;
     8, -6];
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel 'x1', ylabel 'x2'
title 'Direction Field for X'' = AX'

clear
A = [4, -3;
     8, -6];
[V,D] = eig(A);
ev1 = D(1,1)   % eigenvalues
ev2 = D(2,2)
% normalized eigenvectors
if V(1,1) ~= 0
    evec1 = V(:,1)/V(1,1)
else
    evec1 = V(:,1)/V(2,1)
end
if V(1,2) ~= 0
    evec2 = V(:,2)/V(1,2)
else
    evec2 = V(:,2)/V(2,2)
end





clear
% set plot boundaries
Xmin = -3; Xmax = 3;  
Ymin = -3; Ymax = 3;
% set how fine to make the grid of values
Step = 0.25;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
A = [4, -3;
     8, -6];
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel 'x1', ylabel 'x2'
title 'Direction Field for X'' = AX'

[V,D] = eig(A);
ev1 = D(1,1)   % eigenvalues
ev2 = D(2,2)
if V(1,1) ~= 0  % normalized eigenvectors
    evec1 = V(:,1)/V(1,1)
else
    evec1 = V(:,1)/V(2,1)
end
if V(1,2) ~= 0
    evec2 = V(:,2)/V(1,2)
else
    evec2 = V(:,2)/V(2,2)
end

hold on   %  plot phase portrait trajectories
m1 = evec1(2)/evec1(1)
m2 = evec2(2)/evec2(1)
plot(x,m1*x, 'k')     % asymptotic lines
plot(x,m2*x, '--k')
t = -2.5:0.05:2.5;
x1 = evec1*exp(ev1*t);
x2 = evec2*exp(ev2*t);
for c1 = [-2, -0.3, 0.3, 2]
    for c2 = [-2,0,2]
        p = c1*x1 + c2*x2;
        u = p(1,:);
        v = p(2,:);
        if c2 > 0
            plot(u,v,'b')  % blue
        elseif c2 < 0
            plot(u,v,'g')  % green
        else
            plot(u,v,'*b')
        end
    end
end



clear
% set plot boundaries
Xmin = -5; Xmax = 5;  
Ymin = -5; Ymax = 5;
% set how fine to make the grid of values
Step = 0.5;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
A = [3, 6;
     -1, -2];
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel 'x1', ylabel 'x2'
title 'Direction Field for X'' = AX'

clear
A = [3, 6;
     -1, -2];
[V,D] = eig(A);
ev1 = D(1,1)   % eigenvalues
ev2 = D(2,2)
% normalized eigenvectors
if V(1,1) ~= 0
    evec1 = V(:,1)/V(1,1)
else
    evec1 = V(:,1)/V(2,1)
end
if V(1,2) ~= 0
    evec2 = V(:,2)/V(1,2)
else
    evec2 = V(:,2)/V(2,2)
end





clear
% set plot boundaries
Xmin = -3; Xmax = 3;  
Ymin = -2; Ymax = 2;
% set how fine to make the grid of values
Step = 0.25;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
A = [3, 6;
     -1, -2];
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel 'x1', ylabel 'x2'
title 'Direction Field for X'' = AX'

[V,D] = eig(A);
ev1 = D(1,1)   % eigenvalues
ev2 = D(2,2)
if V(1,1) ~= 0  % normalized eigenvectors
    evec1 = V(:,1)/V(1,1)
else
    evec1 = V(:,1)/V(2,1)
end
if V(1,2) ~= 0
    evec2 = V(:,2)/V(1,2)
else
    evec2 = V(:,2)/V(2,2)
end

hold on   %  plot phase portrait trajectories
m1 = evec1(2)/evec1(1)
m2 = evec2(2)/evec2(1)
plot(x,m1*x, 'k')     % asymptotic lines
plot(x,m2*x, '--k')
t = -2.5:0.05:2.5;
x1 = evec1*exp(ev1*t);
x2 = evec2*exp(ev2*t);
for c1 = [-2, 0, 2]
    for c2 = [-2,0,2]
        p = c1*x1 + c2*x2;
        u = p(1,:);
        v = p(2,:);
        if c1 > 0
            plot(u,v,'b')  % blue
        elseif c1 < 0
            plot(u,v,'g')  % green
        else
            plot(u,v,'*b')
        end
    end
end



clear, clc
n = 3;  % size of system
A = [1, 1, 2;
     1, 2, 1;
     2, 1, 1];
[V,D] = eig(A);  % eigenvectors, values
for i =1:n
    D(i,i)   % display eigenvalues
    rref(A - D(i,i)*eye(n))
end



clear, clc
n = 3;  % size of system
A = [3, 2, 4;
     2, 0, 2;
     4, 2, 3];
[V,D] = eig(A);  % eigenvectors, values
for i =1:n
    D(i,i)   % display eigenvalues
    rref(A - D(i,i)*eye(n))
end



clear, clc
n = 3;  % size of system
A = [1, -1, 4;
     3, 2, -1;
     2, 1, -1];
[V,D] = eig(A);  % eigenvectors, values
for i =1:n
    D(i,i)   % display eigenvalues
    rref(A - D(i,i)*eye(n))
end



clear, clc
n = 2;  % size of system
A = [5, -1;
     3, 1];
[V,D] = eig(A);  % eigenvectors, values
for i =1:n
    D(i,i)   % display eigenvalues
    rref(A - D(i,i)*eye(n))
end

R = [1,1;
     1,3];
X = [2;-1];
linsolve(R,X)



clear, clc
n = 2;  % size of system
A = [-2, 1;
     -5, 4];
[V,D] = eig(A);  % eigenvectors, values
for i =1:n
    D(i,i)   % display eigenvalues
    rref(A - D(i,i)*eye(n))
end

R = [1,1;
     1,5];
X = [1;3];
linsolve(R,X)



clear, clc
n = 3;  % size of system
A = [0, 0, -1;
     2, 0, 0;
     -1, 2, 4];
[V,D] = eig(A);  % eigenvectors, values
for i =1:n
    D(i,i)   % display eigenvalues
    rref(A - D(i,i)*eye(n))
end

R = [1, 1, 2;
     -2, 2, 1;
     1, -1, -8];
X = [7;5;5];
linsolve(R,X)





clear, clc
n = 2; % size of system
A = [2, -1;
     3, -2];
for r = [-1, 1]
    r
    rref(A - r*eye(n))
end



clear, clc
syms r
n = 2; % size of system
A = [5, -1;
     3, 1];
s = solve(det(A - r*eye(n))==0);
for i = 1:size(s)
    s(i)
    rref(A - s(i)*eye(n))
end

clear, clc
syms r
n = 2; % size of system
A = [4, -3;
     8, -6];
s = solve(det(A - r*eye(n))==0);
for i = 1:size(s)
    s(i)
    rref(A - s(i)*eye(n))
end





clear, clc
% set plot boundaries
Xmin = -4; Xmax = 4;  
Ymin = -4; Ymax = 4;
ev1 = -1;    % eigenvalues
ev2 = -2;
evec1 = [-1; 2];  % eigenvectors
evec2 = [1; 2];
% compute slopes of asymptotic lines
m1 = evec1(2)/evec1(1);
m2 = evec2(2)/evec2(1);
t = -2.5:0.05:2.5;
figure
xlim([Xmin,Xmax])
ylim([Ymin,Ymax])
hold on
xline(0); yline(0);  % axes
plot(t,m1*t, 'k')  % asymptotic lines
plot(t,m2*t, '--k')
s1 = evec1*exp(ev1*t);
s2 = evec2*exp(ev2*t);
% plot trajectories for various c1,c2
for c1 = [-2,-0.3,0.3,2]
    for c2 = [-2,-0.3,0.3,2]
        x = c1*s1 + c2*s2;
        x1 = x(1,:);
        x2 = x(2,:);
        plot(x1,x2)
    end
end
xlabel 'x1', ylabel 'x2'
title 'Phase Portrait of x'' = Ax, -2.5 <= t <= 2.5'



M = [evec1, evec2];
B = [2; 3];
C = linsolve(M,B)
t = 0:0.05:2.5;  % now just look at t>=0
s1 = evec1*exp(ev1*t);
s2 = evec2*exp(ev2*t);
x = C(1)*s1 + C(2)*s2;
x1 = x(1,:);
x2 = x(2,:);
figure
hold on
grid on
xlim([Xmin,Xmax])
ylim([Ymin,Ymax])
xline(0); yline(0);
plot(x1,x2)
xlabel 'x1', ylabel 'x2'
title 'Trajectory through (2,3), t >= 0'

figure
plot(t,x1)
ylim([0, 4])
grid on
xlabel 't', ylabel 'x1'
title 'x1(t) vs t'

figure
plot(t,x2)
ylim([0, 4])
grid on
xlabel 't', ylabel 'x2'
title 'x2(t) vs t'





clear, clc
% set plot boundaries
Xmin = -4; Xmax = 4;  
Ymin = -4; Ymax = 4;
ev1 = 1;    % eigenvalues
ev2 = -2;
evec1 = [-1; 2];  % eigenvectors
evec2 = [1; 2];
% compute slopes of asymptotic lines
m1 = evec1(2)/evec1(1);
m2 = evec2(2)/evec2(1);
t = -2.5:0.05:2.5;
figure
xlim([Xmin,Xmax])
ylim([Ymin,Ymax])
hold on
xline(0); yline(0);  % axes
plot(t,m1*t, 'k')  % asymptotic lines
plot(t,m2*t, '--k')
s1 = evec1*exp(ev1*t);
s2 = evec2*exp(ev2*t);
% plot trajectories for various c1,c2
for c1 = [-2,-0.3,0.3,2]
    for c2 = [-2,-0.3,0.3,2]
        x = c1*s1 + c2*s2;
        x1 = x(1,:);
        x2 = x(2,:);
        plot(x1,x2)
    end
end
xlabel 'x1', ylabel 'x2'
title 'Phase Portrait of x'' = Ax, -2.5 <= t <= 2.5'



M = [evec1, evec2];
B = [2; 3];
C = linsolve(M,B)
t = 0:0.05:2.5;  % now just look at t>=0
s1 = evec1*exp(ev1*t);
s2 = evec2*exp(ev2*t);
x = C(1)*s1 + C(2)*s2;
x1 = x(1,:);
x2 = x(2,:);
figure
hold on
grid on
xlim([Xmin,Xmax])
ylim([Ymin,Ymax])
xline(0); yline(0);
plot(x1,x2)
xlabel 'x1', ylabel 'x2'
title 'Trajectory through (2,3), t >= 0'

figure
plot(t,x1)
ylim([0, 4])
grid on
xlabel 't', ylabel 'x1'
title 'x1(t) vs t'

figure
plot(t,x2)
ylim([-8, 4])
grid on
xlabel 't', ylabel 'x2'
title 'x2(t) vs t'





clear, clc
% set plot boundaries
Xmin = -4; Xmax = 4;  
Ymin = -4; Ymax = 4;
ev1 = 1;    % eigenvalues
ev2 = 2;
evec1 = [1; 2];  % eigenvectors
evec2 = [1; ‐2];
% compute slopes of asymptotic lines
m1 = evec1(2)/evec1(1);
m2 = evec2(2)/evec2(1);
t = -2.5:0.05:2.5;
figure
xlim([Xmin,Xmax])
ylim([Ymin,Ymax])
hold on
xline(0); yline(0);  % axes
plot(t,m1*t, 'k')  % asymptotic lines
plot(t,m2*t, '--k')
s1 = evec1*exp(ev1*t);
s2 = evec2*exp(ev2*t);
% plot trajectories for various c1,c2
for c1 = [-2,-0.3,0.3,2]
    for c2 = [-2,-0.3,0.3,2]
        x = c1*s1 + c2*s2;
        x1 = x(1,:);
        x2 = x(2,:);
        plot(x1,x2)
    end
end
xlabel 'x1', ylabel 'x2'
title 'Phase Portrait of x'' = Ax, -2.5 <= t <= 2.5'

M = [evec1, evec2];
B = [2; 3];
C = linsolve(M,B)
t = 0:0.05:4;  % now just look at t>=0
s1 = evec1*exp(ev1*t);
s2 = evec2*exp(ev2*t);
x = C(1)*s1 + C(2)*s2;
x1 = x(1,:);
x2 = x(2,:);
figure
hold on
grid on
xlim([-1,8])
ylim([-1,8])
xline(0); yline(0);
plot(t,m1*t, 'k')  % asymptotic lines
plot(t,m2*t, '--k')
plot(x1,x2)
xlabel 'x1', ylabel 'x2'
title 'Trajectory through (2,3), t >= 0'



figure
plot(t,x1)
ylim([0, 10])
grid on
xlabel 't', ylabel 'x1'
title 'x1(t) vs t'

figure
plot(t,x2)
ylim([0, 10])
grid on
xlabel 't', ylabel 'x2'
title 'x2(t) vs t'

















clear
syms r
A = [-1/10, 3/40;
     1/10, -1/5];
s = solve(det(A-r*eye(2))==0,r);
for i=1:2
   s(i)   % show eigenvalue
   % rref to compute eigenvector
   rref(A-s(i)*eye(2)) 
end



B = [-17; -21];
V = [1, 3;
     -2, 2];
format rat
C = linsolve(V, B)

t = 0:0.05:40;
evec1 = V(:,1);
evec2 = V(:,2);
x = C(1)*evec1*exp(s(1)*t) + ...
    C(2)*evec2*exp(s(2)*t);
x1 = x(1,:);
x2 = x(2,:);
figure
hold on
plot(t, x1)
plot(t, x2)
grid on
xlabel 't', ylabel 'x1, x2'
title 'Component solutions to x'' = Ax'
legend('x1','x2', 'Location', 'northwest')





for i = 74.39:0.01:74.40
    y = vpa(C(1)*evec1*exp(s(1)*i) + ...
        C(2)*evec2*exp(s(2)*i))
end



clear
syms a
A = [-1, -1;
     -a, -1];
% assign a = 1/2
[V,D] = eig(subs(A,a,1/2))

clear
syms a
A = [-1, -1;
     -a, -1];
% assign a = 2
[V,D] = eig(subs(A,a,2))







clear
syms a
% Trick to get rational output
% Use 'syms', then 'subs'
A = [-1/2, -1/2;
     3/2, a];
% assign a = -5/2
[V, D] = eig(subs(A,a,-5/2))











7.6 Complex-Valued Eigenvalues

clear
% Direction field - set plot boundaries
Xmin = -5; Xmax = 5;  
Ymin = -5; Ymax = 5;
% set how fine to make the grid of values
Step = 0.5;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
A = [-1, -4;        % Enter A
     1, -1];
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])  % plot bounds
xlabel 'x1', ylabel 'x2'
title 'Direction Field for X'' = AX'

% get evalues, evectors for trajectories
[V,D] = eig(A);
ev1 = D(1,1)   % eigenvalues
ev2 = D(2,2)
syms z
for n = 1:2    % eigenvectors
    R = rref(A - D(n,n)*eye(2));
    % free variable = 1, S for  pivot
    S = solve(R(1,1)*z + R(1,2) == 0,z);
    if n == 1
        evec1 = [S;1]
    else
        evec2 = [S;1]
    end
end

%  plot phase portrait trajectories
%    over direction field
hold on
% size interval to exceed plot bounds
t = -5:0.05:5;  
if ~isreal(ev1)
    x = evec1*exp(ev1*t);
    x1 = real(x);
    x2 = imag(x);
else
    x1 = evec1*exp(ev1*t);
    x2 = evec2*exp(ev2*t);
end
% create array of various coeff values
c = [1, 0, -1, -1, -1,  0,  1, 1;
     0, 1, -1,  0,  1, -1, -1, 1];
for n = 1:size(c,2)  % up to # columns of c[]
    p = c(1,n)*x1 + c(2,n)*x2;
    u = p(1,:);  % top row
    v = p(2,:);  % bottom row
    if (c(1,n)==1) && (c(2,n)==0)
        plot(u,v, '-k')
    elseif (c(1,n)==0) && (c(2,n)==1)
        plot(u,v, '--k')
    else
        plot(u,v)
    end
end







clear
% Direction field - set plot boundaries
Xmin = -7; Xmax = 7;  
Ymin = -7; Ymax = 7;
% set how fine to make the grid of values
Step = 0.5;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
A = [2, -5;        % Enter A
     1, -2];
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])  % plot bounds
xlabel 'x1', ylabel 'x2'
title 'Direction Field for X'' = AX'

% get evalues, evectors for trajectories
[V,D] = eig(A);
ev1 = D(1,1)   % eigenvalues
ev2 = D(2,2)
syms z
for n = 1:2    % eigenvectors
    R = rref(A - D(n,n)*eye(2));
    % free variable = 1, S for  pivot
    S = solve(R(1,1)*z + R(1,2) == 0,z);
    if n == 1
        evec1 = [S;1]
    else
        evec2 = [S;1]
    end
end

%  plot phase portrait trajectories
%    over direction field
hold on
% size interval to exceed plot bounds
t = -5:0.05:5;  
if ~isreal(ev1)
    x = evec1*exp(ev1*t);
    x1 = real(x);
    x2 = imag(x);
else
    x1 = evec1*exp(ev1*t);
    x2 = evec2*exp(ev2*t);
end
% create array of various coeff values
c = [1, 0, -2, -2, -2,  0,  2, 2;
     0, 1, -2,  0,  2, -2, -2, 2];
for n = 1:size(c,2)  % up to # columns of c[]
    p = c(1,n)*x1 + c(2,n)*x2;
    u = p(1,:);  % top row
    v = p(2,:);  % bottom row
    if (c(1,n)==1) && (c(2,n)==0)
        plot(u,v, '-k')
    elseif (c(1,n)==0) && (c(2,n)==1)
        plot(u,v, '--k')
    else
        plot(u,v)
    end
end





clear
% Direction field - set plot boundaries
Xmin = -7; Xmax = 7;  
Ymin = -7; Ymax = 7;
% set how fine to make the grid of values
Step = 0.5;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
A = [1, -1;        % Enter A
     5, -3];
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])  % plot bounds
xlabel 'x1', ylabel 'x2'
title 'Direction Field for X'' = AX'

% get evalues, evectors for trajectories
[V,D] = eig(A);
ev1 = D(1,1)   % eigenvalues
ev2 = D(2,2)
syms z
for n = 1:2    % eigenvectors
    R = rref(A - D(n,n)*eye(2));
    % free variable = 1, S for  pivot
    S = solve(R(1,1)*z + R(1,2) == 0,z);
    if n == 1
        evec1 = [S;1]
    else
        evec2 = [S;1]
    end
end
%  plot phase portrait trajectories
%    over direction field
hold on
% size interval to exceed plot bounds
t = -5:0.05:5;  
if ~isreal(ev1)
    x = evec1*exp(ev1*t);
    x1 = real(x);
    x2 = imag(x);
else
    x1 = evec1*exp(ev1*t);
    x2 = evec2*exp(ev2*t);
end
% create array of various coeff values
c = [1, 0, -1, -1, -1,  0,  1, 1;
     0, 1, -1,  0,  1, -1, -1, 1];
for n = 1:size(c,2)  % up to # columns of c[]
    p = c(1,n)*x1 + c(2,n)*x2;
    u = p(1,:);  % top row
    v = p(2,:);  % bottom row
    if (c(1,n)==1) && (c(2,n)==0)
        plot(u,v, '-k')
    elseif (c(1,n)==0) && (c(2,n)==1)
        plot(u,v, '--k')
    else
        plot(u,v)
    end
end







clear
% Direction field - set plot boundaries
Xmin = -3; Xmax = 3;  
Ymin = -3; Ymax = 3;
% set how fine to make the grid of values
Step = 0.25;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
A = [1, 2;        % Enter A
     -5, -1];
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])  % plot bounds
xlabel 'x1', ylabel 'x2'
title 'Direction Field for X'' = AX'

% get evalues, evectors for trajectories
[V,D] = eig(A);
ev1 = D(1,1)   % eigenvalues
ev2 = D(2,2)
syms z
for n = 1:2    % eigenvectors
    R = rref(A - D(n,n)*eye(2));
    % free variable = 1, S for  pivot
    S = solve(R(1,1)*z + R(1,2) == 0,z);
    if n == 1
        evec1 = [S;1]
    else
        evec2 = [S;1]
    end
end
%  plot phase portrait trajectories
%    over direction field
hold on
% size interval to exceed plot bounds
t = -5:0.05:5;  
if ~isreal(ev1)
    x = evec1*exp(ev1*t);
    x1 = real(x);
    x2 = imag(x);
else
    x1 = evec1*exp(ev1*t);
    x2 = evec2*exp(ev2*t);
end
% create array of various coeff values
c = [1, 0, -2, -2, -2,  0,  2, 2;
     0, 1, -2,  0,  2, -2, -2, 2];
for n = 1:size(c,2)  % up to # columns of c[]
    p = c(1,n)*x1 + c(2,n)*x2;
    u = p(1,:);  % top row
    v = p(2,:);  % bottom row
    if (c(1,n)==1) && (c(2,n)==0)
        plot(u,v, '-k')
    elseif (c(1,n)==0) && (c(2,n)==1)
        plot(u,v, '--k')
    else
        plot(u,v)
    end
end







clear
A = sym([1, 0, 0;
         2, 1, -2;
         3, 2, 1]);
% get evectors, evalues
[V,D] = eig(A)



clear
A = sym([-3, 0, 2;
         1, -1, 0;
         -2, -1, 0]);
% get evectors, evalues
[V,D] = eig(A)



syms t
s = sqrt(2);
A = [ 2,     s*cos(s*t),        s*sin(s*t);
     -2,       sin(s*t),         -cos(s*t)
      1, s*cos(s*t)-sin(s*t), cos(s*t)+s*sin(s*t)];
det(A)



clear
% sym gives rational output
A = sym([1, -5;
         1, -3]);
[V,D] = eig(A)



A = sym([2, 1;
         1, 0]);
B = [1; 1];
linsolve(A,B)  % solve Ax=B



clear
% sym gives rational output
A = sym([-3, 2;
         -1, -1]);
[V,D] = eig(A)



clear
% sym gives rational output
A = sym([3/4, -2;
         1, -5/4]);
[V,D] = eig(A)





t = 0:0.01:25;
x1 = exp(-t/4).*(cos(t) + sin(t));
x2 = exp(-t/4).*sin(t);
plot(x1,x2)
yline(0);  % plot axes
xline(0);
grid on
xlabel 'x1(t)', ylabel 'x2(t)'
title 'Plot for X'' = AX, X(0) = 
(1,0)'

plot(t,x1)
grid on
xlabel 't', ylabel 'x1(t)'
title 'Plot for x1(t), X(0) = (1,0)'

plot(t,x2)
grid on
xlabel 't', ylabel 'x2(t)'
title 'Plot for x2(t), X(0) = (1,0)'



plot3(x1,x2,t)
grid on
xlabel 'x1', ylabel 'x2', zlabel 't'
title 'Plot in t x_1x_2 space'
view([-19.2 7.3])  % after manual rotation, MATLAB supplies code



clear
% sym gives rational output
A = sym([-4/5, 2;
         -1, 6/5]);
[V,D] = eig(A)



t = 0:0.01:15;
x1 = 2*exp(t/5).*sin(t);
x2 = exp(t/5).*(cos(t) + sin(t));
plot(x1,x2)
yline(0);  % plot axes
xline(0);
grid on
xlabel 'x1(t)', ylabel 'x2(t)'
title 'Plot for X'' = AX, X(0) = (0,1)'



plot(t,x1)
grid on
xlabel 't', ylabel 'x1(t)'
title 'Plot for x1(t), X(0) = (1,0)'

plot(t,x2)
grid on
xlabel 't', ylabel 'x2(t)'
title 'Plot for x2(t), X(0) = (1,0)'

plot3(x1,x2,t)
grid on
xlabel 'x1', ylabel 'x2', zlabel 't'
title 'Plot in t x_1x_2 space'
view([-71.5 8.7])  % after manual rotation, MATLAB supplies code



clear
syms a
A = [a, 1;
     -1, a];
[V,D] = eig(A)





t = 0:0.01:20;
x1 = exp(a*t).*(sin(t) - cos(t));
x2 = exp(a*t).*(cos(t) + sin(t));
plot(subs(x1,a,0.1),subs(x2,a,0.1))
hold on
plot(subs(x1,a,-0.1),subs(x2,a,-0.1))
yline(0);  % plot axes
xline(0);
grid on
xlabel 'x1(t)', ylabel 'x2(t)'
title 'Plot for X'' = AX, a = +0.1, -0.1'
legend('a = +0.1', 'a = -0.1', 'location','northwest')



clear
syms a
A = [0, -5;
     1, a];
[V,D] = eig(A)





clear
syms a
M = [0, -5;
     1, a];
nv = -sqrt(20) - 0.1;  % new value
A = subs(M,a,nv);
[V,D] = eig(A);

% set plot boundaries
Xmin = -2.5; Xmax = 2.5;  
Ymin = -2.5; Ymax = 2.5;

% Direction grid
% set how fine to make the grid of values
Step = 0.5;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')

% Trajectories

ev1 = D(1,1);    % eigenvalues
ev2 = D(2,2);
evec1 = V(:,1);  % eigenvectors
evec2 = V(:,2);
% compute slopes of asymptotic lines
m1 = evec1(2)/evec1(1);
m2 = evec2(2)/evec2(1);
t = -2.5:0.05:2.5;
%figure
xlim([Xmin,Xmax])
ylim([Ymin,Ymax])
hold on
xline(0); yline(0);  % axes
plot(t,m1*t, 'k')  % asymptotic lines
plot(t,m2*t, '--k')
s1 = evec1*exp(ev1*t);
s2 = evec2*exp(ev2*t);
% plot trajectories for various c1,c2
for c1 = [-2,-1,1,2]
    for c2 = [-2,-1,1,2]
        x = c1*s1 + c2*s2;
        x1 = x(1,:);
        x2 = x(2,:);
        plot(x1,x2)
    end
end
xlabel 'x1', ylabel 'x2'
str = sprintf('%.3f',nv);
s = strcat('Phase Portrait of x'' = Ax, a = ',str);
title(s)



clear
syms a
M = [0, -5;
     1, a];
nv = -sqrt(20) + 0.1;  % new value
A = subs(M,a,nv);
[V,D] = eig(A);

% set plot boundaries
Xmin = -2.0; Xmax = 2.0;  
Ymin = -2.0; Ymax = 2.0;

% Direction grid
% set how fine to make the grid of values
Step = 0.25;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])  % plot bounds
xlabel 'x1', ylabel 'x2'
str = sprintf('%.3f',nv);  % display value of alpha
s = strcat('Phase Portrait of x'' = Ax, a =  ',str);
title(s)

%  Trajectories

ev1 = D(1,1);    % eigenvalues
ev2 = D(2,2);
evec1 = V(:,1);  % eigenvectors
evec2 = V(:,2);
hold on
% size interval to exceed plot bounds
t = -2:0.05:2; 
% just use ev1, evec1
%   as real,imag parts are independent
x = evec1*exp(ev1*t);
x1 = real(x);
x2 = imag(x);

% create array of various coeff values
c = [1, 0, -1, -1, -1,  0,  1, 1;
     0, 1, -1,  0,  1, -1, -1, 1];
for n = 1:size(c,2)  % up to # columns of c[]
    p = c(1,n)*x1 + c(2,n)*x2;
    u = p(1,:);  % top row
    v = p(2,:);  % bottom row
    if (c(1,n)==1) && (c(2,n)==0)
        plot(u,v, '-k')
    elseif (c(1,n)==0) && (c(2,n)==1)
        plot(u,v, '--k')
    else
        plot(u,v)
    end
end





clear
syms a
M = [0, -5;
     1, a];
nv = 0 - 0.1;  % new value
A = subs(M,a,nv);
[V,D] = eig(A);

% set plot boundaries
Xmin = -2.5; Xmax = 2.5;  
Ymin = -2.5; Ymax = 2.5;

% Direction grid
% set how fine to make the grid of values
Step = 0.25;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])  % plot bounds
xlabel 'x1', ylabel 'x2'
str = sprintf('%.3f',nv);  % display value of alpha
s = strcat('Phase Portrait of x'' = Ax, a =  ',str);
title(s)

%  Trajectories

ev1 = D(1,1);    % eigenvalues
ev2 = D(2,2);
evec1 = V(:,1);  % eigenvectors
evec2 = V(:,2);
hold on
% size interval to exceed plot bounds
t = -10:0.1:30; 
% just use ev1, evec1
%   as real,imag parts are independent
x = evec1*exp(ev1*t);
x1 = real(x);
x2 = imag(x);

% create array of various coeff values
c = [1, 0, -1,  1, 1;
     0, 1, -1, -1, 1];
for n = 1:size(c,2)  % up to # columns of c[]
    p = c(1,n)*x1 + c(2,n)*x2;
    u = p(1,:);  % top row
    v = p(2,:);  % bottom row
    if (c(1,n)==1) && (c(2,n)==0)
        plot(u,v, '-k')
    elseif (c(1,n)==0) && (c(2,n)==1)
        plot(u,v, '--k')
    else
        plot(u,v)
    end
end



clear
syms a
M = [0, -5;
     1, a];
nv = 0 + 0.1;  % new value
A = subs(M,a,nv);
[V,D] = eig(A);

% set plot boundaries
Xmin = -2.5; Xmax = 2.5;  
Ymin = -2.5; Ymax = 2.5;

% Direction grid
% set how fine to make the grid of values
Step = 0.25;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])  % plot bounds
xlabel 'x1', ylabel 'x2'
str = sprintf('%.3f',nv);  % display value of alpha
s = strcat('Phase Portrait of x'' = Ax, a =  ',str);
title(s)

%  Trajectories

ev1 = D(1,1);    % eigenvalues
ev2 = D(2,2);
evec1 = V(:,1);  % eigenvectors
evec2 = V(:,2);
hold on
% size interval to exceed plot bounds
t = -40:0.1:5; 
% just use ev1, evec1
%   as real,imag parts are independent
x = evec1*exp(ev1*t);
x1 = real(x);
x2 = imag(x);

% create array of various coeff values
c = [1, 0, -1,  1, 1;
     0, 1, -1, -1, 1];
for n = 1:size(c,2)  % up to # columns of c[]
    p = c(1,n)*x1 + c(2,n)*x2;
    u = p(1,:);  % top row
    v = p(2,:);  % bottom row
    if (c(1,n)==1) && (c(2,n)==0)
        plot(u,v, '-k')
    elseif (c(1,n)==0) && (c(2,n)==1)
        plot(u,v, '--k')
    else
        plot(u,v)
    end
end





clear
syms a
M = [0, -5;
     1, a];
nv = sqrt(20) - 0.1;  % new value
A = subs(M,a,nv);
[V,D] = eig(A);

% set plot boundaries
Xmin = -2.5; Xmax = 2.5;  
Ymin = -2.5; Ymax = 2.5;

% Direction grid
% set how fine to make the grid of values
Step = 0.25;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])  % plot bounds
xlabel 'x1', ylabel 'x2'
str = sprintf('%.3f',nv);  % display value of alpha
s = strcat('Phase Portrait of x'' = Ax, a =  ',str);
title(s)

%  Trajectories

ev1 = D(1,1);    % eigenvalues
ev2 = D(2,2);
evec1 = V(:,1);  % eigenvectors
evec2 = V(:,2);
hold on
% size interval to exceed plot bounds
t = -5:0.1:5; 
% just use ev1, evec1
%   as real,imag parts are independent
x = evec1*exp(ev1*t);
x1 = real(x);
x2 = imag(x);

% create array of various coeff values
c = [1, 0, -1, -1,  1, 1;
     0, 1, -1,  1, -1, 1];
for n = 1:size(c,2)  % up to # columns of c[]
    p = c(1,n)*x1 + c(2,n)*x2;
    u = p(1,:);  % top row
    v = p(2,:);  % bottom row
    if (c(1,n)==1) && (c(2,n)==0)
        plot(u,v, '-k')
    elseif (c(1,n)==0) && (c(2,n)==1)
        plot(u,v, '--k')
    else
        plot(u,v)
    end
end



clear
syms a
M = [0, -5;
     1, a];
nv = sqrt(20) + 0.1;  % new value
A = subs(M,a,nv);
[V,D] = eig(A);

% set plot boundaries
Xmin = -2.5; Xmax = 2.5;  
Ymin = -2.5; Ymax = 2.5;

% Direction grid
% set how fine to make the grid of values
Step = 0.25;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')

% Trajectories

ev1 = D(1,1);    % eigenvalues
ev2 = D(2,2);
evec1 = V(:,1);  % eigenvectors
evec2 = V(:,2);
% compute slopes of asymptotic lines
m1 = evec1(2)/evec1(1);
m2 = evec2(2)/evec2(1);
t = -2.5:0.05:2.5;
%figure
xlim([Xmin,Xmax])
ylim([Ymin,Ymax])
hold on
xline(0); yline(0);  % axes
plot(t,m1*t, 'k')  % asymptotic lines
plot(t,m2*t, '--k')
s1 = evec1*exp(ev1*t);
s2 = evec2*exp(ev2*t);
% plot trajectories for various c1,c2
for c1 = [-2,-1,1,2]
    for c2 = [-2,-1,1,2]
        x = c1*s1 + c2*s2;
        x1 = x(1,:);
        x2 = x(2,:);
        plot(x1,x2)
    end
end
xlabel 'x1', ylabel 'x2'
str = sprintf('%.3f',nv);
s = strcat('Phase Portrait of x'' = Ax, a = ',str);
title(s)



clear
syms a
A = [5/4, 3/4;
     a, 5/4];
[V,D] = eig(A)





clear
syms a
M = [5/4, 3/4;
     a, 5/4];
nv = 0 + 0.1;  % new value
A = subs(M,a,nv);
[V,D] = eig(A);

% set plot boundaries
Xmin = -2.5; Xmax = 2.5;  
Ymin = -2.5; Ymax = 2.5;

% Direction grid
% set how fine to make the grid of values
Step = 0.25;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')

% Trajectories

ev1 = D(1,1);    % eigenvalues
ev2 = D(2,2);
evec1 = V(:,1);  % eigenvectors
evec2 = V(:,2);
% compute slopes of asymptotic lines
m1 = evec1(2)/evec1(1);
m2 = evec2(2)/evec2(1);
t = -2.5:0.05:2.5;
%figure
xlim([Xmin,Xmax])
ylim([Ymin,Ymax])
hold on
xline(0); yline(0);  % axes
plot(t,m1*t, 'k')  % asymptotic lines
plot(t,m2*t, '--k')
s1 = evec1*exp(ev1*t);
s2 = evec2*exp(ev2*t);
% plot trajectories for various c1,c2
for c1 = [-2,-1,1,2]
    for c2 = [-2,-1,1,2]
        x = c1*s1 + c2*s2;
        x1 = x(1,:);
        x2 = x(2,:);
        plot(x1,x2)
    end
end
xlabel 'x1', ylabel 'x2'
str = sprintf('%.3f',nv);
s = strcat('Phase Portrait of x'' = Ax, a = ',str);
title(s)



clear
syms a
M = [5/4, 3/4;
     a, 5/4];
nv = 0 - 0.1;  % new value
A = subs(M,a,nv);
[V,D] = eig(A);

% set plot boundaries
Xmin = -2.5; Xmax = 2.5;  
Ymin = -2.5; Ymax = 2.5;

% Direction grid
% set how fine to make the grid of values
Step = 0.25;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')

%  Trajectories

ev1 = D(1,1);    % eigenvalues
ev2 = D(2,2);
evec1 = V(:,1);  % eigenvectors
evec2 = V(:,2);
hold on
% size interval to exceed plot bounds
t = -5:0.1:5; 
% just use ev1, evec1
%   as real,imag parts are independent
x = evec1*exp(ev1*t);
x1 = real(x);
x2 = imag(x);

% create array of various coeff values
c = [1, 0, -1, -1,  1, 1;
     0, 1, -1,  1, -1, 1];
for n = 1:size(c,2)  % up to # columns of c[]
    p = c(1,n)*x1 + c(2,n)*x2;
    u = p(1,:);  % top row
    v = p(2,:);  % bottom row
    if (c(1,n)==1) && (c(2,n)==0)
        plot(u,v, '-k')
    elseif (c(1,n)==0) && (c(2,n)==1)
        plot(u,v, '--k')
    else
        plot(u,v)
    end
end

xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])  % plot bounds
xlabel 'x1', ylabel 'x2'
str = sprintf('%.3f',nv);  % display value of alpha
s = strcat('Phase Portrait of x'' = Ax, a =  ',str);
title(s)



clear
syms a
M = [5/4, 3/4;
     a, 5/4];
nv = 25/12;  % new value
A = subs(M,a,nv);
[V,D] = eig(A)

% set plot boundaries
Xmin = -2.5; Xmax = 2.5;  
Ymin = -2.5; Ymax = 2.5;

% Direction grid
% set how fine to make the grid of values
Step = 0.25;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')

% Trajectories

ev1 = D(1,1);    % eigenvalues
ev2 = D(2,2);
evec1 = V(:,1);  % eigenvectors
evec2 = V(:,2);
% compute slopes of asymptotic lines
m1 = evec1(2)/evec1(1);
m2 = evec2(2)/evec2(1);
t = -2.5:0.05:2.5;
%figure
xlim([Xmin,Xmax])
ylim([Ymin,Ymax])
hold on
xline(0); yline(0);  % axes
plot(t,m1*t, 'k')  % asymptotic lines
plot(t,m2*t, '--k')
s1 = evec1*exp(ev1*t);
s2 = evec2*exp(ev2*t);
% plot trajectories for various c1,c2
for c1 = [-2,-1,1,2]
    for c2 = [-2,-1,1,2]
        x = c1*s1 + c2*s2;
        x1 = x(1,:);
        x2 = x(2,:);
        plot(x1,x2)
    end
end
xlabel 'x1', ylabel 'x2'
str = sprintf('%.3f',nv);
s = strcat('Phase Portrait of x'' = Ax, a = ',str);
title(s)



clear
syms a
M = [5/4, 3/4;
     a, 5/4];
nv = 25/12 - 0.3;  % new value
A = subs(M,a,nv);
[V,D] = eig(A);

% set plot boundaries
Xmin = -2.5; Xmax = 2.5;  
Ymin = -2.5; Ymax = 2.5;

% Direction grid
% set how fine to make the grid of values
Step = 0.25;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')

% Trajectories

ev1 = D(1,1);    % eigenvalues
ev2 = D(2,2);
evec1 = V(:,1);  % eigenvectors
evec2 = V(:,2);
% compute slopes of asymptotic lines
m1 = evec1(2)/evec1(1);
m2 = evec2(2)/evec2(1);
t = -2.5:0.05:2.5;
%figure
xlim([Xmin,Xmax])
ylim([Ymin,Ymax])
hold on
xline(0); yline(0);  % axes
plot(t,m1*t, 'k')  % asymptotic lines
plot(t,m2*t, '--k')
s1 = evec1*exp(ev1*t);
s2 = evec2*exp(ev2*t);
% plot trajectories for various c1,c2
for c1 = [-2,-1,1,2]
    for c2 = [-2,-1,1,2]
        x = c1*s1 + c2*s2;
        x1 = x(1,:);
        x2 = x(2,:);
        plot(x1,x2)
    end
end
xlabel 'x1', ylabel 'x2'
str = sprintf('%.3f',nv);
s = strcat('Phase Portrait of x'' = Ax, a = ',str);
title(s)



clear
syms a
M = [5/4, 3/4;
     a, 5/4];
nv = 25/12 + 0.3;  % new value
A = subs(M,a,nv);
[V,D] = eig(A);

% set plot boundaries
Xmin = -2.5; Xmax = 2.5;  
Ymin = -2.5; Ymax = 2.5;

% Direction grid
% set how fine to make the grid of values
Step = 0.25;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')

% Trajectories

ev1 = D(1,1);    % eigenvalues
ev2 = D(2,2);
evec1 = V(:,1);  % eigenvectors
evec2 = V(:,2);
% compute slopes of asymptotic lines
m1 = evec1(2)/evec1(1);
m2 = evec2(2)/evec2(1);
t = -2.5:0.05:2.5;
%figure
xlim([Xmin,Xmax])
ylim([Ymin,Ymax])
hold on
xline(0); yline(0);  % axes
plot(t,m1*t, 'k')  % asymptotic lines
plot(t,m2*t, '--k')
s1 = evec1*exp(ev1*t);
s2 = evec2*exp(ev2*t);
% plot trajectories for various c1,c2
for c1 = [-2,-1,1,2]
    for c2 = [-2,-1,1,2]
        x = c1*s1 + c2*s2;
        x1 = x(1,:);
        x2 = x(2,:);
        plot(x1,x2)
    end
end
xlabel 'x1', ylabel 'x2'
str = sprintf('%.3f',nv);
s = strcat('Phase Portrait of x'' = Ax, a = ',str);
title(s)



clear
syms a
A = [-1, a;
     -1, -1];
[V,D] = eig(A)



clear
syms a
M = [-1, a;
     -1, -1];
nv = 0 + 0.1;  % new value
A = subs(M,a,nv);
[V,D] = eig(A);

% set plot boundaries
Xmin = -2.5; Xmax = 2.5;  
Ymin = -2.5; Ymax = 2.5;

% Direction grid
% set how fine to make the grid of values
Step = 0.25;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')

%  Trajectories

ev1 = D(1,1);    % eigenvalues
ev2 = D(2,2);
evec1 = V(:,1);  % eigenvectors
evec2 = V(:,2);
hold on
% size interval to exceed plot bounds
t = -5:0.1:5; 
% just use ev1, evec1
%   as real,imag parts are independent
x = evec1*exp(ev1*t);
x1 = real(x);
x2 = imag(x);

% create array of various coeff values
c = [1, 0, -1, -1,  1, 1;
     0, 1, -1,  1, -1, 1];
for n = 1:size(c,2)  % up to # columns of c[]
    p = c(1,n)*x1 + c(2,n)*x2;
    u = p(1,:);  % top row
    v = p(2,:);  % bottom row
    if (c(1,n)==1) && (c(2,n)==0)
        plot(u,v, '-k')
    elseif (c(1,n)==0) && (c(2,n)==1)
        plot(u,v, '--k')
    else
        plot(u,v)
    end
end

xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])  % plot bounds
xlabel 'x1', ylabel 'x2'
str = sprintf('%.3f',nv);  % display value of alpha
s = strcat('Phase Portrait of x'' = Ax, a =  ',str);
title(s)



clear
syms a
M = [-1, a;
     -1, -1];
nv = 0 - 0.1;  % new value
A = subs(M,a,nv);
[V,D] = eig(A);

% set plot boundaries
Xmin = -2.5; Xmax = 2.5;  
Ymin = -2.5; Ymax = 2.5;

% Direction grid
% set how fine to make the grid of values
Step = 0.25;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')

% Trajectories

ev1 = D(1,1);    % eigenvalues
ev2 = D(2,2);
evec1 = V(:,1);  % eigenvectors
evec2 = V(:,2);
% compute slopes of asymptotic lines
m1 = evec1(2)/evec1(1);
m2 = evec2(2)/evec2(1);
t = -2.5:0.05:2.5;
%figure
xlim([Xmin,Xmax])
ylim([Ymin,Ymax])
hold on
xline(0); yline(0);  % axes
plot(t,m1*t, 'k')  % asymptotic lines
plot(t,m2*t, '--k')
s1 = evec1*exp(ev1*t);
s2 = evec2*exp(ev2*t);
% plot trajectories for various c1,c2
for c1 = [-2,-1,1,2]
    for c2 = [-2,-1,1,2]
        x = c1*s1 + c2*s2;
        x1 = x(1,:);
        x2 = x(2,:);
        plot(x1,x2)
    end
end
xlabel 'x1', ylabel 'x2'
str = sprintf('%.3f',nv);
s = strcat('Phase Portrait of x'' = Ax, a = ',str);
title(s)



clear
syms a
M = [-1, a;
     -1, -1];
nv = -1 - 0.3;  % new value
A = subs(M,a,nv);
[V,D] = eig(A);

% set plot boundaries
Xmin = -5; Xmax = 5;  
Ymin = -5; Ymax = 5;

% Direction grid
% set how fine to make the grid of values
Step = 0.25;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')

% Trajectories

ev1 = D(1,1);    % eigenvalues
ev2 = D(2,2);
evec1 = V(:,1);  % eigenvectors
evec2 = V(:,2);
% compute slopes of asymptotic lines
m1 = evec1(2)/evec1(1);
m2 = evec2(2)/evec2(1);
t = -5:0.05:5;
%figure
xlim([Xmin,Xmax])
ylim([Ymin,Ymax])
hold on
xline(0); yline(0);  % axes
plot(t,m1*t, 'k')  % asymptotic lines
plot(t,m2*t, '--k')
s1 = evec1*exp(ev1*t);
s2 = evec2*exp(ev2*t);
% plot trajectories for various c1,c2
for c1 = [-2,-1,1,2]
    for c2 = [-2,-1,1,2]
        x = c1*s1 + c2*s2;
        x1 = x(1,:);
        x2 = x(2,:);
        plot(x1,x2)
    end
end
xlabel 'x1', ylabel 'x2'
str = sprintf('%.3f',nv);
s = strcat('Phase Portrait of x'' = Ax, a = ',str);
title(s)



clear
syms a
M = [-1, a;
     -1, -1];
nv = -1 + 0.3;  % new value
A = subs(M,a,nv);
[V,D] = eig(A);

% set plot boundaries
Xmin = -5; Xmax = 5;  
Ymin = -5; Ymax = 5;

% Direction grid
% set how fine to make the grid of values
Step = 0.25;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')

% Trajectories

ev1 = D(1,1);    % eigenvalues
ev2 = D(2,2);
evec1 = V(:,1);  % eigenvectors
evec2 = V(:,2);
% compute slopes of asymptotic lines
m1 = evec1(2)/evec1(1);
m2 = evec2(2)/evec2(1);
t = -5:0.05:5;
%figure
xlim([Xmin,Xmax])
ylim([Ymin,Ymax])
hold on
xline(0); yline(0);  % axes
plot(t,m1*t, 'k')  % asymptotic lines
plot(t,m2*t, '--k')
s1 = evec1*exp(ev1*t);
s2 = evec2*exp(ev2*t);
% plot trajectories for various c1,c2
for c1 = [-2,-1,1,2]
    for c2 = [-2,-1,1,2]
        x = c1*s1 + c2*s2;
        x1 = x(1,:);
        x2 = x(2,:);
        plot(x1,x2)
    end
end
xlabel 'x1', ylabel 'x2'
str = sprintf('%.3f',nv);
s = strcat('Phase Portrait of x'' = Ax, a = ',str);
title(s)



clear
syms a
A = [4, a;
     8, -6];
[V,D] = eig(A)



clear
syms a
M = [4, a;
     8, -6];
nv = -25/8 - 0.3;  % new value
A = subs(M,a,nv);
[V,D] = eig(A);

% set plot boundaries
Xmin = -2.5; Xmax = 2.5;  
Ymin = -2.5; Ymax = 2.5;

% Direction grid
% set how fine to make the grid of values
Step = 0.25;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')

%  Trajectories - complex eigenvalues

ev1 = D(1,1);    % eigenvalues
ev2 = D(2,2);
evec1 = V(:,1);  % eigenvectors
evec2 = V(:,2);
hold on
% size interval to exceed plot bounds
t = -5:0.1:5; 
% just use ev1, evec1
%   as real,imag parts are independent
x = evec1*exp(ev1*t);
x1 = real(x);
x2 = imag(x);

% create array of various coeff values
c = [1, 0, -1, -1,  1, 1;
     0, 1, -1,  1, -1, 1];
for n = 1:size(c,2)  % up to # columns of c[]
    p = c(1,n)*x1 + c(2,n)*x2;
    u = p(1,:);  % top row
    v = p(2,:);  % bottom row
    if (c(1,n)==1) && (c(2,n)==0)
        plot(u,v, '-k')
    elseif (c(1,n)==0) && (c(2,n)==1)
        plot(u,v, '--k')
    else
        plot(u,v)
    end
end

xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])  % plot bounds
xlabel 'x1', ylabel 'x2'
str = sprintf('%.3f',nv);  % display value of alpha
s = strcat('Phase Portrait of x'' = Ax, a =  ',str);
title(s)



clear
syms a
M = [4, a;
     8, -6];
nv = -25/8 + 0.1;  % new value
A = subs(M,a,nv);
[V,D] = eig(A);

% set plot boundaries
Xmin = -2.5; Xmax = 2.5;  
Ymin = -2.5; Ymax = 2.5;

% Direction grid
% set how fine to make the grid of values
Step = 0.25;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')

% Trajectories - real eigenvalues

ev1 = D(1,1);    % eigenvalues
ev2 = D(2,2);
evec1 = V(:,1);  % eigenvectors
evec2 = V(:,2);
% compute slopes of asymptotic lines
m1 = evec1(2)/evec1(1);
m2 = evec2(2)/evec2(1);
t = -5:0.05:5;

%figure
xlim([Xmin,Xmax])
ylim([Ymin,Ymax])
hold on
xline(0); yline(0);  % axes
plot(t,m1*t, 'k')  % asymptotic lines
plot(t,m2*t, '--k')
s1 = evec1*exp(ev1*t);
s2 = evec2*exp(ev2*t);

% plot trajectories for various c1,c2
for c1 = [-2,-1,1,2]
    for c2 = [-2,-1,1,2]
        x = c1*s1 + c2*s2;
        x1 = x(1,:);
        x2 = x(2,:);
        plot(x1,x2)
    end
end

xlabel 'x1', ylabel 'x2'
str = sprintf('%.3f',nv);
s = strcat('Phase Portrait of x'' = Ax, a = ',str);
title(s)
xlim([-1.8, 1.8])



clear
syms a
M = [4, a;
     8, -6];
nv = -3 + 0.1;  % new value
A = subs(M,a,nv);
[V,D] = eig(A);

% set plot boundaries
Xmin = -2.5; Xmax = 2.5;  
Ymin = -2.5; Ymax = 2.5;

% Direction grid
% set how fine to make the grid of values
Step = 0.25;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')

% Trajectories - real eigenvalues

ev1 = D(1,1);    % eigenvalues
ev2 = D(2,2);
evec1 = V(:,1);  % eigenvectors
evec2 = V(:,2);
% compute slopes of asymptotic lines
m1 = evec1(2)/evec1(1);
m2 = evec2(2)/evec2(1);
t = -5:0.05:5;

%figure
xlim([Xmin,Xmax])
ylim([Ymin,Ymax])
hold on
xline(0); yline(0);  % axes
plot(t,m1*t, 'k')  % asymptotic lines
plot(t,m2*t, '--k')
s1 = evec1*exp(ev1*t);
s2 = evec2*exp(ev2*t);

% plot trajectories for various c1,c2
for c1 = [-2,-1,1,2]
    for c2 = [-2,-1,1,2]
        x = c1*s1 + c2*s2;
        x1 = x(1,:);
        x2 = x(2,:);
        plot(x1,x2)
    end
end

xlabel 'x1', ylabel 'x2'
str = sprintf('%.3f',nv);
s = strcat('Phase Portrait of x'' = Ax, a = ',str);
title(s)
xlim([-1.8, 1.8])



clear
% sym gives nice output

A = sym([-1, -1;
          2, -1]);
[V,D] = eig(A)



clear
% sym gives nice output
A = sym([2, -5;
         1, -2]);
[V,D] = eig(A)





clear
A = sym([-1/4, 1,   0;
         -1, -1/4,  0;
          0,   0, -1/4]);
[V,D] = eig(A)



clear
t = 0:0.1:20;
% from 1st evector
A1 = [0;0;1]*exp(-t/4);
% real of 2nd evector
A2 = [sin(t);cos(t);0*t].*exp(-t/4);
% imag of 2nd evector
A3 = [cos(t);-sin(t);0*t].*exp(-t/4);
X = A1 + A2 + A3;
x1 = X(1,:);  % 1st row, all cols of X
x2 = X(2,:);  % 2nd row, all cols of X
x3 = X(3,:);  % 3rd row, all cols of X

plot(x1,x2)
grid on
xline(0);  % show x and y axes
yline(0);
xlabel 'x1', ylabel 'x2'
title('x2 vs x1')

plot(x1,x3)
grid on
xline(0);  % show x and y axes
yline(0);
xlabel 'x1', ylabel 'x3'
title('x3 vs x1')

plot(x2,x3)
grid on
xline(0);  % show x and y axes
yline(0);
xlabel 'x2', ylabel 'x3'
title('x3 vs x2')



plot3(x1,x2,x3)
grid on
xlabel 'x1', ylabel 'x2', zlabel 'x3'
title 'Plot in t x_1x_2x_3 space'
% MATLAB supplied code after rotating plot
view([32.408 16.061])



clear
A = sym([-1/4, 1,   0;
         -1, -1/4,  0;
          0,   0, 1/10]);
[V,D] = eig(A)



clear
t = 0:0.1:20;
% from 1st evector
A1 = [0;0;1]*exp(t/10);
% real of 2nd evector
A2 = [sin(t);cos(t);0*t].*exp(-t/4);
% imag of 2nd evector
A3 = [cos(t);-sin(t);0*t].*exp(-t/4);
X = A1 + A2 + A3;
x1 = X(1,:);  % 1st row, all cols of X
x2 = X(2,:);  % 2nd row, all cols of X
x3 = X(3,:);  % 3rd row, all cols of X

plot(x1,x2)
grid on
xline(0);  % show x and y axes
yline(0);
xlabel 'x1', ylabel 'x2'
title('x2 vs x1')

plot(x1,x3)
grid on
xline(0);  % show x and y axes
yline(0);
xlabel 'x1', ylabel 'x3'
title('x3 vs x1')

plot(x2,x3)
grid on
xline(0);  % show x and y axes
yline(0);
xlabel 'x2', ylabel 'x3'
title('x3 vs x2')

plot3(x1,x2,x3)
grid on
xlabel 'x1', ylabel 'x2', zlabel 'x3'
title 'Plot in t x_1x_2x_3 space'
% MATLAB supplied code after rotating plot
view([32.408 16.061])





clear
A = sym([-1/2, -1/8,;
          2,   -1/2,]);
[V,D] = eig(A)





clear
syms I V L R C
A = [0,     1/L;
     -1/C, -1/(R*C)];
[V,D] = eig(A)



clear
A = sym([0,  1;
        -2, -2]);
[V,D] = eig(A)



clear
% use sym to get rational answers
A = sym([-1,  1;
          2,  0]);
B = [2; 1];
linsolve(A, B)













clear
t = 0:0.01:5;
u = [cos(2*t);
     -2*sin(2*t)];
v = [sin(2*t);
     2*cos(2*t)];

c = [1, 1, 1;  % arbitrary coeffs
     0, 1, 2];

figure
axis equal  % so ellipses look proportional
hold on
grid on
axis([-4, 6, -5, 5])  % plot bounds
for n = 1:size(c,2)  % up to # columns of c[]
    X = c(1,n)*u + c(2,n)*v;
    x1 = X(1,:);  % top row
    x2 = X(2,:);  % bottom row
    plot(x1,x2)
end
xline(0);  % show x and y axes
yline(0);
xlabel 'x1', ylabel 'x2'
title('mu" + ku'' = 0')
legend('c2 = 2','c2 = 1', 'c2 = 2')

figure  % now plot x1 vs t, x2 vs t
hold on
grid on
plot(t,x1)
plot(t,x2)
xline(0);
xlabel 't', ylabel 'x1, x2'
title('mu" + ku'' = 0,  X(t) = 1*u(t) + 2*v(t)')
legend('x1', 'x2')





clear
A = sym([-2, 3/2;
         4/3, -3]);
[V,D] = eig(A)







clear
A = sym([ 0,     0,  1, 0;
          0,     0,  0, 1;
         -4,     3,  0, 0;
         9/4, -13/4, 0, 0]);
[V,D] = eig(A)



V*[ 15i/2,  0,   0,  0;
      0, -15i/2, 0,  0;
      0,    0, -1i,  0;
      0,    0,   0, 1i]







clear
syms t
w = 5/2; a = 15/2;
r = [4*cos(w*t);
    -3*cos(w*t);
    -10*sin(w*t);
     a*sin(w*t)];
% y1 vs t, y2 vs t
figure
hold on
grid on
fplot(t,r(1))  % y1 for m1
fplot(t,r(2))  % y2 for m2
% 2 periods
xlim([0,2*(4*pi/5)])
xlabel 't', ylabel 'y1, y2'
legend('m1', 'm2')
title 'y1(t) and y2(t) vs time for r(t)'

% y1y3 and y2y4 planes
figure
hold on
grid on
fplot(r(1), r(3))
fplot(r(2), r(4))
axis equal
xlabel 'y1/y2', ylabel 'y3/y4'
legend('y1y3', 'y2y4')
title 'y1y3 and y2y4 for r(t)'



clear
syms t
w = 5/2; a = 15/2;
s = [4*sin(w*t);
    -3*sin(w*t);
     10*cos(w*t);
     -a*cos(w*t)];
% y1 vs t, y2 vs t
figure
hold on
grid on
fplot(t,s(1))  % y1 for m1
fplot(t,s(2))  % y2 for m2
% 2 periods
xlim([0,2*(4*pi/5)])
xlabel 't', ylabel 'y1, y2'
legend('m1', 'm2')
title 'y1(t) and y2(t) vs time for s(t)'

% y1y3 and y2y4 planes
figure
hold on
grid on
fplot(s(1), s(3))
fplot(s(2), s(4))
axis equal
xlabel 'y1/y2', ylabel 'y3/y4'
legend('y1y3', 'y2y4')
title 'y1y3 and y2y4 for s(t)'



clear
syms t
u = [cos(t);
     cos(t);
     -sin(t);
     -sin(t)];
% y1 vs t, y2 vs t
figure
hold on
grid on
% plot over 2 periods
fplot(t,u(1),[0,4*pi])  % y1 for m1
fplot(t,u(2),[0,4*pi],'--')  % y2 for m2
yline(0);      % x-axis
xlabel 't', ylabel 'y1, y2'
legend('m1', 'm2', 'location', 'southeast')
title 'y1(t) and y2(t) vs time for u(t)'

% y1y3 and y2y4 planes
figure
hold on
grid on
fplot(u(1), u(3))
fplot(u(2), u(4),'--')
axis equal
xlabel 'y1/y2', ylabel 'y3/y4'
legend('y1y3', 'y2y4')
title 'y1y3 and y2y4 for u(t)'



clear
syms t
v = [sin(t);
     sin(t);
     cos(t);
     cos(t)];
% y1 vs t, y2 vs t
figure
hold on
grid on
% plot over 2 periods
fplot(t,v(1),[0,4*pi])  % y1 for m1
fplot(t,v(2),[0,4*pi],'--')  % y2 for m2
yline(0);      % x-axis
xlabel 't', ylabel 'y1, y2'
legend('m1', 'm2', 'location', 'southeast')
title 'y1(t) and y2(t) vs time for v(t)'

% y1y3 and y2y4 planes
figure
hold on
grid on
fplot(v(1), v(3))
fplot(v(2), v(4),'--')
axis equal
xlabel 'y1/y2', ylabel 'y3/y4'
legend('y1y3', 'y2y4')
title 'y1y3 and y2y4 for v(t)'



clear
A = sym([4, 0, 1, 0;
        -3, 0, 1, 0;
         0, 10, 0, 1;
         0, -15/2, 0, 1]);
B = [2, 1, 0, 0]';
linsolve(A,B)  % solve Ax = B



clear
syms t
w = 5/2; a = 15/2;
f1 = (1/7)*[4*cos(w*t);
           -3*cos(w*t);
           -10*sin(w*t);
            a*sin(w*t)];
f3 = (10/7)*[cos(t);
             cos(t);
            -sin(t);
            -sin(t)];
y = f1 + f3;
% y1 vs t, y2 vs t
figure
hold on
grid on
% plot over 2 periods
fplot(t,y(1),[0,8*pi])  % y1 for m1
fplot(t,y(2),[0,8*pi])  % y2 for m2
yline(0);      % x-axis
xlabel 't', ylabel 'y1, y2'
legend('m1', 'm2', 'location', 'southeast')
title 'y1(t) and y2(t) vs time for y(t)'

% y1y3 and y2y4 planes
figure
hold on
grid on
fplot(y(1), y(3), [0,4*pi])
fplot(y(2), y(4), [0,4*pi], '--')
axis equal
xlabel 'y1/y2', ylabel 'y3/y4'
legend('y1y3', 'y2y4')
title 'y1y3 and y2y4 for y(t)'



% y1y3 plane
figure
hold on
grid on
fplot(y(1), y(3), [0,4*pi])
% hide y2y4 with white color
fplot(y(2), y(4), [0,4*pi], '--w')
axis equal
xlabel 'y1', ylabel 'y3'
title 'y1y3 for y(t)'

% y2y4 plane
figure
hold on
grid on
% hide y1y3 with white color
fplot(y(1), y(3), [0,4*pi], '-w')
fplot(y(2), y(4), [0,4*pi], '--r')
axis equal
xlabel 'y2', ylabel 'y4'
title 'y2y4 for y(t)'



clear
% play with this value for acceptable
%   resolution and animation speed
step = 0.05;  
t = 0:step:4*pi; % one period
w = 5/2; a = 15/2;
f1 = (1/7)*[4*cos(w*t);  % from c1 value
           -3*cos(w*t);
           -10*sin(w*t);
            a*sin(w*t)];
f3 = (10/7)*[cos(t);     % from c3 value
             cos(t);
            -sin(t);
            -sin(t)];
y = f1 + f3;
y1 = y(1,:);  % position array of m1
y2 = y(2,:);  % position array of m2
y3 = y(3,:);  % velocity array of m1
y4 = y(4,:);  % velocity array of m2

% y1y3 and y2y4 planes
plot(y1, y3)
hold on
grid on
plot(y2, y4, '--')
xlim([-3 3])
ylim([-3 3])
axis equal
xlabel 'y1/y2', ylabel 'y3/y4'
legend('y1y3', 'y2y4')
title 'y1y3 and y2y4 for y(t)'
hold off

% Animation of y1y3 and y2y4
% R2019a doesn't enable animation by default,
% so enable animation with these lines of code
s = settings;
s.matlab.editor.AllowFigureAnimation.TemporaryValue = 1;

for i = 1:length(t)
    plot(y1(i), y3(i),'*b')
    axis([-3,3,-3,3])
    hold on
    grid on
    plot(y2(i), y4(i),'*r')
    plot(y1(1:i),y3(1:i),'b')
    plot(y2(1:i),y4(1:i),'r')
    pause(0.1)
    drawnow
    % clear previously drawn asterisks
    % so only leading asterisk shows
    if i ~= length(t)
        clf
    end
end



clear
A = sym([4, 0, 1, 0;
        -3, 0, 1, 0;
         0, 10, 0, 1;
         0, -15/2, 0, 1]);
B = [2, 1, 1, 1]';
linsolve(A,B)  % solve Ax = B



clear
% play with this value for acceptable
%   resolution and animation speed
step = 0.05;  
t = 0:step:4*pi; % one period
w = 5/2; a = 15/2;
f1 = (1/7)*[4*cos(w*t);  % from c1 value
           -3*cos(w*t);
           -10*sin(w*t);
            a*sin(w*t)];
f3 = (10/7)*[cos(t);     % from c3 value
             cos(t);
            -sin(t);
            -sin(t)];
f4 = [sin(t);            % from c4 value
      sin(t);
      cos(t);
      cos(t)];       
y = f1 + f3 + f4;
y1 = y(1,:);  % position array of m1
y2 = y(2,:);  % position array of m2
y3 = y(3,:);  % velocity array of m1
y4 = y(4,:);  % velocity array of m2

% y1 vs t, y2 vs t
% plot over 1 period
plot(t,y1)  % y1 for m1
hold on
grid on
plot(t,y2)  % y2 for m2
yline(0);      % x-axis
xlabel 't', ylabel 'y1, y2'
legend('m1', 'm2', 'location', 'southeast')
title 'y1(t) and y2(t) vs time for y(t)'
hold off

% y1y3 and y2y4 planes
plot(y1, y3)
hold on
grid on
plot(y2, y4, '--')
xlim([-3 3])
ylim([-4 4])
axis equal
xlabel 'y1/y2', ylabel 'y3/y4'
legend('y1y3', 'y2y4')
title 'y1y3 and y2y4 for y(t)'
hold off

% Animation of y1y3 and y2y4

% R2019a doesn't enable animation by default,
% so enable animation with these lines of code
s = settings;
s.matlab.editor.AllowFigureAnimation.TemporaryValue = 1;

for i = 1:length(t)
    plot(y1(i), y3(i),'*b')
    axis([-3,3,-4,4])
    hold on
    grid on
    axis equal
    plot(y2(i), y4(i),'*r')
    plot(y1(1:i),y3(1:i),'b')
    plot(y2(1:i),y4(1:i),'r')
    pause(0.1)
    drawnow
    % clear previously drawn asterisks
    % so only leading asterisk shows
    if i ~= length(t)
        clf
    end
end



7.7 Fundamental Matrices

clear
A = sym([3, -2;
         2, -2]);
[V,D] = eig(A)



% scale V(:,1) - make all integers
V = [2*V(:,1), V(:,2)]

syms t
% the actual fundamental matrix
Ft = [V(:,1)*exp(D(1,1)*t), ...
          V(:,2)*exp(D(2,2)*t)]

% evaluate at t = 0
Ft0 = subs(Ft,t,0);

% efficient MATLAB code for
%  Ft*(inverse of Ft0)
Phi = Ft/Ft0



clear
A = sym([-3/4, 1/2;
         1/8, -3/4]);
[V,D] = eig(A)

syms t
% the actual fundamental matrix
Ft = [V(:,1)*exp(D(1,1)*t), ...
          V(:,2)*exp(D(2,2)*t)]

% evaluate at t = 0
Ft0 = subs(Ft,t,0);

% efficient MATLAB code for
%  Ft*(inverse of Ft0)
Phi = Ft/Ft0



clear
A = sym([2, -5;
         1, -2]);
[V,D] = eig(A)



syms t
% the actual fundamental matrix
Ft = [2*cos(t) - sin(t), cos(t) + 2*sin(t);
            cos(t),           sin(t)];

% evaluate at t = 0
Ft0 = subs(Ft,t,0);

% efficient MATLAB code for
%  Ft*(inverse of Ft0)
Phi = Ft/Ft0

clear
A = sym([-1, -4;
          1, -1]);
[V,D] = eig(A)



syms t
% the actual fundamental matrix
Ft = exp(-t)*[-2*sin(2*t), 2*cos(2*t);
                 cos(2*t),   sin(2*t)];

% evaluate at t = 0
Ft0 = subs(Ft,t,0);

% efficient MATLAB code for
%  Ft*(inverse of Ft0)
Phi = Ft/Ft0



clear
A = sym([5, -1;
         3,  1]);
[V,D] = eig(A)

% scale V(:,1) - make all integers
V = [3*V(:,1), V(:,2)]

syms t
% the actual fundamental matrix
Ft = [V(:,1)*exp(D(1,1)*t), ...
          V(:,2)*exp(D(2,2)*t)]

% evaluate at t = 0
Ft0 = subs(Ft,t,0);

% efficient MATLAB code for
%  Ft*(inverse of Ft0)
Phi = Ft/Ft0



clear
A = sym([1, -1;
         5, -3]);
[V,D] = eig(A)

syms t
% the actual fundamental matrix
Ft = exp(-t)*[2*cos(t)-sin(t), -cos(t)-2*sin(t);
                  5*cos(t),       -5*sin(t)];

% evaluate at t = 0
Ft0 = subs(Ft,t,0);

% efficient MATLAB code for
%  Ft*(inverse of Ft0)
Phi = Ft/Ft0



clear
A = sym([1, 1, 1;
         2, 1, -1;
         -8, -5, -3]);
[V,D] = eig(A)

% scale V(:,2), V(:,3) - make all integers
V = [V(:,1), 7*V(:,2), 2*V(:,3)]

syms t
% the actual fundamental matrix
Ft = [V(:,1)*exp(D(1,1)*t), ...
        V(:,2)*exp(D(2,2)*t), ...
          V(:,3)*exp(D(3,3)*t)]



% evaluate at t = 0
Ft0 = subs(Ft,t,0);

% efficient MATLAB code for
%  Ft*(inverse of Ft0)
Phi = Ft/Ft0

clear
A = sym([1, -1, 4;
         3, 2, -1;
         2, 1, -1]);
[V,D] = eig(A)

syms t
% the actual fundamental matrix
Ft = [V(:,1)*exp(D(1,1)*t), ...
        V(:,2)*exp(D(2,2)*t), ...
          V(:,3)*exp(D(3,3)*t)]



% evaluate at t = 0
Ft0 = subs(Ft,t,0);

% efficient MATLAB code for
%  Ft*(inverse of Ft0)
Phi = Ft/Ft0







clear
syms t s
at = exp(3*t); as = exp(3*s);
bt = exp(-t); bs = exp(-s);
A = [(1/2)*at + (1/2)*bt, (1/4)*at - (1/4)*bt;
     at - bt, (1/2)*at + (1/2)*bt];
B = [(1/2)*as + (1/2)*bs, (1/4)*as - (1/4)*bs;
     as - bs, (1/2)*as + (1/2)*bs];
simplify(A*B)











clear
syms w
A = sym([0, 1;
         -w^2, 0]);
[V,D] = eig(A)













7.8 Repeated Eigenvalues

clear

A = sym([3, -4;
         1, -1]);

% get eigenvalue, eigenvector
[V,D] = eig(A);
ev1 = D(1,1)   % eigenvalues
ev2 = D(2,2)   % show evalue is repeated
if V(2,1) ~= 0  % normalize the eigenvector
    evec1 = V(:,1)/V(2,1)
else
    evec1 = V(:,1)/V(1,1)
end





% Draw direction field

% set plot boundaries
Xmin = -5; Xmax = 5;  
Ymin = -5; Ymax = 5;
% set how fine to make the grid of values
Step = 0.5;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel 'x1', ylabel 'x2'
title 'Direction Field for X'' = AX'

% Draw a few phase portrait trajectories

% x_1 from above, x_2 from calculations
t = -2.5:0.05:2.5;
x_1 = evec1*exp(ev1*t);
x_2 = evec1*t.*exp(ev1*t) + [1,0]'*exp(ev1*t);

hold on
m1 = evec1(2)/evec1(1);  % asymptotic line
plot(x,m1*x, '--r','LineWidth',2)

c1 = 1; c2 = 0;  % just x_1
    X = c1*x_1 + c2*x_2;
    x1 = X(1,:);
    x2 = X(2,:);
    plot(x1,x2, '-k', 'LineWidth',2)
c1 = 0; c2 = 1;  % just x_2
    X = c1*x_1 + c2*x_2;
    x1 = X(1,:);
    x2 = X(2,:);
    plot(x1,x2, '--k', 'LineWidth',2)
for c1 = [-2,-0.3,0.3,2]
    for c2 = [-2,-0.3,0.3,2]
        X = c1*x_1 + c2*x_2;
        x1 = X(1,:);
        x2 = X(2,:);
        plot(x1,x2)
    end
end



clear

A = sym([4, -2;
         8, -4]);

% get eigenvalue, eigenvector
[V,D] = eig(A);
ev1 = D(1,1)   % eigenvalues
ev2 = D(2,2)   % show evalue is repeated
if V(1,1) ~= 0  % normalize the eigenvector
    evec1 = V(:,1)/V(1,1)
else
    evec1 = V(:,1)/V(2,1)
end





% Draw direction field

% set plot boundaries
Xmin = -5; Xmax = 5;  
Ymin = -5; Ymax = 5;
% set how fine to make the grid of values
Step = 0.5;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel 'x1', ylabel 'x2'
title 'Direction Field for X'' = AX'

% Draw a few phase portrait trajectories

% x_1 from above, x_2 from calculations
t = -2.5:0.05:2.5;
x_1 = evec1*exp(ev1*t);
x_2 = evec1*t.*exp(ev1*t) + [0,-1/2]'*exp(ev1*t);

hold on
m1 = evec1(2)/evec1(1);  % asymptotic line
plot(x,m1*x, '--r','LineWidth',2)

c1 = 1; c2 = 0;  % just x_1
    X = c1*x_1 + c2*x_2;
    x1 = X(1,:);
    x2 = X(2,:);
    plot(x1,x2, 'ok', 'LineWidth',2)
c1 = 0; c2 = 1;  % just x_2
    X = c1*x_1 + c2*x_2;
    x1 = X(1,:);
    x2 = X(2,:);
    plot(x1,x2, '--k', 'LineWidth',2)
for c1 = [-2,-0.3,0.3,2]
    for c2 = [-2,-0.3,0.3,2]
        X = c1*x_1 + c2*x_2;
        x1 = X(1,:);
        x2 = X(2,:);
        plot(x1,x2)
    end
end



clear

A = sym([-3/2,   1;
         -1/4, -1/2]);

% get eigenvalue, eigenvector
[V,D] = eig(A);
ev1 = D(1,1)   % eigenvalues
ev2 = D(2,2)   % show evalue is repeated
if V(2,1) ~= 0  % normalize the eigenvector
    evec1 = V(:,1)/V(2,1)
else
    evec1 = V(:,1)/V(1,1)
end





% Draw direction field

% set plot boundaries
Xmin = -5; Xmax = 5;  
Ymin = -5; Ymax = 5;
% set how fine to make the grid of values
Step = 0.5;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx);  % a row vector
y = linspace(Ymin, Ymax, Ny);  % a row vector
% preallocate memory for coord, slope arrays
%  to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
    for j = 1:Ny
        xcoord(i,j) = x(i);
        ycoord(i,j) = y(j);
        v = A*[x(i);y(j)];  % get the slope
        s = norm(v);  % length of v
        % make slope vector a unit vector
        dx(i,j) = v(1)/s;
        dy(i,j) = v(2)/s;
    end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, 'r')
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel 'x1', ylabel 'x2'
title 'Direction Field for X'' = AX'

% Draw a few phase portrait trajectories

% x_1 from above, x_2 from calculations
t = -2.5:0.05:2.5;
x_1 = evec1*exp(ev1*t);
x_2 = evec1*t.*exp(ev1*t) + [0,2]'*exp(ev1*t);

hold on
m1 = evec1(2)/evec1(1);  % asymptotic line
plot(x,m1*x, '--r','LineWidth',2)

c1 = 1; c2 = 0;  % just x_1
    X = c1*x_1 + c2*x_2;
    x1 = X(1,:);
    x2 = X(2,:);
    plot(x1,x2, 'ok', 'LineWidth',2)
c1 = 0; c2 = 1;  % just x_2
    X = c1*x_1 + c2*x_2;
    x1 = X(1,:);
    x2 = X(2,:);
    plot(x1,x2, '--k', 'LineWidth',2)
for c1 = [-2,-0.3,0.3,2]
    for c2 = [-2,-0.3,0.3,2]
        X = c1*x_1 + c2*x_2;
        x1 = X(1,:);
        x2 = X(2,:);
        plot(x1,x2)
    end
end



clear

A = sym([1, 1, 1;
         2, 1, -1;
         0, -1, 1]);

[V,D] = eig(A)





clear

A = sym([0, 1, 1;
         1, 0, 1;
         1, 1, 0]);

[V,D] = eig(A)





clear
% solve Ax = B, given x(0) = B
A = sym([1, -4;
         4, -7]);
B = [3, 2]';

% get eigenvalue, eigenvector
[V,D] = eig(A)
% script only works for repeated eigenvalues
if D(1,1) ~= D(2,2)
    exit
end

ev1 = D(1,1);
evec1 = V;
% n = (A-ev1*I)n = evec1
n = linsolve((A-ev1*eye(2)),evec1)

syms t c1 c2
x_1 = evec1*exp(ev1*t);
x_2 = evec1*t*exp(ev1*t) + n*exp(ev1*t);
x = [x_1, x_2];
c = linsolve(subs(x,t,0), B);
x = c(1)*x_1 + c(2)*x_2



% plot solution in x1x2 plane

Xmin = -5; Xmax = 5;  % set plot boundaries
Ymin = -5; Ymax = 5;
t = -2.5:0.05:2.5;
% rewrite x_1, x_2 for plot
x_1 = evec1*exp(ev1*t);
x_2 = evec1*t.*exp(ev1*t) + n*exp(ev1*t);
x = c(1)*x_1 + c(2)*x_2;
x1 = x(1,:);
x2 = x(2,:);
plot(x1,x2)
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
grid on, grid minor
xlabel 'x1', ylabel 'x2'
title 'Solution for X'' = AX'

% plot x1 vs t

figure
plot(t,x1)
xlim([0,2])  % confine plot to t >= 0
grid on
xlabel 't', ylabel 'x1'
title 'x1 vs t'

clear
% solve Ax = B, given x(0) = B
A = sym([-5/2, 3/2;
         -3/2, 1/2]);
B = [3, -1]';

% get eigenvalue, eigenvector
[V,D] = eig(A)
% script only works for repeated eigenvalues
if D(1,1) ~= D(2,2)
    exit
end

ev1 = D(1,1);
evec1 = V;
% n = (A-ev1*I)n = evec1
n = linsolve((A-ev1*eye(2)),evec1)

syms t c1 c2
x_1 = evec1*exp(ev1*t);
x_2 = evec1*t*exp(ev1*t) + n*exp(ev1*t);
x = [x_1, x_2];
c = linsolve(subs(x,t,0), B)
x = c(1)*x_1 + c(2)*x_2



% plot solution in x1x2 plane

Xmin = -5; Xmax = 5;  % set plot boundaries
Ymin = -5; Ymax = 5;
t = -6:0.05:6;
% rewrite x_1, x_2 for plot
x_1 = evec1*exp(ev1*t);
x_2 = evec1*t.*exp(ev1*t) + n*exp(ev1*t);
x = c(1)*x_1 + c(2)*x_2;
x1 = x(1,:);
x2 = x(2,:);
plot(x1,x2)
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
grid on, grid minor
xlabel 'x1', ylabel 'x2'
title 'Solution for X'' = AX'

% plot x1 vs t

figure
plot(t,x1)
xlim([0,6])  % confine plot to t >= 0
yline(0);    % show x-axis
grid on
xlabel 't', ylabel 'x1'
title 'x1 vs t'



clear
% solve Ax = B, given x(0) = B
A = sym([3, 9;
         -1, -3]);
B = [2, 4]';

% get eigenvalue, eigenvector
[V,D] = eig(A)
% script only works for repeated eigenvalues
if D(1,1) ~= D(2,2)
    exit
end

ev1 = D(1,1);
evec1 = V;
% n = (A-ev1*I)n = evec1
n = linsolve((A-ev1*eye(2)),evec1)

syms t c1 c2
x_1 = evec1*exp(ev1*t);
x_2 = evec1*t*exp(ev1*t) + n*exp(ev1*t);
x = [x_1, x_2];
c = linsolve(subs(x,t,0), B)
x = c(1)*x_1 + c(2)*x_2

% plot solution in x1x2 plane

Xmin = -50; Xmax = 50;  % set plot boundaries
Ymin = -30; Ymax = 30;
t = -6:0.05:6;
% rewrite x_1, x_2 for plot
x_1 = evec1*exp(ev1*t);
x_2 = evec1*t.*exp(ev1*t) + n*exp(ev1*t);
x = c(1)*x_1 + c(2)*x_2;
x1 = x(1,:);
x2 = x(2,:);
plot(x1,x2)
xline(0);  % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
grid on, grid minor
xlabel 'x1', ylabel 'x2'
title 'Solution for X'' = AX'

% plot x1 vs t

figure
plot(t,x1)
xlim([0,1])  % confine plot to t >= 0
yline(0);    % show x-axis
grid on
xlabel 't', ylabel 'x1'
title 'x1 vs t'



clear
% solve Ax = B, given x(0) = B
A = sym([ 1, 0, 0;
         -4, 1, 0;
          3, 6, 2]);
B = [-1, 2, -30]';

% get eigenvalue, eigenvector
[V,D] = eig(A)

% script only works for insufficient eigenvectors
if size(V,2) == size(D,2)
    exit
end

ev1 = D(1,1);
evec1 = V(:,1);
ev2 = D(2,2);
evec2 = V(:,2);

% n = (A-ev2*I)n = evec2
n = linsolve((A-ev2*eye(3)),evec2)

syms t
x_1 = evec1*exp(ev1*t);
x_2 = evec2*exp(ev2*t);
x_3 = evec2*t*exp(ev2*t) + n*exp(ev2*t);
x = [x_1, x_2, x_3];
c = linsolve(subs(x,t,0), B)
x = c(1)*x_1 + c(2)*x_2 + c(3)*x_3



% plot solution in x1x2x3 space

t = 0:0.05:2;
% rewrite x_1, x_2, x_3 for plot
x_1 = evec1*exp(ev1*t);
x_2 = evec2*exp(ev2*t);
x_3 = evec2*t.*exp(ev2*t) + n*exp(ev2*t);
x = c(1)*x_1 + c(2)*x_2 + c(3)*x_3;
x1 = x(1,:);
x2 = x(2,:);
x3 = x(3,:);
plot3(x1,x2,x3)
grid on
xlabel 'x1', ylabel 'x2', zlabel 'x3'
title 'Solution for X'' = AX'
view([13 25])  % supplied by MATLAB

% plot x1 vs t

figure
plot(t,x1)
xlim([0,3])  % confine plot to t >= 0
yline(0);    % show x-axis
grid on
xlabel 't', ylabel 'x1'
title 'x1 vs t'



clear
% solve Ax = B, given x(0) = B
A = sym([-5/2,  1,   1;
           1, -5/2,  1;
           1,   1, -5/2]);
B = [2, 3, -1]';

% get eigenvalue, eigenvector
[V,D] = eig(A)
ev1 = D(1,1);
evec1 = V(:,1);
ev2 = D(2,2);
evec2 = V(:,2);
ev3 = D(3,3);
evec3 = V(:,3);

syms t
x_1 = evec1*exp(ev1*t);
x_2 = evec2*exp(ev2*t);
x_3 = evec3*exp(ev3*t);
x = [x_1, x_2, x_3];
c = linsolve(subs(x,t,0), B)
x = c(1)*x_1 + c(2)*x_2 + c(3)*x_3



% plot solution in x1x2x3 space

x1 = x(1,:);
x2 = x(2,:);
x3 = x(3,:);
fplot3(x1,x2,x3,[0,7])
grid on
xlabel 'x1', ylabel 'x2', zlabel 'x3'
title 'Solution for X'' = AX'
view([53.37 13.12])  % supplied by MATLAB

% plot x1 vs t

figure
fplot(t,x1,[0,7]) % confine plot to t >= 0
yline(0);    % show x-axis
grid on
xlabel 't', ylabel 'x1'
title 'x1 vs t'

clear
A = sym([3, -4;
         1, -1]);
[V,D] = eig(A)





clear
A = sym([1, -4;
         4, -7]);
[V,D] = eig(A)

syms t
ev1 = D(1,1);
evec1 = V(:,1);

n = linsolve(A - ev1*eye(2), evec1)















clear
% solve Ax = B, given x(0) = B
A = sym([0, 1/4;
         -1, -1]);
B = [1, 2]';

% get eigenvalue, eigenvector
[evec1,eval] = eig(A)

ev1 = eval(1,1);
% n = (A-ev1*I)n = evec1
n = linsolve((A-ev1*eye(2)),evec1)

syms t
x_1 = evec1*exp(ev1*t);
x_2 = evec1*t*exp(ev1*t) + n*exp(ev1*t);
x = [x_1, x_2];
c = linsolve(subs(x,t,0), B)
x = c(1)*x_1 + c(2)*x_2







clear
A = sym([1, -1;
         1, 3]);
[V,D] = eig(ctranspose(A))







clear
syms r
A = sym([1, 1, 1;
         2, 1, -1;
         -3, 2, 4]);
p = det(A - r*eye(3))
expand(-(r - 2)^3)
% show eigenvectors and values
[V,D] = eig(A)





% solve (A-2I)n = -V
n = linsolve(A-2*eye(3), -V)

Aug = [A-2*eye(3),-V]
rref(Aug)





% solve (A-2I)c = n
c_Aug = [A-2*eye(3), n]
rref(c_Aug)





T = [-V, n, [2,0,3]']
Tinv = rref([T,eye(3)])
T_1 = Tinv(:,4:6)

J = T_1*A*T

clear
syms r
A = sym([5, -3, -2;
         8, -5, -4;
         -4, 3, 3]);
p = det(A - r*eye(3))
factor(p)



rref(A - eye(3))





clear
A = sym([5, -3, -2;
         8, -5, -4;
         -4, 3, 3]);
(A-eye(3))^2

clear
A = sym([5, -3, -2;
         8, -5, -4;
         -4, 3, 3]);

n = [0,0,1]';
e = (A-eye(3))*n

A*e



clear
A = sym([ 5, -3, -2;
          8, -5, -4;
         -4,  3,  3]);

T = sym([1, -2, 0;
         0, -4, 0;
         2,  2, 1]);
Tinv = rref([T,eye(3)])
T_1 = Tinv(:,4:6)

J = T_1*A*T









clear
syms r
J = [r, 0, 0;
     0, r, 1;
     0, 0, r];
J2 = J^2
J3 = J^3
J4 = J^4



clear
syms r k
J = [r, 0, 0;
     0, r, 1;
     0, 0, r];
J_k = [r^k, 0,     0;
       0,  r^k, k*r^(k-1);
       0,   0,    r^k];
J_k1 = J*J_k
simplify(J_k1)







clear
syms r k
J = [r, 1, 0;
     0, r, 1;
     0, 0, r];
J2 = J^2
J3 = J^3
J4 = J^4



clear
syms r k
J = [r, 1, 0;
     0, r, 1;
     0, 0, r];

J_k = [r^k, k*r^(k-1), 1/2*k*(k-1)*r^(k-2);
       0,     r^k,     k*r^(k-1);
       0,      0,        r^k];

J_k1 = J*J_k
simplify(J_k1)







7.9 Nonhomogeneous Linear Systems

clear
A = sym([2, -1;
         3, -2]);
[T,D] = eig(A)



clear
Ay = sym([2, -5;
         1, -2]);
[V,De] = eig(Ay)



syms A B C D E F G H t
v = [A*t*cos(t)+B*cos(t)+C*t*sin(t)+D*sin(t);
     E*t*cos(t)+F*cos(t)+G*t*sin(t)+H*sin(t)];
g = [-cos(t), sin(t)]';
Eq = diff(v,t,1) - Ay*v - g;

collect(Eq,[cos(t),sin(t)])



S = [1, -2, 0, 1, 0, 5, 0, 0;
     -2, 0, 1, 0, 5, 0, 0, 0;
     0, -1, 1, -2, 0, 0, 0, 5;
     -1, 0, -2, 0, 0, 0, 5, 0;
     0, -1, 0, 0, 1, 2, 0, 1;
     -1, 0, 0, 0, 2, 0, 1, 0;
     0, 0, 0, -1, 0, -1, 1, 2;
     0, 0, -1, 0, -1, 0, 2, 0];
W = [-1, 0, 0, 0, 0, 0, 1, 0]';
rref([S,W])





clear
A = sym([1, 1;
         4, -2]);
[T,D] = eig(A)



syms t
Y = [4*T(:,1)*exp(D(1,1)*t),...
     T(:,2)*exp(D(2,2)*t)]
Y_1 = inv(Y)
g = [exp(-2*t); -2*exp(t)]
du = Y_1*g

u = int(du)
xp = simplify(Y*u)



clear
A = sym([4, -2;
         8, -4]);
[T,D] = eig(A)



syms t
Y = [1, t+1/4;...
     2, 2*t]
Y_1 = inv(Y)
g = [t^(-3); -t^(-2)]
du = Y_1*g

u = int(du)
xp = Y*u



clear
A = sym([1, 1;
         4, 1]);
[T,D] = eig(A)



g = [2; -1];
v = linsolve(eye(2)-A, g)

clear
A = sym([2, -1;
         3, -2]);
[T,D] = eig(A)







clear
A = sym([-3, sqrt(2);
         sqrt(2), -2]);
[T,D] = eig(A)





clear
A = sym([-3, sqrt(2);
         sqrt(2), -2]);
[T,D] = eig(A)

syms y1(t) y2(t)
y = [y1; y2];
g = [1; -1]*exp(-t);
% MATLAB prefers T\A to inv(T)*A
eqn = diff(y,t) == T\A*T*y + T\g
% solve for y1, y2
ySol = dsolve(eqn);
% dsolve gives a MATLAB structure
%   with fields accessed using dot
y = [ySol.y1; ySol.y2]
x = expand(T*y);
% make it somewhat readable
collect(x,exp(-t))



clear
A = sym([2, -5;
         1, -2]);
[T,D] = eig(A)



syms s
x = [ilaplace(-5*s/(s^2 + 1)^2);
     ilaplace(s*(s-2)/(s^2 + 1)^2)]



clear
A = sym([-1/2, -1/8;
          2,   -1/2]);
[T,D] = eig(A)





syms t s
g = [1/2*exp(-t/2); 0]
G = laplace(g)
M = (s*eye(2) - A)
% MATLAB prefers M\G
%   to inv(M)*G
X = M\G
xSol = ilaplace(X)



clear
syms c1 c2 t
A = sym([2, -1;
         3, -2]);
Xc = c1*[1;1]*t + c2*[1;3]*(1/t);
test = t*diff(Xc,t) - A*Xc
simplify(test)



g = [1-t^2; 2*t];
Y = [t, 1/t;
     t, 3/t];
tY = t*Y;
% MATLAB for du = inv(tY)*g
du = tY\g;
u = int(du)
Xp = simplify(Y*u)



clear
syms c1 c2 t
A = sym([3, -2;
         2, -2]);
% fundamental matrix
Y = [1/t, 2*t^2;
     2/t, t^2];
% homogeneous solution
Xc = c1*Y(:,1) + c2*Y(:,2);
test = t*diff(Xc,t) - A*Xc
simplify(test)

g = [-2*t; t^4-1];
tY = t*Y;
% MATLAB for du = inv(tY)*g
du = tY\g;
u = int(du)
Xp = simplify(Y*u)







































clear
syms s

a = partfrac( 2*(s+2) / ( (s+1)^2*(s+3) ) )
ilaplace(a)

b = partfrac( (s+2) / ((s+3)*(s+1)) )
ilaplace(b)

c = partfrac( 3 / ( s^2*(s+3)*(s+1) ) )
ilaplace(c)

d = partfrac( 1 / ( (s+3)*(s+1) ) )
ilaplace(d)

e = partfrac( 2 / ( (s+1)^2*(s+3) ) )
ilaplace(e)

f = partfrac( 3*(s+2) / ( s^2*(s+3)*(s+1) ) 
)
ilaplace(f)
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