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clear, clc

t = 0:0.01:2;

x1 = (11/3)*exp(2*t) - (2/3)*exp(-1t);
x2 = (11/6)*exp(2*t) - (4/3)*exp(-t);

plot(x1,x2)

grid on

xlabel “x _1(t)", ylabel "x 2(t)~

st = strcat("x_1"" = 3x 1 - 2x 2,7,

X 2" = 2x 1 = 2x 2°)7

title(st)
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clear, clc

t = 0:0.01:2*pr1;

x1 3*cos(2*t) + 4*sin(2*t);

X2 =3*sin(2*t) + 4*cos(2*t);

plot(x1,x2)

hold on % plot sequential points to get direction
plot(x1(1),x2(1),"r*") % plot 1lst point in red
plot(x1(10),x2(10), b*") % plot 10th point in blue
grid on

axis equal % to see if circle or ellipse

xline(0, “color®, "rv");

yline(0, “color®, °"r");

xlabel “x 1(t)", ylabel "x 2(t)"

title("x_1 = 3cos(2t) + 4sin(2t), x 2 = -3sin(2t) + 4cos(2t)")

x, = 3cos(2t) + 4sin(2t), x, = -3sin(2t) + 4cos(2t)
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clear, clc

t = 0:0.01:4*pi;

X1 = exp(-t/2) . *(-2*cos(2*t) + 2*sin(2*t));

x2 = exp(-t/2).*(2*cos(2*t) + 2*sin(2*t));

plot(x1,x2)

hold on % plot sequential points to get direction
plot(x1(1),x2(1),"r*") % plot 1st point in red
plot(x1(10),x2(10), "b*") % plot 10th point in blue
grid on

axis equal

xline(0, "color®, "r7);

yline(0, "color®, "rv);

xlabel “x_1(t)", ylabel “x_2(t)~

title("x_1 = exp(-t/2)(-2cos(2t) + 2sin(2t)), x 2 = exp(-t/2)(2cos(2t) + 2sin(2t))")

x, = exp(-t/2)(-2cos(2t) + 2sin(2t)), x, = exp(-t/2)(2cos(2t) + 2sin(2t))
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m Two interconnected tanks (Problem 19).

(& ) a. Let O,(#) and Q,(1), respectively, be the amount of salt in

each tank at time 7. Write down differential equations and initial
conditions that model the flow process. Observe that the system
of differential equations is nonhomogeneous.
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clear, clc
syms a
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det = 2-(-0)=//

Lnyeyse = L] 3-4
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Aot~ = C-(-6)= /2
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MSchS ”74—/’2/116,
clear, CIicC = -1 -/ r‘
ate o nn A=l
3: 5: Gj; 1.0000 -3.0000 2.0000 _3
det(A) lces  -1.0000 0.0000
inv(A) ' ' ' 2

é/s/m§ WMATL AL,

clear, clc
A=11, 2, 1;
-2, 1, 8;
l’ _2’ _7];
% MATLAB function to evaluate
% how close to zero det is
c = cond(A);
if ¢ < 1000
inv(A)
else
c
determinant =0
end

Am[(f//ni//;amf =0

¢ = 1.8940e+16
determinant = @

S‘(‘Miu alr
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det = (1) ]r ?/ - (z)}-’z g/ +m/-z 1/

2 -7 -7 [ -2

= () (§) - @¢) +O(3) = 7-/2+3 = O

Ms/mg MATLALR,

clear, clc
A=12, 1, 0;
0, 2, 1;
0, 0, 2];
% MATLAB function to evaluate
% how close to zero det is

c = cond(A);
if ¢ < 1000
C
InvA = rats(inv(A)) ) oree
else :
C InvA
determinant =0 : 1é2 -i;: _1;2
end . A .

A= | e yg
O 5 -1l
8 ) /1
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clear, clc
A=1]2, 3, 1;
-1, 2, 1;
41 _11 _1];
% MATLAB function to evaluate
% how close to zero det is
c = cond(A);
if ¢ < 1000
[
InvA = rats(inv(A))
else
c
determinant =0
end

clear, clc
A =11, 0, 0, -1;
0o, -1, 1, O;
-1, 0, 1, O;
0, 1, -1, 1];
% MATLAB function to evaluate
% how close to zero det is
c = cond(A);
if ¢ < 1000
c
InvA = ratsCinv(A))
else
c
determinant =0
end

¢ = 1.4588e+16
determinant = @
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Considev CAL.

(= CT = C(AB) = CAB=TL8=-01

MS"/Ii MATLAR,

clear, clc

syms t

A= [exp(t), 2*exp(—t), exp(z*t);
2*eXp(t) » exp(—t) . _exp(z*t) :
—exp(t), 3*exp(-t), 2*exp(2*1)];

B = [2*exp(t), exp(-t), 3*exp(2*t);
-exp(t), 2*exp(-t), exp(2*t);
3*eXp(t), —eXp(—t), _exp(z*t)];

A + 3*B

A*B

ans =

TJel Se* 10 621
—e! TJet 2e2f
8 el 0 —e2t

ans =

|

o3+06,—2 4d4eli—e'+1 o —et'+2¢
4er —g,—1 2e24e'+2 oy et e

oy —03—3 6e 21 —2¢e —1 361_2641_01
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() L/S/'ms NATLAS,

clear, clc
syms t

A A - ot 2t g

ot 21 -c’i 2 &
_é/f 2s L/{Z’f'

() (! L
Al)dt = C(e-) | 2 %
0 -1 3/,

In each of Problems 17 and 18, verify that the given vector satisfies
the given differential equation.

X’(JO: ’e*+2’e{‘+2

A = [exp(t), 2*exp(-t), exp(2*t); e —2e 2e¥
2*exp(t), exp(-t), -exp(2*t); el —e! —2e
-exp(t), 3*exp(-t), 2*exp(2*t)]; ol 3t 4e

B = [2%exp(t), exp(-t), 3*exp(2*t); i
—exp(t), 2¥exp(-t), exp(2*t); ans =
3*exp(t), -exp(-t), -exp(2*t)];

diff(A, t) e—1 2-2e! &

int(A, t, 0, 1) 2

2e—2 1-—e! 1
2
l—e 3—-3e! e

s (e+1)
4 (e+1r)

(et/)

[ fe
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clear, clc

syms t R =

A = [1, -1, 42 al —De2t 3a3t
g’ i’ :ij —4e' 2e2t @fedt

g(t) = [exp(t), exp(-2*t), exp(3*t); —e' 2e7H 3e¥

-4*exp(t), -exp(-2*t), 2*exp(3*t);
-exp(t), -exp(-2*t), exp(3*t)];

R = A*g(t) o el %)
L = diff(g(t), t) _del e Gedi
tf = isequal(L, R) % 1 if true, O if false Lel De2 3adr
tf =
1
° /
Since L=R (7&(/7‘\’—/‘}‘7”(20\ A=\1 -1 4



7.3 Systems of Linear Algebraic Equations; Linear Independence,
Eigenvalues, Eigenvectors

p—

] x| !
2 | % i

o -1 ]]x O
3

[ =]

6(31'43’ WA_////?K’

clear, clc

A = [11 21 1]-; €= 1 o 1 o
?1 1 é]_ 3 1 1 1
B — [O, 1, 2]'; '1 1 2 2
C = [A, B]
rats(rref(C)) ans =
' 1 ) 0 -1/3
) 1 0 7/3
) ) 1 -1/3

"




Mj /rnj /W/47'é/1tg)

clear, clc
A=11, 2, -1;

C =

1 2 -1 1
2, 1, 1; 2 1 1 1
1, -1, 2]; 1 1 2 1
B =11, 1, 1"
C = [A, B]
rats(rref(C)) 1 0 s 0
2] 1 1 %]
=] ] e 1

gr-/)C{ /as/ rouw u{ fow- f(o/urfo/ (CA(/C’/V) 7£0/l"/; o'ﬁ
4 /S 0) aﬂ/ /0{33/ {/(WI(VIYL OF /f ) S /, 7[4(/5 /'S

/10 §o/u/7//'an DLo (&l0,0>'/><,,7<2)3<3 7‘/

(2 -1 X, 2
2 X, )
| [ -1 2 K2 !

Ms/'nﬁ MﬂTZ# g

clear, clc C =

A=11, 2, -1; 1 2 1 2
2, 1, 1; 2 1 1 1
1, -1, 2]; 1 -1 2 -1
B =112, 1, -1]";
C = [A, B]
rats(rref(C)) ans =
' 1 ) 1 )
@ 1 1 1
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[/)Z*Xj] [

rtc, C K C m'l)/ (WSV[arﬂl

Mg,,,j MATIAS,
clear, clc
A=1[1, 2, -1; €=
2, 1, 1; 1 2
1, -1, 2]; 2 1
B = [0, 0, 01" il
C = [A, B]
rats(rref(C))
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Agﬁliﬂ/nﬁ XZ :[) an/ rmSV[ani, &'MO/ S'O/v/’nj .
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[7(, X X3] z [’C, C,CY , C any constant

—

/ 0 _/ xl O
S % | =1 O
I xg O

L/Sl'm3 MATL ATS :

clear, clc
A=11, 0, -1;
3, 1, 1;
-1, 1, 2];
B =110, 0, 0]";
C = [A, B]
rats(rref(C))

C =

w

1
e
2

=

[

®

5}
1
4

%]
@
1

9
9
9
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Zoo/( a;L ] o0 ! ¢, O
[ [ O G | =] 0
4 O
O | ;
é/S/ Vig MATLAB,
clear, clc C =
A =11, 0, 1; 1 ) 1 )
1, 1, O; 1 1 2 )
O, 1’ 1]; 2] 1 1 %]
B =10, 0, 0]
C = [A, B] s =
rats(rref(C)) ' 1 ° 2 o
' o 1 %) %]
7] 5] 1 %]

A s [m/({‘f/'é/c, SO C,=(=04370.

(/(C'f()r’g avre //'n(af/y /-hoéf(no/rnf

2 o -] q
I 2 G |70
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l/€c7/o/s cr e //'/’)raf_/y 0/6/06}40/(;47[
L/’mj NATI AR,

clear, clc c -
A =12, 0, -1; 2 ) -1 @
1) 19 2; 1 1 2 %)
O, O, 0]; (] (2} 2] 2]
B = [0, 0, O]";
C = [A, B]
rats(rref(C)) 1 o -1/2 o
7] 1 5/2 2]
<] Q Q 2]

) A 3
s 2,7 =0
2 =/ 3 ¢ S
A 3 O - (Z = ]
-l 2 Cq o
[) "/ 2 3 Cy @)
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clear, clc
A=11, 2, -1, 3;

1 2 -1 3 o
2, 3, 0, -1; 2 3 8 -1 o
-1, 1, 2, 1: 1 1 2 1 o
e -1 2 3 @

o, -1, 2, 3];:
B = [0, O, O, 0]";
C = [A, B]
rats(rref(C))

®O 00K
OOFr o
P O®OOO
® 000

/7' /S /‘m/rfvl/'\{/(, 2G> (3= Cy =0

{/CCYlOVS are /)‘/’car/\: /'n ciena/cwf

/7/47 Y Yeetors n [g wmust Le /1(n€ay§/ 0/24@,/?,4%

/] 3 2 Y ¢ 0
2 / -/ 3 cz = 0
L_- 2. 0, I - 2 63 0

MSME M/’ﬁ/‘{}ﬁ)

clear, clc

A =11, 3, 2, 4; c=
2,1, -1, 3; 1 3 2 4 2y
-2, 0, 1, -2]; 2 1 -1 3 )
B =10, 0, O0]"; -2 0 1 -2 )
C = [A, B]
rref(C)
ans =
1 ) ) 1 ]
) 1 8 1 ]
) 0 1 e e
- (§ SCYL— C4 = /_ .. (3 - O’ (z = Q/) C/ = —/

[CI»CZICSCK [/‘/O ?(’}Yﬂ
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K= e X =0

e —

[cF A= [Xm X(l\ X(M)]

/’_T’__ x(;)T

y an 7l X m mav’m'x

L an MXN ma/r;'x\ 1 < m

X(;‘) i
Le}t ¢ = [/4T A ] )M/Zr;/c i = mx (m-n), a
matrix of all zero entrivs.
C 15 an mxm matrix wilh m-n columns

0( Z2ero evtries.

T _ (1) (2.) ¢m) .
- X oox ... X |G X m ma bri’ X
(_.b O O p(/i'f/l m-n rou/s
6 0O o 05’ 2evos.
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//'Mr’mf// 0/f/rn0/rw7, SO fZaYZ errr (5 a

Non-zevo victor /5, ov( size mx|, s.t.

6\ Cz ( \
N R 0
6 0 -0 0/ ", an mx! ety
o o o 1 o
. 0 2) (ﬁf\t] 0
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O
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;m\ are /I'V)(a/}/ a/(/ocno/'wf.

Lef A - 5-1; ATl B (3]
27 o1 o > 1 o

AS /'M # /0, 7%(56 Vf(Y/oVS art /;'/)ecf;//)/ p/fﬁ:_ﬂ_o/fﬂf
0/§/.m3 /77/471/15, S’o/(/{ /4)("» /37 XT: Zc, , cs]

clear, clc c =

A=11, 1, 3; 1 1 3 e
2,1, 0}; 2 1 e o

B =1[0, 0]";

C = [A, B]

rref(C)
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)
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S/'V;(,ﬂ ZSm/z‘) | 2
(2)

) ince det (/4>7£0, YL’AM xm/ﬂ X (4 cre
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Then xé by =0
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[ov 471 KE7y =0 < Xe=-y
X T Xe ox(e-)=0 = X=0. .. /:o.
. The &wév valars o XY, e all valurs of £,
arc x——o,y——o. X(')//f) mw/ Xm(f) are
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clear, clc eigv =

sSyms x s
eqn = x"2 - 2*x + 5 == 0; ( 1)
eigv = solve(eqgn, Xx) I+2i
A =13, -2; ans =

4, -1];
B = [0, 0]"; [ )
for i = 1:2 22

C = [A = eigv(i)*eye(2), B]; o 0 0

rref(C)

ans =
end
1 =1_1i o
2 2
0 0 0
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SV

BRI M v [ f
I Z[ Z[Z . [zZ;[ﬂ
AH ind 7 {/z

I -2-)

-A 73 ) - (X~/)(ﬂ+/)-31 )\2-7-’0, /): -2, 2

|
v LT :]' <[5 1]5]
S Py R G A



)=-2, [@/] 2 nol ):2,[%]

é/s/ﬁj VIATIAR,

clear, clc p=—-x+3x>=7x+5
syms X
A =11, 0, O;

2, 1, -2;
3, 2. 11" e
p = det(A - x*eye(d)) 01 2 o
eigv = solve(p==0,x);
B = [0, O, O]";
for 1 =1:3
C = [A - eigv(i)*eye(3), B];
disp(eigv(l)), disp(rref(C))
end (

é Xl 6 ) x = 0 X(l) o
c | v KZ = 0 -/ = |
6 6 || % 0 / [



/9

(//S;nj M/TTKA'/E;

_ _.3 2 _ 1
clear, clc p=—x+6x I11x+6

syms x
A =13, 2, 2;
1, 4, 1;

1

-2, -4, -1]; (
p = det(A - x*eye(d))
eigv = solve(p==0,x%x);
B = [0, 0, 0]°; 2
for 1 =1:3
C = [A - eigv(i)*eye(3), B]; 1200
disp(eigv(i)), disp(rref(C)) ( )
end
3

= [ o 1 |]|x o x= |~ K g??g)
_— O [ O || |=]0 0 [Z]0 0000
O 0 0]|x 0 ( -/

A= 2 ] 2 o || x 6 |, x=|-2
— o 0 | X, [=]0 ]
6 6 o X< v 0
A=3 I 6 0[] X O |, X=| 0] ,0) O
— 0 [ | x, | =10 -l | = 1
0 o O] g 0 ' |
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Z2/5734§

\

11
)
~—

et

MATIAR,

S o —

G — ©

© — C

clear, clc
syms X
A = [11/9, -2/9, 8/9;
-2/9, 2/9, 10/9;
879, 10/9, 5/9];
p = det(A - x*eye(3))
eigv = solve(p==0,x);
B =1[0, 0, 0]";
for 1 =1:3
C = [A - eigv(i)*eye(3), B];
disp(eigv(i)), disp(rref(C))
end

~— N‘\

o -~ NI~
ARl

2 X, O -2
- Z 7(2 _ 0
Z 0

(2)

p =

-1

1
0
0

1

X +2x2+x-=2

D =

O = N
== o

\-__,/



(@ [t 7()7/ é{ n x| (0/uum Vectors.
L AX s 4 Vm/ colummn vzetor .

(/4)(' )/ Z(A’K —;/ szl'n/:i[/'on mney IOYoa/. CC&

d y
= Z <§/4 ) 7 1 Aef. of matrx malt. L2]

1=

M

N n
2 (2 ’J Jl/ > /DISYIYI\{M{IU‘C [aw [3]

1 =1 /

(ZPL : A,'J' 7,‘/) Commwvécfrzl'l/c /aw [6’]
-

j.-_/ 1 =1

NMa TN

1
M S
>
T
N

A,‘J- 7-1/\ /\)IS‘IL)’;!MV//'W /QI(/ [6]

(Z‘A >/>47( A AT [7]

N
QM




: 2 6 (2 ), 5, ) A s ceal-salecd T
,éxh<% (A7), Y/> al=zd [4]
= Jé Kj) (ATﬂJ», DNk matrss mult. 1]
= (x,47y) Def. ok inner product [12]

)
/@7 oA efimitiom, A*zj = () /?
. /o[%,\} - AJ, y O /} /ZI—I“' [*’:(
Aty Sy‘z/o [¢T /n (@)

= Z X (Z §i ,1> US/%@ [7@3 [7)]

= !

_—

= ijl</~2,( Ai: >/I.I> ab = ZZ [9/3

J=!



2.

n

- ZKM( Z ’Afﬁf 7';(> avd =+ 4 o]

d':/ /=1

n S

- % Kjl <A*7))J'{ /){ﬁ maty)x mult. [1°]
J=

- ()() /‘ﬁy) /Jmf p7£ ;'mner/afao/ucf [/2':(

()
Heemidian means A= A
/27 Q), (/‘}x,ﬂ :(K,A%7>:(X,A7¢>

The /)fué/mq assumes N0 Sguarc, nxn, for /f
A sy egy 2x3, wilh indpondent rows, Then
Could be ponaero ond Ax=0 | Lut Vhere s not y
St Ay 0 as Vhe column seclors of AT ore
/'m/{/m enle And ¢he statement before 22
mentions dralng wilh def (A)=0.



SiNce theye ewisds a nonzero X st Ax=0,
Fhen Jet R = rod reduction of A o £ must
have at least one row of afl zer envrics,

o hevinse Ax =o A/oo//o//m//7 X=0, whith "
ssat . . The rows o A arc d(%mo/mi/ =7 Herc
/S a nenzero (/(cvlo/—)/ 5.1 YTA:O =7 /r’y =0 since
(YA) 2 ATy Node ATy o5 nx! and 7 is nx/
/@7 definibrom (477)’., - Z(A Vi

cach row |

n
T -
Z (A >/J 7\“ - O K=0Q =2 X. =

J;(‘

h “ L — _
;(/IT),J Vj/ = JZI ) >/J( G+l =ag+d

= O—;O

T

TA(VZ ex S44 & }/_ v /?’X)T = 0 ,45;—7:-_ 4
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A=|1 -2 3
-/ 1 =7
z -1 3

L/S/lmi /7/)71/‘]'/3 )

clear, clc

A = [1, _21 3;
_11 19 _2;
2, -1, 3];

rref(A")

50/0{7&/'(/;1 YL[) Ai(y:() I'S y': [;Cf) Can/

jf}/ /S S.1. ﬂ'*)/:o, YLAZV) 7[0;’ Qn/ Vrc/or 2<7
(X,/}#ﬂ: /X,O)IO

led x de st Ax=8 . Sinec (hxy)=(x,A)
by #2/04), they (_4_’_7_): (Ax,y)- (A;AW:_Q_

fm EXQM/)/( 2) / 297 07( YL4< 71(7\7Li

LAY AT - 2
21 o
5771 3

L~

1 5 -1
0 1 -3
0 @ 5

COMS\Lan
C



But §=[4 7] s such that 4 134,45, =0
[5;] So #Lat Ax =4 bas a solution

(4, 80.8)0(1,3,0) =0 and sc
(4,4, 6.)0(c,3e,c) = é!).yi ,flgf —

(I A

(417>:5

A we)z A+ Alae) = &+ Alwe)
SbtahE) 7 frtao= 4

A ssume A 1 nxy o Fhat y 1S nxl

7 5 —

A’L7’— D_=> /T7=o = Ayo=0 = /?y:o
= AT 0 2 §TA=0. Lk ve g (isnen)
Note (4,)=2 45, = 477 (ot procke?)



= -4 (ot prod. s Commulatsie)
= V-4
Mobe that /s nx! and v /5 Ixn
o (by) =0 =7 yid =0, where =
o Need Ao show if vl =0 Ffor every
such that VA =0 then Ax =6 has a
Solutron.
Note Yhat vA is a bicar comination s+
rows of A /m/ac/hg a |xn Zevo yeetor.
[ of E= The proclect of the elimmation matrices
fra/ac/hﬁ o row reduction 88 A . The
restriclion on whether Ax =L bus solutions
‘s T hat for EAx=FL, fZ( Zero rows ok
EA must (orr(S/ano/ o Icro rows drCEéj
e, (F B A0 and F8F0 for vow () Vhen



2(

Fhere 1s o colution to Ax =L Lecause
EAx=0 forallx, so EAxtE b . St [ Az0
s equivalont fo v =0, tdere Hhe clements
oF V arc the tlements oF row E.
E-A=0 and E.{ =0 /s eiw,'mény‘ A
(A =0 ard y-b=0
. For very 5.¥. /JrJ'y’O, Here 15 a z/=7T,
ano/ & (5,7/)’0, ﬁrn v'éro, A//,z[
mples Vhet EAx: EL con be solveed,
wA,'cZ means Ax=L con Le colyes]

() IE deb(N=0. then Fx=0 has a nomzero
Solutions X . Buf d=0 = Ax=0, so Ax=Ax.
and - A=0 /s o c/jmva/m 0;4

(2) 1% A70 15 an 613("1(/61//{{ of A They



4>< = /)>< - 0 ;fm’ C N pero </'3rm/ccw/mf X .
AX:O I[VY X £0 =7 p/ff(/ﬂro as The
Co/umMS df A are g/e/mo/fmf‘.

(2)
A Hermitban => A=A or A =4
From 4 20(c), #his means for any x ard y,
(Axiy)= (x, Ay) o (Ax)= (x, Ax)
()
INE®IERD) I?i)—,x <. = % Alx. X = ,_Zn/(/'\x,-ﬂ;

= O, %) = (A = (e )= G 1)
= —Zi X)- (’)\Tg-’ﬁ - 2 X,'(/_\;(—,): ZMX(XZ)

V‘ —_—
A [Z=/ XK= A (7<>7<>
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(c)
Frm/m (é>) >\ (x,><> = ;\ (x)x)
/&/03[(; VL/MVL X /'S a NV Z€ro (/Cchor.

(X,X> IS a NeNPCro fm/ I/IUVMZH’, as

(X)X>: Z’ X,‘Q’- = Z (X,'I-L] OV'D/ QYL/CC{S7L

,.:/

one of the (X 1S nomtero Since X £06.
/) vide Za?‘/ S/'a/(s 07( A(X,X)i Z(xlx) !/
7%( Nen 2 erop /’m/m{méfr (><,><> to i(YL >\=§{_

—————

. / ) 2) 2]
6/[/(1/1 AX(]LA‘XH ano/ AX( . /\ZX( \ /\,7L/)z)

m

7 — ” —
./—A(m )\[ (xﬁ\) x(7.3> _ /1’ Z X 7((;2) - j/\j'? X(?\
1 ¢ =/

= (040 )= (A x9)
= (x" Ax®) !/ #2 [ ¢e)




=\, (x,x) /#27(4)
= /\2 /KO\) (z)> !7 427(c)
(X B =0 = (7 XP) =0

Sin (< )I -, #0

Consider ¢, o m‘—() [
A(Cx+fx> ALY+ ACA)
S Ay AGY)
=K ),
= Ale) = 0
6,7\.>< FCy N, X g [27
/Mu/z‘z/‘o/j [13 4y N s g1
LS x w2 X =6 [35

§aé7LfacyL233 I’:rom ZZE fo ijL)



e, (0-2) % =0

=7 Cy X(ZWZO >\\ f)z,
=/ (=0 )(QJ 0
/WM/Y,'/O// Z'K é/ /\z fo 3(")

( (2)
z‘lf)*7hﬁx =0 [4]

Su!er‘ac}’L [4] )CfOVl/l [25 T3 S&Yl,
& (DK =0

(s
. O 2)
—-Qx)+ GR =0 = (=0, (=0
R (2 .
X(’ ) 7() are //”(”’fé I.Vlﬁ/f/(’)’lﬁ/f”lf



7.4 Basic Theory of Systems of First-Order Linear Equations

(4)

A R A B

[Z’/]xm [Z /][ej] [("‘ Zx

e B L] 4
-3¢ At

(/ a 27 a 2)
) = AX

z—f]x -/ c<+czc”
3 =2 3 -2 ¢ e 1‘36'61‘

( \ 7 4 .
C,xl)+ CZ><(z = [(,e ] T - 1]= Clé/{--l‘fle
¢, e’ e € ¢, +3c,€
(2

+

d



Zcé +Zcef (Ce +54 ]
SCeffice - (2¢,¢" éce*)

:[G,QJL- ] QZ(CX CZX(Z>)
-3¢, e 7

X' = Ax
)
, 2) .
5/\o¢d KO cnd X( arc /mo/(/e//;o/m)’l) so
(N (ZW

X 1 X =0 = (=2¢=0

() @) -1
Frm (é)\c,x *C27<L= C,fff CZC’—’T = 0]
<, et 3626— d
-7
= ej e C, — OZ
e 37 | ¢ 0

For A=< '*—()o/ﬁ(/@-’Z%O
37

el

-1
< = /( 6] ’[O =7 C =0, =0
CZ 0 0

m 01/\0/ (2) arc IV)C//CHC/KVWI m/z/ SO
x 8 L g Fundamental sef of solutions



K/)

x (0) - c,x(')m b, )

<[] DR B

Here, PiA) = H ;z Y f/afﬁ/f)z 2, /gz(f>=—

%///?q 7“/22/{—): 2+ (-2)=0
From (), W) =2, " Wt =
And [pon e pao Tl = (0)(2) =0

N



W= [ o) v p,)ld

[ef P- [4,' Iz]

(a)

ﬂ M _
x [r —IzZ[-/}M . —3];”
[ 2
G)
P X [ sl
1 A
[ 37 L, 34
s ] [/Z(M ]h[zzév
/ X(Z> ) 2/ 21
“@ = € =
p/f M’f CZ*Y— [5](2,7‘
><(/)’ 0

PR A

(4)

¢
‘)( *CzX ) —31"]
-3
7‘6, [Czé ] [\7[

f-CC

C’C T'CZC

-31‘ za‘]



/pX:[/’] e+f€q‘] gce +2624—]
4
7 2 %c@”fcze /Zce rlc¢ zf
2) Fa -
QZ[C X +C ><<> [ + 6262 - -SC,egﬂ Zczew
o//’ 4c<3’f Cc” (2¢, eyr zczcz*
. /

2
= Px  for x = o, x4 o, x

()
AL A et [ 72 e [ <0

4
= SNF 0 o ol
" ond A arve 7 //'Marﬁ /rzo/c/cn%wf 50/ tioms
fo X' Px  whie Pis axz.
D and s faim o Sundamentid sV oS coludyons
fo %' = Px
2)

(i )
X (o) = ¢ X (o) + G X (0)

Lo al=LlE]- L]



_ ROV, _[CL 3L
X (+) Lx )+ LX) —‘-’i; +£y;”‘]
— 5 5
(€)
wlx" X0 - a/fr[c-”’ 2*]—/#% )
e 2t
z g’é"('
)

From Pl | ,]\ (D p(A: 1#(2) = -
4 2 i /“j

/ﬁ[(ﬂ f ﬂ_z/ﬂ>h/-’ (/>(S’e”> e
From, (6)) wit)= St W'(/')'—— <o

b)) - [Amf/um]&/




Lef Pl7) = [Z -S”}
| -2

@)
%s/nﬁ MATLAR

clear, clc px1
syms t cl c2

P = [2, -5; ( =5 sin(z )
1, -2]; cos(t) — 2sm
X1 = [5*cos(t); -
2*cos(t) + sin(t)];
x2 = [5*sin(t); ( =5 sin( )
2*sin(t) - cos(t)]; cos(t) — 2sn
Px1 = P*x1 oy
dx1 = diff(x1,t,1)
Px2 = P*x2 ( 5cos(t )
dx2 = diff(x2,t,1) 2 cos t)+sm
dx2 =
( 5 cos(t )
2 cos( t)+sn

= A ) 0 = PR

)

MS,'/,,KX M/I,'TZAE, (C'C/O/E o) ﬂ(?\f/mjc,
(WYZ/'MUMZ/'OV) d): a 40\/( C00/€> )
X'(1)= Px@, for xx)=c X8 + ¢, ;{23(1)




clear, clc X =
syms t cl c2

P = [2, -5; ( 5c¢ycos(t) + 5 ¢y sin(z) )

1, -2}; ¢ (2cos(t) +sin(t)) — ¢, (cos(z) — 2 sin(t))
x1 = [5*cos(t);

2*cos(t) + sin(t)]; Px =

X2 [g*2= 2%:3 T cos(D)]: ( (=5sin(r)) ¢; + (Scos(t)) ¢y )
Px1 = P*x1 (cos(t) —2sin(r)) ¢; + (2 cos(t) +sin(?)) ¢,
dx1l = diff(x1,t,1)
PXx2 = P*x2 dx =
dx2 = diff(x2,t,1) .
‘e il t odEns ( (—=5sin(z)) ¢; + (5cos(t)) ¢y )
Px = collect(P*x, [cl,c2]) (cos(t) —2sin(1)) ¢; + (2 cos(t) + sin(1)) ¢

dx collect(diff(x,t,1), [cl,c2]D

(¢)
é/j/'ﬁﬁ AVATLAR ((anvlf'nua{/'m o ﬂém/(>.

clear, clc
syms t cl c2

P = [21 _5;
1, -2];
x1 = [5*cos(t);
2*cos(t) + sin(t)];
X2 = [6*sin(t);
2*sin(t) - cos(t)];
% (a)
Px1 = P*x1
dx1 = diff(x1,t,1)
Px2 = P*x2
dx2 = diff(x2,t,1)
% (b)
X = €c1*x1 + c2*x2 xAxz =
Zx = co::ect((F;f?i: [cl,c2]) ( 5cos(t) S sin(z) )
%X(C)CO ect(difr(x. t. 1), [el.e2D 2 cos(t) +sin(¢t) 2sin(t) — cos(t)
xIx2 = [x1, x2] _
W = det(x1x2) W = —5cos(t)? — 5sin(t)?

WZ - S’ sSu )<'(I>(f) 5(;49/ X(Z>(//’> are

)

//'m(ar/\/ /th f/fﬁ@/fﬂVL, am/ S0 7[arn/i a
/ /
z{amﬂ/;mmyla/ st of solutioms Yo the Zx2 S/sffm.



)

(e)

(£)

MS/I/"i /%ﬁ'?[ﬁ'/g) (fonf/'nuq IL/.OV) 07( aéow) ,

clear, clc
syms t cl c2

P =12, -5;
1, -2];
X1 = [5*cos(t);
2*cos(t) + sin(t)];
x2 = [5*sin(t);
2*sin(t) - cos(b)];
%—(a)
Px1 = P*x1
dx1l = diff(x1,t,1)
Px2 = P*x2
dx2 = diff(x2,t,1)
% (b)

X = cl*x1 + c2*x2

Px = collect(P*x, [c1,c2])
dx = collect(diff(x,t,1), [cl,c2])
%—Ce)

x1x2 = [x1, x2]

W = det(x1x2)

% (d)

X0 = [subs(x1,t,0), subs(x2,t,0)]

b =1[1,2]"

c = linsolve(x0,b) % solve x0*c = b
XIx2*c

ans =

( cos(t) — 8sin(t) )
2 cos(t) — 3 sin(r)

2(’&5(/) - 5;‘)';(;1‘)

LX) s % X"t - g‘i x4 = | cos(f) - Xsin(f)]

F;OVV\ (C\ ) (J=-<

From Fot) = [z

-S
| -2

] , f O f )= 24(2)70




From (&), W) =-<  ss ' (4)=0
[//I(;l)"!/zz(/f)] W - (0)(-5)= 0
W' = [ﬂ,(z‘)v“/u/fﬂh/

Z(YL P[4 ‘2] /WI'S/ﬂr/'nYLI SAW/O/ ge X[Z>=[j]/ "[‘I’]

x(z)(f) as Sylm*m/ mm/ a Solution
Zi/{/fi ;krvjj /’¢§7/47 ;724‘/¢;Z§ )

clear, clc x1x2 =
syms t cl c2 Pxl =
P =[4, -2; e 2 2t
8, -41; ° 4 41—1

x1 = [2,4]";
x2 = [2,4]"*t - [0,1]"; dx1 = )
ok ()
Px1 = P*x1 X0 =
dx1 = diff(x1,t,1) 0 5 0
Px2 = P*x2 s ( )
dx2 = diff(x2,t,1) 4 -1
% (b) (2) o
X = cl*x1 + c2*x2 4 -
Px = collect(P*x, [c1,c2]) 1
dx = collect(diff(x,t,1), [cl,c2]) dx2 = 2
% (c)
x1x2 = [x1, x2] 2 c =
W = det(x1x2) 4 1
% (d) =
X0 = [subs(x1,t,0), subs(x2,t,0)] X = (2'
b =11,2]" 0
c = linsolve(x0,b) % solve x0*c = b 2ept2at
X1x2*c dep4cy (Ar—1) ans =
% (F )
daw = diff(w, t,1) PX = ( )
P11P22 = P(1,1) + P(2,2) 2
P11P22xW = P11P22*W (2 Cz)

4 dw = 0

(%)
P11P22 = ©

dx =

2C2
(4Ch)

p11P22xW = 0



(4)

x(zr) [K Pxt = [0:{ j;x“.-/x“
SO0 P g

(¢)

det [x7 5O [ et [z 21 ] < -2

4 4f-]

- ") @) . ,

- X Ofna/ X arc /f/]fqréx /Vm/c/rmo/mf
c{V!/ 50 ;Oi’m a ;uiflﬂfixmemﬂ/ sit og So/uf/'mﬂ
fo Fhe 2x2 s/sv‘rm_




éA

%%wﬁ}z,fwﬁﬁ@
'.Cx(ofcx (d—[?@][( []
7/.(/0/% [ﬂ“]

(= 50+ 0 = [1]
Z

(e)
FfaWI (C)I W[;(G)) )((2):((1>1 o/ef[z 2f ]: -2

g 4t- —
{)

From W)= -2 L w'try=o

From F= [?é '_Zq]) (/a”(z) fﬂz(,{ﬁ = 4i(9) =0

w':O c«mo/ (/)”1/2)4/= (o)(—?.)l@



ch‘ /): :_/—/[Z -/ /7cwf1¥( as )(I= /0)<

3 -2

MS'/'hi /MA'TZ/)'5>

clear, clc Px1 = X
syms t cl c2 | )
P = Q@Q/v)*[2, -1; ( ) cf+—
3, -2]; 3
x1 = [1,1]"*t; dx1 = e t+22
x2 = [1,3]"*(1/1); d

% (a) (1) ox =
Px1 P*x1 1

dx1 = diff(xl,t,1) or - (c. +

Px2 P*x2
dx2

= diff(x2,t,1) (_1
% (b)

X—=-cl*x1 + €2*x2

Px = collect(P*x, [cl,c2]) Py

dx = collect(diff(x,t,1), [cl,c2]P CF+(_
% (c) dx2 =

Xx1x2 = [x1, x2] ( 1 ( (

W = det(x1x2)

% (d)

%x0 = [subs(x1,t,0), subs(x2,t,0)]

%o = [1,2]"

%c = linsolve(x0,b) % solve x0*c = b
%x1x2*c

% (F)

dw = diff(w, t,1)

P11P22 = P(1,1) + P(2,2) Ww=2
P11P22xW = P11P22*W

~
(3]
—
-~ N
S =gy

p11P22 = 0

p11P22xW = 0

(4)

/x(,):[lz A A PP
) J} l .

ﬁx(z) 2[-//4‘7_ Z xm [ a,/.xm:/xm
St | dE -3/42 At



()
_Q/(CX Fex®) = [ - 2 ]

C. - 3<'/f
/(c,x 1(2><5> = | ¢ - X ]
C, —3c2//f
X’: /x
()
det |7, X7 |- Jef[f f/f] - 2
T/t

D crd O arc Lincarly indipendint, are sol.dions
fo the 2x2 sysfru by @, crd soform 4
Fundomental et of solutions.
@)
Since The S/gr/m /s undefined fov 470,
there s mﬂs_o_/f,:im fow x() = (0,7

()

J-rom ), AR XQI// /IL[ o, L] T2



(%)

From b/(D=2 w'f)=o0

From P - }’_[Z é} , p,,(z>+/zza>w%'§ "0

K

0= (0)E) so w'-(p ey )il

ZC’VL /D"/;Li 3 ! /ea/r:?[c as X = Px
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7.5 Homogeneous Linear Systems with Constant Coefficients

Note Title

12/2/2019

x2

(a) Mf"mg /NATLAB,

-
,,,,,,,,,,,,,,,,,,,,,,,,,, b s
P S R - y . 1
S G aeloE Dt Sk 0 - : ' : :
_____________ , A R
e e i T . el O A o
2B T i i A - S
____________ i Sl A R R -
""""""""" 5 = PR S I S B S R L
Ho e mny ety il ek e e o 5
"""" DT T S T PR S R
‘. ’.. 9 = - . A S B PR S B S R S B
’_ '_ g -, t N S R S R -
- ‘_- : ‘ A S P R R R T R S -
o TR T LGN P P S BRI e B e
. t R LR FR e e
- ! - L .
0
x1

clear

% set plot boundaries

Xmin = -5; Xmax = 5;

Ymin = -5; Ymax = 5;

% set how fine to make the grid of values
Step = 0.5;

% total # points on x and y axes

Nx = round((Xmax-Xmin)/Step, 0) + 1;

Ny = round((Ymax-Ymin)/Step, 0) + 1;

% set the actual x and y coords

X = linspace(Xmin, Xmax, Nx); % a row vector
y = linspace(Ymin, Ymax, Ny); % a row vector
% prealtocate memory for coord, stope arrays
% to be used iIn quiver, must be same dimension
xcoord = zeros(Nx, Ny);

ycoord = zeros(Nx, Ny);

dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
A =[3, =2;
2, -2];
for 1 = 1:Nx
for j = 1:Ny
xcoord(i,j) = x(i);
ycoord(i,j) = y(J);
v = A*[x(1);:;yd)]1: % get the slope
s = norm(v); % length of v
% make slope vector a unit vector
dx(i,J) = v(1)/s;
dy(i.3) = v(2)/s;
end
end

% plot the sltope vectorsat (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, “r%)
xbHne(0); % show x-and-y-axes

yline(0);

axis([Xmin, Xmax, Ymin, Ymax])

xlabel "x1°, ylabel "x2°

title "Direction Field for X*" = AX"



(1) Usivg MATLAS,

clear
A =13, -2;
2, -2];
[V.D] = eig(A);
evl = D(1,1) % eingenvalues
ev2 = D(2,2) evl = 2

% normalized eigenvectors ev2 = -1

if v(1,1) ~=0 evecl =
evecl = V(,1)/v(1,D) 1. 0000

else 8.5000
evecl = V(:,D)/V(2,D)

end

ifVv(,2) =20 5 =
evec2 = V(:,2)/V(1,2) evecs =

1.0000

else _ . 2.0000
evec2 = V(:,2)/NV(2,2)

end

E/fc/)v& ucs T A= 2,°/

(0”75/6/"'0/3'”3 ?/'3€m/<cfurs.' [IZZ ) [2’]
A: 7‘/')7_ —p Clj(lﬂl/(cf[mrj ’l”%/(l’lﬁ/tnvé

X(1) = ¢ [%Kr” : Cl[zfze’x

/45 ]L%ao, )?(JL) &//faﬁoéns f%c’ C;(}L(MS/'VV) to [2}
oy ﬂl57Wl/07Lo‘i[/'C /r‘nc Xy = 7i_7<, .

(¢) Ms/hg /NATLAR, &zo/o//hi Fo code in@)

ar\o/ SZOWW o /){x?lfaj<.



[V.D] = eig(A);
evl = D(1,1) % eigenvalues

ev2 = D(2,2)
if V(1,1) ~= 0 % normalized eigenvectors

evecl = V(:,1)/7V(1,1)
else

evecl = V(:,D/V(2,D)
end
if v(@,2) ~=0

evec2 = V(:,2)/V(1,2)
else

evec2 = V(:,2)/V(2,2)
end

hold on % plot phase portrait trajectories
ml =-evecl(2)/evecl(l)
m2 = evec2(2)/evec2(1)
plot(x,ml*x, "k") % asymptotic lines
plot(x,m2*x, "--k")
t = -2.5:0.05:2.5;
x1 = evecl*exp(evli*t);
= evec2*exp(ev2*t);
for c1 = [-2,-0.3,0.3,2]
for c2 = [-2,-0.3,0.3,2]

p = cl*x1 + c2*x2;
u=np(,:);
v =p(2;2);
plot(u,Vv)
end
end
Direction Field for X' = AX
ST o & P
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(2)

clear
% set plot boundaries
Xmin -5; Xmax = 5;

Ymin = -5; Ymax = 5;
Ms /Vl% mﬁ'fl'/}-ﬁ ) % set how fine to make the grid of values
Step = 0.5;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Direction Field for X' = AX Ny = round((Ymax-Ymin)/Step, 0) + 1;

Tk & & & 0 £ T & A T A %-set-theactual x—and-ycoords
Bk LA £ £ 8 L8l v 8w © x = linspace(Xmin, Xmax, Nx); % a row vector
e B L y = linspace(Ymin, Ymax, Ny); % a row vector
l ; 5 ; 5 j j j 5 ; ; j ; 5 j j B % % preallocate memory for coord, slope arrays
I % to be used in quiver, must be same dimension
P LT EEL L EVALFFTT] ¥ g d = .
ZE AR L LA LR A LS e ! 1 xcoord = zeros(Nx, Ny);
2 F i rFd el e LI ycoord = zeros(Nx, Ny);
L S F 4 B dx = N NV) -
WEL L EFL P L TP s 573 0T 7 x = zeros(Nx, Ny);
« ST Y PR LN dy = zeros(Nx, Ny);
RO 74 7 4 77 7 A=11, -2;
AP A LT 3 _43-
b EREE LR LB AP F L P FFT R 3, 415
it b o rbhrrrrereyr for i = 1:Nx
e R RN T AR SRR D for j = 1:Ny .
E Y A B rp st TP RELE xcoord(i,j) = x(i);
3t i N s rr 2 2P sttt rrr ycoord(i,j) = y(d);
L omm B gL L LS L LT v=~A*[x(D);y@)1; % get the slope
glmmm L LS LS LS LA L T s = norm(v); % length of v
pEm et L P B % make slope vector a unit vector
= A AP PGP PR E oy Fp g

dx(i,§) = v(1)/s;
dy(i.j)

|
a
o
[6;]

v(2)/s;
end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r%)
xline(0); % show x and y axes
yhine(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel "x1", ylabel "x2°
title "Direction Field for X"" = AX"

clear
. A= [1, -2;
é/émj MATLA R ) _41;
[V.D] = eig(A);
evl = D(1,1) % eigenvalues

evl = -1.0000 ev2 = D(2.2)
evz = -2 % normalized eilgenvectors
evecl = if v(1,1) =0
1.0000 evecl = V(:,1)/vV(1,1)
1.0000 else
evecl = V(:,D/V(2,1)
end
if V(1,2) ~= 0
evec2 = evec2 = V(:,2)/V(1,2)
1.0600 else ]
1.5008 evec2 = V(:,2)/V(2,2)

end
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clear
% set plot boundaries

Xmin = -5; Xmax = 5;

Ymin = -5; Ymax = 5;

% set how fine to make the grid of values
Step = 0.5;

% total # points on x and y axes

Nx = round((Xmax-Xmin)/Step, 0) + 1;

Ny = round((Ymax-Ymin)/Step, 0) + 1;

% set the actual x and y coords

x = linspace(Xmin, Xmax, Nx); % a row vector
y = linspace(Ymin, Ymax, Ny); % a row vector
% preallocate memory for coord, slope arrays
% to be used iIn quiver, must be same dimension
xcoord = zeros(Nx, Ny);

ycoord = zeros(Nx, Ny);

dx = zeros(Nx, Ny);

dy = zeros(Nx, Ny);

A=[1, -2;
35 —41;
for i = 1:Nx
for j = 1:Ny

xcoord(i,jJ) = x(i);
ycoord(i,j) = y(d):
v—=~A*[x(D);y@3)}; % get-the slope
s = norm(v); % length of v
% make slope vector a unit vector
dx(i,J) = v(1)/s;
dy(i.3) = v(2)/s;
end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, “r°)
xline(0); % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel "x1", ylabel "x2°
title "Direction Field for X*° = AX*

[V,D] = eig(A);
evl = D(1,1) % eigenvalues

ev2 = D(2,2)

if V(1,1) ~= 0 % normalized eigenvectors
evecl = V(:,1)/V(1,1)

else

evecl = V(:,1)/V(2,1)
end
if v({,2) ~=0

evec2 = V(:,2)/V(1,2)
else

evec2 = V(:,2)/V(2,2)

end

hold on % plot phase portrait trajectories
ml-=-evecl(2)/evecl(l)
m2 = evec2(2)/evec2(1)
plot(x,ml*x, "k") % asymptotic lines
plot(x,m2*x, "--k*%)
t = -2.5:0.05:2.5;
x1 =evecl*exp(evl*t);
x2 = evec2*exp(ev2*t);
for cl1 = [-2,-0.3,0.3,2]
for c2 = [-2,-0.3,0.3,2]

p = cl*x1 + c2*x2;
u=p(L,);

v = p(2,:);
plot(u,v)

end
end
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Direction Field for X' = AX
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Q
é/é/.nj /74714/2,

evl = 1
ev2 =
evecl =

evec2 =

. 0000
. 0000

clear

% set plot boundaries

Xmin = -5; Xmax = 5;

Ymin = -5; Ymax = 5;

%-set -how fine to make the grid of values
Step = 0.5;

% total # points on x and y axes

NX = round((Xmax-Xmin)/Step, 0) + 1;

Ny = round((Ymax-Ymin)/Step, 0) + 1;

%-set the actual x-and-y coords

x = linspace(Xmin, Xmax, Nx); % a row vector
y = linspace(Ymin, Ymax, Ny); % a row vector

% preallocate memory for
% to be used in quiver,
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);

coord, slope arrays

dy = zeros(Nx, Ny);
A =2, -1;
3, -21;
for 1 = 1:Nx
for j = 1:Ny
xcoord(i,j) = x(i);
ycoord(i,j) = y();
v=A*[x(D);y@)}; % get -the slope
s = norm(v); % length of v
% make slope vector a unit vector
dx(i,j) = v(1)/s;
dy(i.3) = v(2)/s;
end
end

% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r%)
xline(0); % show x and y axes

yline(0);

axis([Xmin, Xmax, Ymin, Ymax])

xlabel "x1°, ylabel "x2°

title "Direction Field for X*° = AX*

clear
A =12, -1;

3, -2];
[V.D] = eig(A);
evl = D(1,1)
ev2 = D(2,2)

% normalized eigenvectors
it v(1,1) ~= 0

% eigenvalues

evecl = V(,D)/v(1,D)
else

evecl = V(,D)/V(2,1D)
end
if v(1,2) ~-=0

evec2 = V(:,2)/V(1,2)
else

evec2 = V(:,2)/V(2,2)

end

must be same dimension
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clear
% set plot boundaries

Xmin = -5; Xmax = 5;

Ymin = -5; Ymax = 5;
%—-set-how—Fine—tomake—the-grid-of-values
Step = 0.5;

% total # points on X and y axes

Nx = round((Xmax-Xmin)/Step, 0) + 1;

Ny = round((Ymax-Ymin)/Step, 0) + 1;
%—-set—the-actualx—and-y-coords

x = linspace(Xmin, Xmax, Nx); % a row vector
y = linspace(Ymin, Ymax, Ny); % a row vector
% preallocate memory for coord, slope arrays
% to be used in quiver, must be same dimension
xcoord-=-zeros(Nx; Ny);

ycoord = zeros(Nx, Ny);

dx = zeros(Nx, Ny);

dy = zeros(Nx, Ny);

A= [2, -1;
3, -21;
for 1 = 1:Nx
for j = 1:Ny

xcoord(i,j) = x(i);

ycoord(i,j) = y(J);

v =A*[x(D);:;y@)]l; % get the slope
s = norm(v); % length of v

% make slope vector a unit vector
dx(i,§j) = v(1)/s;

dy(i,j) = v(2)/s;

end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r")
xline(0); % show x and y axes
yHine(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel "x1°, ylabel "x2*
title "Direction Field for X*° = AX*

[V.D] = eig(A);
evl = D(1,1) % eigenvalues

ev2 = D(2,2)

if V(1,1) ~= 0 % normalized eigenvectors
evecl = V(:,1)/VvV(1,1)

else
evecl = V(:,1)/V(2,1)

end

if v(1,2) ~=0
evec2 = V(:,2)/V(1,2)
else
evec2

V(:,2)/V(2,2)
end

hold on % plot phase portrait trajectories
ml = evecl(2)/evecl(l)
m2 = evec2(2)/evec2(l)
plot(x,ml1*x, “k") % asymptotic lines
plot(x,m2*x, "--k%)
t = -2.5:0.05:2.5;
x1 evecl*exp(evli*t);
X2 evec2*exp(ev2*t);
for cl = [-2,-0.3,0.3,2]
for c2 = [-2,-0.3,0.3,2]

p = cl*x1 + c2*x2;
u=p(,:);

v =p(2,:);
plot(u,v)

end
end
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evl = 0.5000
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1

clear

% set plot boundaries
Xmin = =5; Xmax = 5;
Ymin = -5; Ymax = 5;

% set how fine to make the grid of values
Step = 0.5;
% total # points on x and y axes
Nx round((Xmax=Xmin)7/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
X linspace(Xmin, Xmax, Nx); % a row vector
y = linspace(Ymin, Ymax, Ny); % a row vector
% prealtocate memory for coord, slope arrays
% to be used In quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
A = [5/4, 3/4;
374, 5/4];
for 1 = 1:Nx
for j 1:Ny
xcoord(i,j) =
ycoord(i,j) =
v = A*[x(1);y)1; % get the slope
S norm(v); % length of v
% make slope vector a unit vector
dx(i,J) = v(1)/s;
dy(i,J) = v(2)/s;

x(1);
ydd;

end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r")
xline(0); % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel "x1°, ylabel "x2*

title "Direction Field for X" = AX"

clear
A = [5/4, 3/4;
3/4, 5/4];
[V.D]1 = eig(A);
evl = D(1,1)
ev2 = D(2,2)
% normalized eigenvectors
if v({,1) =0
evecl = V(:,1)/v(1,1)

% eigenvalues

else

evecl = V(:,1)/V(2,1)
end
if v(,2) ~=0

evec2 = V(:,2)/V(1,2)
else

evec2 = V(:,2)/N(2,2)
end
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clear
% set plot boundaries

Xmin = =5; Xmax = 53

Ymin = -5; Ymax = 5;

% set how fine to make the grid of values
Step = 0.5;

% total # points on x and y axes

Nx = round((Xmax=Xmin)/Step, 0) + 1;

Ny = round((Ymax-Ymin)/Step, 0) + 1;

% set the actual x and y coords

x = linspace(Xmin, Xmax, Nx); % a row vector
y = linspace(Ymin, Ymax, Ny); % a row vector
%prealtocate memory for—coord, stopearrays
% to be used iIn quiver, must be same dimension
xcoord = zeros(Nx, Ny);

ycoord = zeros(Nx, Ny);

dx = zeros(Nx, Ny);

dy = zeros(Nx, Ny);

A = [5/4, 3/4;

3/4, 5/4];
for 1 = 1:Nx
for j = 1:Ny
xcoord(i,J) = x(i);
ycoord(i,j) = y();

v = A*[x(1);:y()]: % get the slope
s = norm(v); % length of v
% make slope vector a unit vector
dx(i,J) = v(1)/s;
dy(i.3) = v(2)/s;
end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r")
xline(0); % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel "x17, ylabel "x2*
title “Direction Field for X** =AX"

[V.D] = eig(A);
evl = D(1,1) % eigenvalues

ev2 = D(2,2)

ifT V(1,1) ~= 0 % normalized eigenvectors
evecl = V(:,1)/V(1,1)

else
evecl = V(:,1)/V(2,1)

end

ifv(@,2) =0

evec2 = V(:,2)/V(1,2)
else

evec2 = V(:,2)/V(2,2)
end

hold on % plot phase portrait trajectories
ml = evecl(2)/evecl(l)
m2 = evec2(2)/evec2(1)
plot(x,m1*x, “k") % asymptotic lines
plot(x,m2*x, “--k*%)
t = -2.5:0.05:2.5;
x1 evecl*exp(evl*t);
X2 = evec2*exp(ev2*t);
for cl = [-2,-0.3,0.3,2]
for c2 = [-2,-0.3,0.3,2]

p = cl*x1 + c2*x2;
u=pCl,:);

v =p(2,:);
plot(u,v)

end
end
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evl = ©
ev2 = -2
evecl =
1.0000
1.3333
evec2 =
1

clear
% set plot boundaries

Xmin = -5; Xmax = 5;

Ymin = -5; Ymax = 5;

%set how Fine to make the grid of values
Step = 0.5;

% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;

% set the actual xand -y coords
X = linspace(Xmin, Xmax, Nx); % a row vector
y = linspace(Ymin, Ymax, Ny); % a row vector

% preallocate memory for
% to be used iIn quiver,
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);

coord, slope arrays

dy = zeros(Nx, Ny);
A= [4, -3;
8, =6];
for i = 1:Nx
for j = 1:Ny
xcoord(i,j) = x(i);
ycoord(i,j) = y(d);
v = A*[x(1);y@)]; % get the slope
s = norm(v); % length of v
% make slope vector a unit vector
dx(i,§) = v(1)/s;
dy(i.3) = v(2)/s;
end
end

% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r")
xline(0); % show x and y axes

yline(0);

axis([Xmin, Xmax, Ymin, Ymax])

xlabel "x1", ylabel "x2°

title "Direction Field for X*" = AX"

clear
A= [4, -3;

8, =6];
[V.D] = eig(A);
evl = D(1,1)
ev2 = D(2,2)

% normalized eigenvectors
ifVv(@,1) ~—=0

% eigenvalues

evecl = V(:,1)/V(1,1)
else

evecl = V(:,1)/V(2,1)
end
ifVv(1,2) ~=0

evec2 = V(:,2)/V(1,2)
else

evec2 = V(:,2)/V(2,2)
end

must be same dimension
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clear

% set plot boundaries

Xmin = -3; Xmax = 3;

Ymin = -3; Ymax = 3;

% set how Fine to make the grid of values
Step = 0.25;

% total # points on x and y axes

Nx = round((Xmax-Xmin)/Step, 0) + 1;

Ny = round((Ymax-Ymin)/Step, 0) + 1;

% set the actual x and y coords

x = linspace(Xmin, Xmax, Nx); % a row vector
y = linspace(Ymin, Ymax, Ny); % a row vector
% preallocate memory for coord, slope arrays
% to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);

ycoord = zeros(Nx, Ny);

dx =zeros(Nx, Ny);
dy = zeros(Nx, Ny);
A= [4, -3;
8, -61;
for 1 = 1:Nx
for j = 1:Ny
xcoord(i,j) = x(i);
ycoord(i,j) = y(J):
v = A*[x(1);y()]); % get the slope
s = norm(v); % length of v
% make slope vector a unit vector
dx(Ci5J) =v(1)/s;
dy(i.j) = v(2)/s;
end
end

% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r")
xline(0); % show x and y axes

yline(0);

axis([Xmin, Xmax, Ymin, Ymax])

xlabel "x1°, ylabel "x2°

title "Direction Field for X"" = AX"

[V.D] = eig(A);
evl = D(1,1) % eigenvalues

ev2 = D(2,2)

if V(1,1) ~= 0 % normalized eigenvectors
evecl = V(:,1)/V(1,1)

else
evecl = V(:,1)/V(2,1)

end

if v(1,2) ~=0

evec2 = V(:,2)/V(1,2)
else

evec2 = V(:,2)/V(2,2)
end

hold on % plot phase portrait trajectories
ml = evecl(2)/evecl(l)
m2 = evec2(2)/evec2(1l)
plot(x,ml*x, “"k") % asymptotic lines
plot(x,m2*x, "--k")
t = -2.5:0.05:2.5;
x1 = evecl*exp(evl*t);
X2 = evec2*exp(ev2*t);
for c1 = [-2, -0.3, 0.3, 2]
for c2 = [-2,0,2]

p = cl*x1 + c2*x2;
u=pd,:);

v =p(2,:);
ifc2>0

plot(u,v,"b") % blue

elseif c2 < 0O
plot(u,v,"g") % green

else
plot(u,v,"*b")

end

end
end
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clear

% set plot boundaries

Xmin = -5; Xmax = 5;

Ymin = -5; Ymax = 5;

% set how fine to make the grid of values
Step = 0.5;

% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;

% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx); % a row vector
y = linspace(Ymin, Ymax, Ny); % a row vector

% preallocate memory for
% to be used in quiver,
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);

coord, slope arrays

dy = zeros(Nx, Ny);
A = [3, 6;
=1, =2];
for i = 1:Nx
for j = 1:Ny
xcoord(i,jJ) = x(i);
ycoord(i,§) = y(1):
v = A*[x(D);y@)]; % get the slope
s = norm(v); % length of v
% make slope vector a unit vector
dx(1,3) = v(1)/s;
dy(i.3) = v(2)/s;
end
end

% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, “r™)
xline(0); % show x and y axes

yLine(0);

axis([Xmin, Xmax, Ymin, Ymax])

xlabel "x1°, ylabel "x2*

title "Direction Field for X" = AX~

clear
A = [3, 6;

-1, -21;
[V.D] = eig(A);
evl = D(1,1)
ev2 = D(2,2)

% normalized eigenvectors
ifVv(@,1) =0
evecl = V(:,1)/VvV(,1)

% eigenvalues

else

evecl = V(:,1)/V(2,1)
end
ifVv({l,2) =0

evec2 = V(:,2)/V(1,2)
else

evec2 = V(:,2)/V(2,2)
end

must be same dimension
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clear

% set plot boundaries
Xmin = =3; Xmax = 3;
Ymin = -2; Ymax = 2;

% set how Fine to make the grid of values
Step = 0.25;

% total # points on x and y axes

Nx = round((Xmax-Xmin)/Step, 0) + 1;

Ny = round((Ymax-Ymin)/Step, 0) + 1;

% set the actual x and y coords

x_ = _linspace(Xmin, Xmax, Nx); % a row vector
y = linspace(Ymin, Ymax, Ny); % a row vector
% preallocate memory for coord, slope arrays

%—to—be—used—in—quiver,—must-be—same—dimension

xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);

dy = zeros(Nx, Ny);
A = [3, 6;
-1, -2];
for 1 = 1:Nx
for j = 1:Ny
xcoord(i,j) = x(i);
ycoord(i.j) = y(d):
v = A*[x(1);y()]; % get the slope
s = norm(v); % length of v
% make slope vector a unit vector
dx(i,J) = v(1)/s;
dy(i,j) = v(2)/s;
end
end

% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r")
xline(0); % show x and y axes

yline(0);

axis([Xmin, Xmax, Ymin, Ymax])

xlabel "x1", ylabel "x2*

title "Direction Field for X** = AX*

[V.D] = eig(A);
evl = D(1,1) % eigenvalues

ev2 = D(2,2)
if V(1,1) ~= 0 % normalized eigenvectors

evecl = V(:,1)/V(1,1)
else

evecl = V(:,1)/V(2,1)
end
ifv(@a,2) ~=0

evec2 = V(:,2)/V(1,2)
else

evec2 = V(:,2)/V(2,2)
end

hold on % plot phase portrait trajectories
ml = evecl(2)/evecl(l)
m2 = evec2(2)/evec2(1l)
plot(x,ml1*x, “"k%) % asymptotic lines
plot(x,m2*x, "--k*)
t = -2.5:0.05:2.5;
x1 = evecl*exp(evl*t);
X2 = evec2*exp(ev2*t);
for cl1 = [-2, 0, 2]
for c2 = [-2,0,2]

p = Cc1*x1 + c2*x2;
u=pC,:);

v = p(2,:);
ifFcl>0

plot(u,v,"b") % blue

elseif cl1 < 0
plot(u,v,"g") % green

else
plot(u,v,"*b")

end

end
end
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clear, clc
n=3;
A=1]1, 1,
1, 2,
2, 1,

[V.D] = eig(A);

for 1 =1:n
D(i, i)
rref(A
end

é;.

% size of system

23
1;
1];

% display eigenvalues

- D@, )*eye(n))

jenl/c;/urs : /\, :

% eigenvectors, values

ans = -1.0000

ans =

1.0000
e
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clear, clc @ @ e
n = 3; % si%e of system ans = -1.0000
A - [g, g’ g: ans =
4’ 2’ 3:"_ 1.0000 2.5000 1.00800
’ £ £ %] e <] -
[V,D] = eig(A); % eigenvectors, values e e e A‘)\L
for 1 =1:n
D(i,i) % display eigenvalues ans = 8
rref(A - D(i,i)*eye(n)) ans =
end 1.0000 @ -1.0000 -
e 1.0000 -0.5000 /4 "A-L
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clea clc

n =

A = 1 -1, 4;
3, 2, -1;
2, 1, —1]

[v.D] = elg(A) % eigenvectors, values

for i =1:n

D(i,i) % display eigenvalues

r,
3; % size of system
L

rref(A = D(i,i)*eye(n))

end

—

/Z/'ienl/or/ufs .

1)

PIERIND W

ans = 3.0000

ans =
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2]
Q
ans = -2.0000
ans =
1.ee00
%]
%]
ans 1
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clear, clc ans = 4
n=2; % size of system ans =
A = [51 _1; 1 1

3, 1]; o o
[V,D] = eig(A); % eigenvectors, values
for i1 =1:n ans = 2

D@, i) % display eigenvalues ans =

S ol =

ond rref(A - D(i,i)*eye(n)) 1 0000 -0.3333

[} (<}

—

EI.6¢/'(/€(/(,{(5: /\ - l/) /\L'

Crrrs/oono/{ﬂj €I genveetors: H [ ]
F = afife” a1
>—<’(0>-‘f K[Z [

Frow MATLATS

R = [1,1;

>I< = [%ﬂ] o 3.5000 . -, ¢y K = 7/2
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clear, clc ans = -1
n=2; % size of system ans =
A= [_21 1; 1 -1
-5, 4]; 2 2
[V.D] = eig(A); % eigenvectors, values
for 1 =1:n ans = 3
DCi, 1) %-display eitgenvalues ans =
rref(A - D(i,i)*eye(n)) 1.0000 -0.2000
end ) ]

gl'j(ﬂl/ﬂ/b((j )\——*/) )2: %

Copedig eyt [1]. [
R0 e [T ]
()= [/ [ ][C,K __[/K
1S Ll 3
From MATIAR, "4 [] m

X = [1:3]; 9.5000
linsolve(R,X)

k(D= m/m 5[;];"
I
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ans = -1
clear, clc ane 1 o 1
n =3; % size of system e 1 2
A =0, 0, -1; @ @ 8
21 oé o‘;]_]_ ans = 1
[V.D] = eig(A); % eigenvectors, values T o L
for i =1:n o 1 >
D(i, ) % display eigenvalues 8 8 8
rref(A - DCi, )*eye(n))
end ans = 4
ans =
1.0000 2] 0.2500
2] 1.0000 ©.1250
(2] 2] 7}
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From MATLAB,

R =11, 1, 2;

-2, 2, 1; ans = . ¢, 3
1’ _1, _8]; 3
X = [7;5:5]; 6 (7_ = é
linsolve(R,X) -1
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clear, clc r=-1
n=2; % size of system =
A=12, -1; 1.0800 -@.3333
3, -2]; ) S
for r = [-1, 1]

r r=1
rref(A - r*eye(n)) =
end 1 -1
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[ced x =

clear, clc
syms r

n = 2; % size of system
A =[5, -1;
3, 11;
s = solve(det(A - r*eye(n))==0);

for 1 = 1l:size(s)

s(i)

rref(A - s(i)*eye(n))
end

1" /s N #/% us/'h3 /WALTZ/M)

ans = 2
ans =
(1 _l)
3
0 0
ans = 4

< G consTants

ZcYL f: ZZLr- Mse

clear, clc

syms r
n=2; % size of systenm
A =14, -3;

8, -6]1;

s = solve(det(A - r*eye(n))==0);
i = 1:size(s)

s(1)

rref(A = s(i)*eye(n))

MATLAR 46 solve Ch-r Z)?= 3

—

ans = —2
ans =
(l _l)
2
0 O
ans = 0



- -
- = - c = l =7

(&) Using /TATLALS, /0/0¢ Tl = C,[;’]Jﬁcz [f]gzr

Phase Portrait of x' = Ax, -2.5<=t<=25
[ / o

X2

Coo/e on V’<7(7L/00{jc,
Node - 28<teas



clear, clc
%-set plot boundaries

Xmin = -4; Xmax = 4;

Ymin = -4; Ymax = 4;

evl = -1; % eigenvalues
ev2 = -2;

evecl = [-1; 2]; % eigenvectors
evec2 = [1; 2];
% compute slopes of asymptotic lines
ml evecl(2)/evecl(l);
m2 evec2(2)/evec2(l);
t = -2.5:0.05:2.5;
figure
xBim([Xmin,Xmax])
yhim([Ymin,Ymax])
hold on
xbkine(0); yhine(0); % axes
plot(t,ml*t, k") % asymptotic lines
plot(t,m2*t, “--k%)
sl = evecl*exp(evl*t);
s2 = evec2*exp(ev2*t);
% plot trajectories for various cl,c2
for cl = [-2,-0.3,0.3,2]

for c2 = [-2,-0.3,0.3,2]

X = cl*sl + c2*s2;

x1 = x(1,:);
x2 = x(2,:);
plot(x1,x2)
end
end

xlabel "x1°, ylabel "x2°
title "Phase Portrait of X" = Ax, -2.5 <= t <= 2.5"

A%

455(4;4/)( im;'yl/'a/// means /—“C)_
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[evecl, evec2];
[2; 3];
linsolve(M,B)
0:0.05:2.5;

O

x1 = x(1,:);

X2 =%x(2,);

figure

hold on

grid on
xLim([Xmin,Xmax])
yviim([Ymin,Ymax])
xline(0); yline(0);
plot(x1,x2)

x2
(=]

()

figure

plot(t,x1)
yhim([O0, 41)

grid on

xlabel "t", ylabel
title "x1(t) vs t*©

figure

plot(t,x2)
yhim([O, 41)

grid on

xlabel "t°, ylabel
title "x2(t) vs t°

X = C(1)*s1l + C(2)*s2;

xlabel "x1°, ylabel "x2°
title "Trajectory through (2,3), t >= 0"

Trajectory through (2,3),t>=0

é/S/nj MAT LA,

2"

(0&/( /S a ('oml/hum//'m/;

% now just look at t>=0
sl = evecl*exp(evl*t);
s2 = evec2*exp(ev2*t);

0; (004 ’.V) (a)
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clear, clc
% set plot boundaries
Xmin = -4; Xmax = 4;

Ymin = -4; Ymax = 4;
evl = 1; % eigenvalues
ev2 = -2;

evecl = [-1; 2]; % eigenvectors
evec2 = [1; 2];
% compute slopes of asymptotic lines
ml evecl(2)/evecl(l);
m2 evec2(2)/evec2(l);
t = -2.5:0.05:2.5;
figure
xBim([Xmin, Xmax])
yhim([Ymin, Ymax])
hold on
xline(0); yline(0); % axes
plot(t,ml*t, k") % asymptotic lines
plot(t,m2*t, "--k%)
sl = evecl*exp(evl*t);
s2 = evec2*exp(ev2*t);
% plot trajectories for various cl,c2
for c1 = [-2,-0.3,0.3,2]

for c2 = [-2,-0.3,0.3,2]

X = cl*sl + c2*s2;

x1 = x(1,:);

x2 = x(2,:);

plot(x1,x2)
end

end
xlabel "x1", ylabel "x2°
title "Phase Portrait of x** = Ax, =2.5 <=t <=2.5"

(4)
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M = [evecl, evec2?]; ‘ ' c
B = [2; 3]: [0 < /S a ('dn;///wmf/w
C = linsolve(M,B)

t = 0:0.05:2.5; % now just look at t>=0

sl = evecl*exp(evli*t); .

s2 = evec2*exp(ev2*t); ;— Cjﬁ 4‘>

X = C(1)*sl + C(2)*s2- g (e N

x1 = x(1,:);

x2 = x(2,:2);

figure

hold on c =

grid on

x1im([Xmin, Xmax]) "2.2500

yhim([Ymin,Ymax])

xline(0); yline(0);

plot(x1,x2)

xlabel "x1°, ylabel "x2°

title "Trajectory through (2,3), t >= 0"

4 Trajectory through (2,3),t>=0 /\/
DYZ ¢c: £

W
S

x2
o

(c)
Msi'hi MAYLAITS, Code o contination of
POt (E, x1) rodle o (4), @))

yhim([0, 4D

grid on

xlabel “t°, ylabel “x1*
title "x1(t) vs t-©
figure

//oV‘_S en ;/]rer/dqzc.

plot(t,x2) 7 =24
1im([-8, 4 SR R SR

s <D x(f): < v e
xlabel "t", ylabel "x2° ;X 2 ._ij
title "x2(t) vs t- )<2(7f-> =se + 5 -
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clear, clc
% set plot boundaries

Xmin = -4; Xmax = 4;

Ymin = -4; Ymax = 4;

evl = 1; % eigenvalues

ev2 = 2;

evecl = [1; 2]; % eigenvectors
evec2 = [1; -2];

% compute slopes of asymptotic lines
ml = evecl(2)/evecl(l);

m2 = evec2(2)/evec2(1l);

t = -2.5:0.05:2.5;

figure

xbBim([Xmin,Xmax])
yviim([Ymin,Ymax])
hold on
xbLine(0); yline(0); % axes
plot(t,ml1*t, "k") % asymptotic lines
plot(t,m2*t, "--k*)
sl = evecl*exp(evl*t);
s2 = evec2*exp(ev2*t);
% plot trajectories for various cl,c2
for cl1 = [-2,-0.3,0.3,2]

for c2 = [-2,-0.3,0.3,2]

X = cl*sl + c2*s2;

x1 = x(1,:);
x2 = x(2,:);
plot(x1,x2)

end
end
xlabel "x17°, ylabel "x2°
title "Phase Portrait of x*" = Ax, =2.5 <=t <=2.5

)

MS/"I@ /Wﬁ'rlﬁﬁ ) ﬂssumz'mj “/'Vn')[/'c{/” means t=0.

M= [evecl, evec2];

B =1[2; 3]; . ’ ¢
C = Finsolve(M,B) Cac/c 15 4 Conllmuaf/d’)
t = 0:0.05:4; % now just look at t>=0

sl = evecl*exp(evl*t);

s2 = evec2*exp(ev2*t); ; 51/ .

x = C(1)*sl + C(2)*s2: 0T Coclde 11 (4)

x1 = x(1,:);

x2 = x(2,:);

figure _

hold on €=

grid or e

xhim([-1,8]) :

yhim([-1,81)

xline(0); yline(0);

plot(t,ml*t, "k™) % asymptotic lines

plot(t.m2*t. “--k=) /\/ J
plot(x1,x2) oy <
xlabel "x1", ylabel "x2°

title "Trajectory through (2,3), t >=0*




Trajectory through (2,3),t>=0

X2

M§/'m3 ”7/117_!/4’/5)

figure

plot(t,x1)

yhim([0, 101)

grid on

xlabel “t~, ylabel "x1*
title "x1(t) vs t*©

figure

plot(t,x2)

ylim([0, 10])

grid on

xlabel “t°, ylabel "x2*
title "x2(t) vs t*

x1(t) vs t

x1
o

Caﬁ/( /.IS- b /'m%/.hué{/'éy/ d7[
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ovr A€ -rI& 0. ov (/4-AL>6= , anzcro
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(A-r, 7)) -
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_ < (1) = (1) - (D) —= (2)

= Aqé -ree + Age - rige
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=
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- 4 ([/g(l)f_ Cz E_‘l(ﬂ,_ 632(3)> - /}5?:5
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means C, =0 . T[40 Leccomes
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[/] ézzamfs C ?(3): 57, wlz'oé me ans
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(4)

Asso(m/hi C Scﬁ/mz/'aw /0 €>}00n(1471/'q/ )(ofm, #/hc/
leﬁrn\/a%,{zs . a/ef[_/zf'a 3/40 ] =0

J0 T/

Us'fnj MATLAB

clear i

syms r

A = [-1/10, 3/40; ans =
1/10, -1/5]; ;1

s = solve(det(A-r*eye(2))==0,r); 2

for i=1:2 (0 0)

s(i) % show eigenvalue

% rref to compute eigenvector

rref(A-s(i)*eye(2)) -1
end 20

- =g /50
X(ﬁ;c,/"]e /(/7(2\[3]61/1
-2 2
Solyc [' 3][6,]-_ ~/7Z—-§<”(0>
L 2 G -2/




A/m3 MATLAR,

B = [-17; -21];
vV = [1, 3;
_21 2]; C =

format rat
C = linsolve(V, B)

(4)

t = 0:0.05:40;

evecl V(:,1);

evec2 = V(:,2);

X = C(1)*evecl*exp(s()*t) + ...
C(2)*evec2*exp(s(2)*t);

x1 = x(1,:);

x2 = x(2,:);

figure

hold on

plot(t, x1)

plot(t, x2)

grid on

xlabel=t", ylabel “x1, x2°

title "Component solutions to x"° = Ax”

legend("x1","x2", “Location”, “northwest")

(¢)
/Trom V"Af /oévﬁ /1 /Z))

MSI})S MA‘TZ#/S) Canvllr//)uoﬂl)'av) d;i d!(}l/é Cu/é.
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Al c M6mdy/ﬂ//1/.cc: /// :'MCfCQS/'VIS an(y//fans,
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7 A1 A/ 4 ~A/zo
e /20 < e & — < e

Since Lot eV .0 <o
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Or. &> 7439 cud 1> 6675

C/oOSC [ =74739

/4§ Ce C—A(f/k, (,(S'/‘hj MAV/_AK\ L(Sf'hi fdé/f fKaVL

Continuts 7Cf0vy; cf!our‘.

for i = 74.39:0.01:74.40 e
y = vpa(C(1)*evecl*exp(s(1)*i) + ... —0.5000755317243938927645150466855
C(2)*evec2*exp(s(2)*i1))

end

—0.3333837688162807061 5764293858262)

y =
—0.49982555651821519025521854014191

(—0.3332171 18476581 10679147841428232)
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clear v

syms a

Ay: [_1, -1; <\/§ —\/Z)
-a, -1]; 1 1

% assign a = 1/2 b -

[V,D] = eig(subs(A,a,1/2))

N
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[V,D] = eig(subs(A,a,?2)) D =
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clear v -

syms a (

% Trick to get rational output 1y [

% Use "syms®, then "subs” 3 or 3 y L1
11
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% assign a = =572 5 o
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7.6 Complex-Valued Eigenvalues

Note Title N 12/17/2019

(2) &/m3 MATLAL,

clear ) i} ) % get evalues, evectors for trajectories
% Direction field - set plot boundaries [V.D] = eig(A);
Xmin = -5; Xmax = 5; evl = D(1,1) % eigenvalues
Ymin = -5; Ymax = 5; ev2 = D(2,2)
% set how fine to make the grid of values syms z
Step = 0.5; for n = 1:2 % eigenvectors
% total # points on x and y axes R = rref(A - D(n,n)*eye(2));
Nx-=-round((Xmax-Xmin)/Step, 0) + 1; %—Freevariable =1, S for —pivot
Ny = round((Ymax-Ymin)/Step, 0) + 1; S = solve(R(1,1)*z + R(1,2) == 0,2);
% set the actual x and y coords if n ==
X = linspace(Xmin, Xmax, Nx); % a row vector evecl = [S:1]
y = linspace(Ymin, Ymax, Ny); % a row vector else
% preallocate memory for coord, slope-arrays evec2 = [S;1]
% to be used in quiver, must be same dimension end
xcoord = zeros(Nx, Ny); end
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny); % plot phase portrait trajectories
dy = zeros(Nx, Ny); % over direction field
A= [-1, -4; % Enter A hold on
1, -11; % size interval to exceed plot bounds
for 1 = 1:Nx t = -5:0.05:5;
for j = 1:Ny i if ~isreal(evl)
xcoord(i,j) = x(i); x = evecl*exp(evl*t);
ycoord(i,j) = y(); x1 = real(x);
v = A*[x(1);y()]: % get the slope x2 = imag(x);
s = norm(v); % length of v else
% make slope vector a unit vector x1 = evecl*exp(evl*t);
dx(i,3) = v(1)/s; x2 = evec2*exp(ev2*t);
dy(i.J) = v(2)/s; end
end % create array of various coeff values
end c=1[1, 0, -1, -1, -1, O, 1, 1;
% plot the slope vectors at (xcoord, ycoord) 0,1, -1, 0, 1, -1, -1, 1];
quiver(xcoord, ycoord, dx, dy, 0-5, "r") for n = 1:size(c,2) % up to # columns of c[]
xline(0); % show x and y axes p = c(1,n)*x1 + c(2,n)*x2;
yline(0); _ u=p,:); % top row
axis([Xmin, Xmax, Ymin, Ymax]) % plot bounds v = p(2,:); % bottom row
x!abel "x17, ylabe! "x2* if (c(1,n)==1) && (c(2,n)==0)
title “Direction Field for X"" =-AX" plot(u,v, *=k=)

elseif (c(1,n)==0) && (c(2,n)==1)
plot(u,v, "--k%)

else
plot(u,v)

end
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clear

% Direction field - set plot boundaries
Xmin = -7; Xmax = 7;

Ymin = -7; Ymax = 7;

%—sethow Fineto makethegridof values
Step = 0.5;

% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
%—-set-theactual x—andy coords
x = linspace(Xmin, Xmax, Nx); % a row vector
y = linspace(Ymin, Ymax, Ny); % a row vector
% preallocate memory for coord, slope arrays
% to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy zeros(Nx Ny);
A = [2 -5; % Enter A
. =21
for | = 1:Nx
for J = 1:Ny
xcoord(i,j) = x(i);
ycoord(i,§) = y(1):
= A*[x(1):;y@)1; % get the slope
s = norm(v); % length of v
% make slope vector a unit vector
dx(i,§) = v(1)/s;
dy(i.3) = v(2)/s;

end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, “r")
xline(0); % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax]) % plot bounds
xlabel "x1°, ylabel "x2*
title "Direction Field for X*" = AX"

(4

Frm’m MATLAR FOO/C\ ﬂjcm/p,///fs: [y~
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_—9(1

X (1) F

= Z(‘as(/f)—s/,n(ﬂ 1
Cos(t)

% get evalues, evectors for trajectories
[V.D] = eig(A);

evl = D(1,1) % ergenvalues
ev2 = D(2,2)
syms z
for n = 1:2 % eigenvectors
R = rref(A - D(n,n)*eye(2));

% free variable = 1, S for pivot
S = solve(R(1,1)*z + R(1,2) == 0,2);

if n==
evecl = [S;1]
else
evec2 = [S;1]
end
end

% plot phase portrait trajectories
% over direction Tield
hold on
% size interval to exceed plot bounds
t = -5:0.05:5;
ifT ~isreal(evl)
X = evecl*exp(evli*t);

x1 = real(X);
X2 = imag(x);
else
x1 = evecl*exp(evl*t);
X2 = evec2*exp(ev2*t);
end

% create array of various coeff values
= [, o, -2, -2, -2, 0O, 2, 2;
o, 1, -2, 0, 2, -2, -2, 2];
1:size(c, 2) % up to # columns of c[]
c(1,n)*x1 + c(2,n)*x2;
pCl,:); % top row
p(2,:); % bottom row
if (c(1,n)==1) && (c(2,n)==0)
plot(u,v, "-k7)

elseif (c(1,n)==0) && (c(2,n)==1)
plot(u,v, "--k%)

else
plot(u,v)

for n

< CcOT

end
end
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clear % get evalues, evectors for trajectories
% Direction field - set plot boundaries [V.D] = eig(A);
Xmin = =7; Xmax = 7; evl = D(1,1) % eigenvalues
Ymin = -7; Ymax = 7; ev2 = D(2,2)
% set how fine to make the grid of values syms z
Step = 0.5; for n = 1:2 % eigenvectors
% total # points on x and y axes R = rref(A - D(n,n)*eye(2));
Nx = round((Xmax=Xmin)7/Step, 0) + 1; % free vartable =1, S for pivot
Ny = round((Ymax-Ymin)/Step, 0) + 1; S = solve(R(1,1)*z + R(1,2) == 0,2);
% set the actual x and y coords ifn==1
x = linspace(Xmin, Xmax, Nx); % a row vector evecl = [S;1]
y = linspace(Ymin, Ymax, Ny); % a row vector else
% prealtocate memory for coord, slope arrays evec2 = [S;1]
% to be used In quiver, must be same dimension end
xcoord = zeros(Nx, Ny); end
ycoord = zeros(Nx, Ny); % plot phase portrait trajectories
dx = zeros(Nx, Ny); % over direction field
dy = zeros(Nx, Ny); hold on
A =11, -1; % Enter A % size interval to exceed plot bounds
5, -3]; t = -5:0.05:5;
for i = 1:Nx if ~isreal(evl)
for j = 1:Ny X = evecl*exp(evl*t);
xcoord(i,J) = x(i); x1 = real(X);
ycoord(i,j) = v(); x2 = imag(Xx);
v = A*[x(1);y@)]1; % get the slope else
s = norm(v); % length of v x1 = evecl*exp(evli*t);
% make slope vector a unit vector X2 = evec2*exp(ev2*t);
dx(i,J) = v(1)/s; end
dy(i,j) = v(2)/s; % create array of various coeff values
end c=1[1,0,-1, -1, -1, 0, 1, 1;
end o, 1, -1, o, 1, -1, -1, 1];
% plot the slope vectors at (xcoord, ycoord) for n = 1:size(c,2) % up to # columns of c[]
quiver(xcoord, ycoord, dx, dy, 0.5, “r%) p = c(1,n)*x1 + c(2,n)*x2;
xline(0); % show x and y axes u=p@,:); % top row
yline(0); v = p(2,:); % bottom row
axis([Xmin, Xmax, Ymin, Ymax]) % plot bounds if (c(1,n)==1) && (c(2,n)==0)
xlabel "x1°, ylabel "x2* plot(u,v, "-k")
title “Direction Field for X** = AX*® elseif (c(1,n)==0) && (c(2,n)==1)
plot(u,v, "--k%)
else
plot(u,v)
end
end
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clear : } ) % get evalues, evectors for trajectories
% Direction field - set plot boundaries [V.D] = eig(A);
Xmin = =3; Xmax = 3; evl = D(1,1) % eigenvalues
Ymin = -3; Ymax = 3; ev2 = D(2,2)
% set how fine to make the grid of values syms z
Step = 0.25; for n = 1:2 % eigenvectors
% total # points on x and y axes R = rref(A - D(n,n)*eye(2));
Nx =" round((Xmax-Xmin)/Step, 0) + 1; % free variable = 1, S for pivot
Ny = round((Ymax-Ymin)/Step, 0) + 1; S = solve(R(1,1)*z + R(1,2) == 0,2);
% set the actual x and y coords ifn-==
x = linspace(Xmin, Xmax, Nx); % a row vector evecl = [S;1]
y = linspace(Ymin, Ymax, Ny); % a row vector else
% prealtocate memory for coord, slope arrays evec2 = [S;1]
% to be used in quiver, must be same dimension end
xcoord = zeros(Nx, Ny); end
ycoord = zeros(Nx, Ny); % plot phase portrait trajectories
dx = zeros(Nx, Ny); % over direction field
dy = zeros(Nx, Ny); hold on
A=11, 2; % Enter A % size interval to exceed plot bounds
=5, -1]; t = -5:0.05:5;
for i = 1:Nx if ~isreal(evl)
for j = 1:Ny x = evecl*exp(evl*t);
xcoord(i,j) = x(i); x1 = real(x);
ycoord(i.j) = y(d); x2 = imag(x);
= A*[x(1):y()]1: % get the slope else
s = norm(v); % length of v x1 = evecl*exp(evl*t);
% mgkg slope vector a unit vector x2 = evec2*exp(ev2*t);
dx(i,j) = v(1)/s; end
dy(i.J) = v(2)/s; % create array of various coeff values
end c=1[1,0, -2, -2, -2, 0, 2, 2;
end 0,1, -2, 0, 2, -2, -2, 2];
% plot the slope vectors at (xcoord, ycoord) for n = 1:size(c,2) % up to # columns of c[]

quiver(xcoord, ycoord, dx, dy, 0.5, “r")

1 p = c(1,n)*x1 + c(2,n)*x2;
xline(0); % show x and y axes u = p(1,:); % top row
yline(0); . = p(2,:); % bottom row
axis([Xmin, Xmax, Ymin, Ymax]) % plot bounds |f (c(1,n)==1) && (c(2 n)==0)
xlabel "x17, ylabel "x2° plot(u,v, "-k
title "Direction Field for X** = AX*® e|Se|f (c(d, n)——O) && (c(2,n)==1)

plot(u,v, "--k%)
else
plot(u,v)
end
end

//of on nzxf’/ajf.
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Using MATLAS,

1 0
34
clear 2
A = sym([1, O, O; 1 1 1
2, 1, -2; 5 -
3, 2, 1D); )
% get evectors, evalues 1 0 0
[V,D] = eig(h) 0 1-2i 0
0 0 1+2i

é/sz'nj ),=/7 and ;‘cc,/'n3 (_5’/21 to [}3]\
/ 2
;(/W(Jﬂ ~ e_/f’ [\—231
2
M§/‘M§ )\2= /‘Zl', [ﬁ.],
[

—~(2)
X (A)= | o
[—1] 61 [(05 (2f> - \fx'm(zz‘)]
[

= o1 0 Fi |0
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oS (21) - sm(24)
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/\/off o/d' 2 o O = 2 (P r o5 (24)
"3 -Sin(2t)  ~cos(zf) 240
2 (0S(24)  ~Sin(2A

TZ{ fra,/ COMVOVHM¢ <I‘jehx/cc7,0/§ arc /'no/c/oenoénf.

2 0 o

5 - £ :

7( z>f> = Cﬁ CTJL -3+ (Ezf "51V1(240 * Cq C)r Ckvj‘éz{)
2 CoS$(2%) Sin (t)

WZIU’( C,) C27 C’S avc (’C/VZSYZam/S, L{///'C4 }/Vléy
l'Y}CoV‘/ﬂﬂra{’( Som< d; fAC er’n(/(S 513148 a bove,

MSMS MATLALS ,

clear
A = sym([-3, 0, 2;
1 0;

~2, -1, O;
% get evectors, evalues
[V,D] = eig(A)
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U

Us /'mzs /MATLAL,

2
-2
I

det

syms

t
S qre(2);
A

Inn3

s
[ 2, s*cos(s*t),
-2, sin(s*t),
1,

det(A)

i

T2 foS[?fz',ﬂ
Sin (’fz/(')
ﬁcos (’7—22(>’ SI'/«; (ﬁz‘\

s*cos(s*t)-sin(s*t), cos(s*t)+s*sin(s*t)];

N)ﬁ)

—_—

-3z,
Cr312,

’7/51‘

2+72)

72
- [

V2 4+

((os(ﬁf\ FiSik (75#)>

17 cos(zt)
sin (174)
ﬁ(os(ﬁﬁ- 51'//\/7%2‘) |

e [ 72 sin(r2e)

- Cos(7z¢)
cos(Tah) + 72 sin(T2t)

ﬁ 5/-/)(7{2»70
~cos(77 1)
(as(ﬁd) + 72 Sin (73«7‘)

=372

s*sin(s*t);

-cos(s*t)

ans = 3V§CmWV§H;+3V§ﬁMV€”2



A(’&J fUW’!/OﬂfVIVL (/rc?zars qre {‘hp/(/ﬂcrm/rnf

—9 . . 7/2_(05(7/2—){')
X ()= ¢ [2 t g e'*[ Sin (12.4)
72

cos(24)- sin(72.1)

-

p T2 sin(12.4)
t e -cos(77 +)

Cos(134) + 12 5/n (172)

(1) Use MATLAR vo ;/'MJ @/5‘6#} va /WS, Cl'ﬂc’nl/ecfcrrs.

clear

% sym gives rational output . _

A = sym([1, -5; (2—1 2+1)
1, -3D; 1 1

[V.D] = eig(A) o

-1-i 0
0 —1+i

V =

(2) Find <t
e [ 2 ] ¢ [eosth) = isincn) ]

l

= ef’f (Z coslt) - 5/'14(4‘)1 + ié—f -cos(t) - 7 <M(J7‘>]
<05(1"> - 5/'#7(4‘)

real ;/qufnar7




det [C;f(z cos (7)- s,'m(f)> - cos(4)-2 < (H)]

e*(as (1) —e s )
: e—zf[Z cos A s ) (4) + Sin(t) ¢ coC () + Z(Os(f)s,'m(f)J
=T 40 feal and Smaginary cmfmem%
are ;'ma/e/ae nolent

) ?(f) - C, 6—/ [Z /OS(/{)-S/'h(J‘)J 1 (Zér [COS(A *ZSJ'hG‘Y

(o5 (#) Sin(t)

R) Find <5 G constants From inibia! condition

JOESEIR 4[?]* CZM " [f 3][6]

(//Sl'hg W]/)rTZ/I’/g ;

A = sym([2, 1; ans = . - ~

2 S el G e
B =1[1; 1]; (1) ( )
linsolve(A,B) % solve Ax=B -1

7?(1‘) - C-#[Zcos(/) -s/'h[;f)] - é#[wshf) + 2 sin(f)
cos (£) sen (f)

r. () = ¢” COS(J%&M@]
(‘os[f) “.S//’I(/!L)

/43 I =0 ) ;(f> S'f/'l’a/S ]Lua/ai’ﬂ/ (0,0)) 7’_46 0’)’/'5/'/7.



(/) MS‘/'/ACB /%ATZ/IIZ 7L0 ﬁc/’ c/'ﬁrﬁva/urs\ C;’ﬁcnl/ttcforsr

clear

% sym gives rational output , ,

A = sym([-3, 2; ('+' ]_')
_1’ _1]); 1 1

[V.D] = eig(A)

(Z) /L//na/ (1)
=) .
X ((/1> k [/ t l] e 2{—[(05(2‘) - I'S/V;(Z‘)z
(
- =21 : - -2 :
- & [fas(f) t Sm(ﬂ]+ ] € (mfﬂ—fm(f)
5057) = s ()
rCa /Wiajma//
Aet [e'u(rosuysihmﬂ e (cost) - s/h/f))] - e Ho

e * 4 cos(t) - s (A
) -. f(”/, /'Wl aj/}/’ar/ Cd m/oonfn/' I/(CILm’i /'ha'/c/dena/énf

~7 -21 5
X(#) = ¢ 62 [(05(4‘) 15ia(d) | + ¢ ¢ M[ (os(a‘)’s)'n(/f)]
(”5(ﬂ‘) 'Sl'h(/t")

(3) /f—//w/ C,)CZ fdhsvzan/f ]Crm/m 7‘;7;%1'&/ (ondl'y//'mo

o)L [ c.M+ (zmz[f QNZI



¢ -2, ¢ =5

;//A - _26—24“ (45(4')-/5/'1/1(4‘)
cos(h)

[+

aS(,A - S;yl(;(-)

-sind

O+

-21

;(xf) = e

[cw/f) - Ssinlt)

;chrs(y? ‘:S~f7;q (45

]

A‘g Jl“?f‘“) 7(7/’9 6/0/'/‘44 ylom,r/ [0,0), Fhe or/'j;'h-

(a)

MSI'//IKS /)7/1‘//1/}/3,

clear
% sym gives rational output
A = sym([374, -2;
1, -5/4]);
[V.D] = eig(A)

g-fjt’/ﬂ\/a/«/rg LT

J



(4)

-—=->(23 . ‘J/ .
Fym/y, G) X () = [le ¢ 4(/05(1%/@%#))

]
]

=N [ cos (1) - S/.ﬁ(a‘)] P [ cos(t) + sin(t)

coS(4) S 1 (A)
f(’a/ I‘W/mj/'ﬁar)'
1/ : ~
et (@ Weostiy-sn) ¢ (coste) + sz'n(/f))]
<t cos /2") C‘I/‘f s/‘n(/*)

~7/2 ' .
T - FO ﬂ(ﬂ/ Gfﬁﬁ/lWlﬁi/'Md}’/’
CdM/onmel Vists YLorS are /'/}o/(/ﬂrnﬁ/quL.
= I/ _ el
X ge [fos(f)-sm(f)] - cze"’[c,)smu:ﬁ

(05(4‘) S/ (A

X (o) = C,[K# G[ﬂ

5400§< C}:O) sz/ SO )?(0>=(/,0)

X((f> = s (KOS(/f) + 5/'/7(4‘))

x (1) = e s/

US/'mi M ATLAR



t = 0:0.01:25; Plot for X' = AX, X(0) = (1,0)

x1 = exp(-t/4).*(cos(t) + sin(t)); ae
x2 = exp(-t/4).*sin(t);

plot(x1l,x2) BE L
yline(0); % plot axes '
xline(0);

grid on 04 f

xlabel "x1(t)", ylabel "x2(t)"
title "Plot for X** = AX, X(0) =

(1.0) SR
: L//?
021
_0A4 1 1 1 1 1 1 1
0.6 0.4 0.2 0 0.2 0.4 0.6 0.8 1 1.2

x1(t)

(¢)
MSMK /77/47—14/3 am/ (0/47["/46{/'1418 (’(/o/f ;rom a m/x’)

plot(t,x1)
grid on
xlabel “t°, ylabel "x1(t)"

title "Plot for x1(t), X(0) = (1,0)"
plot(t,x2)
grid on
xlabel “t", ylabel "x2(t)"
title "“Plot for x2(t), X(0) = (1,0)"
127 Plot for x1(t), X(0) = (1,0) . 0.8 . Plot for x2(t), X(0) = (1,0)
: f
. 06 I.'
03 r '.I o I|
osf | ] o4 |
= 04F | = | I'.
= { & 02 |
e { i = | |I ~,
VA /N
0 I'. —— — _— 0 M, = _—
0.2
p 02} — 1
04+ . \—
% 5 10 15 2 25 e 5 10 15 2 25



é/gi‘hg /%/HZ/?'@, amw/ﬁ/’anua/éa /‘OVL&VZ/.Mi g/.\/o/dﬁ
ﬂV’é/ (dl’)f/./)b{/'hj f00/< 7Cruvz/1 &'(!m/f.

plot3(x1,x2,t)

grid on

xlabel "x17°, ylabel "x2°, zlabel "t~

title "Plot in t x _1x 2 space*

view([-19.2 7.3]) % after manual rotation, MATLAB supplies code

Plot in t X,X, space
25 —

20 -
15 -

10 —

|
i
>
O;W

0 1
X2 02 5 0 e 0.5
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(¢)
Us fni AT LA,

clear 1+i 1-i
% sym gives rational output 1 1
A = sym([-4/5, 2;
-1, 6/51); P
[V.D] = eig(A) 1
5
0o Lii

/g/'jem/a/urs . E/“/'} 5 *

a
o (2\ . ,1/5‘ _
F;’OW) (ﬂ) X [f)"— [/“/]e (r%/,{)v‘)s;h//f\v
l

1S ; 7/ .
- o - [MS/J‘W S/mﬁr)} ¢ I@ifg[“faS(f) ' 5114{1‘)]

cos (1) . 5in ()
€a / /VV7aj/.n<:3y
/< / .
0/(7“[61 > ((os[,f) 1 Sim (/f>> €Ic(’ cos(£) S/V)/f)>
e™’S coos (#) AT
. 275 . ; :
- f 7[0- .o /z’a/ q}’]a/ /M/’éjll?af/

(dh/)/ﬁo/’)(MVL U€C7/075 aye /‘Vié/P/ﬂ/’VlﬂéWf.



;(/ﬂ = C cj/g[('os(a‘) + sin(»‘)l t ¢ éf//s[‘fﬁs(zo F st
0 s (f) Sin (£)

)_:/0\ - C,[/] 1 cz[-/f
/ 8]
(400&’ €,=CZ=/ S o ?/O) : (0,/>
X,(f\): ZCZ‘/S—S/'V; (j>

X, (+) = //5/ [msm ¢ s/n//)]
MS""'S MATZA/K)

t = 0:0.01:15;

x1 = 2*exp(t/5).*sin(t);

x2 = exp(t/5).*(cos(t) + sin(t));
plot(x1,x2)

yline(0); % plot axes

xline(0);

grid on

xlabel "x1(t)", ylabel "x2(t)-

title “Plot for X** = AX, X(0) = (0, D)*

Plot for X' = AX, X(0) = (0,1)

25

20 P i "‘\\\

15} | // \\

// |

10 //// /
§ 5 / //—\

5t/
[
|
407\\H 3 ,
_1 5 1 1 I I 1
-20 -10 0 10 20 30 40




()
0/5/’”3 MATZ/‘HEI oma/ CaVN//'V)M/'I/)j coo/; 7CVom déaz/t;

plot(t,x1)
grid on
xlabel “t°, ylabel "x1(t)"

title "Plot for x1(t), X(0) = (1,0)*
plot(t,x2)
grid on
xlabel "t", ylabel "x2(t)"
title "Plot for x2(t), X(0) = (1,0)"
i Plot for x1(t), X(0) = (1,0) 25 Plot for x2(t), X(0) = (1,0)
20
30
15+
20 1 10+
:“f 10 g s
0
0
5
10 /
/ 10
20 L ! -15
0 5 10 15 0 5 10 15

(<)

Using MATLAB, bnd manually v futing 30 plot,
&V!o/ Comvzl./)u/.hi fboé [NW) aAVn

plot3(x1,x2,t)

grid on

xlabel “x1", ylabel "x2°, zlabel "t*

title "Plot in t x 1x 2 space-

view([-71.5 8.7]) % after manual rotation, MATLAB supplies code



Plotint X,X, space

15 \/
X
\\‘
-
-
10 | -
//)7/7
<
.
5 !
0- s 90
20 15 g
10 5 0 § o A0 4

-1 an

(2) a/e{—[cx-A l ]——o =>(o(—/\>1-f/=0) )1-24/]% 5+ =0

g—)/u/l.hj '{07/ A} /\: Lo 1‘—7/%»41— 4/1&1*/) = At /
2

&r) US/'hj /}7/} TZA/S)

clear v =

syms a o

A = [a, 1; 1 —1 . . . .
“1,a o L TP

— e?g](A) D(_ ) fj(}/p/cf/drs A (At

a—1 0
0 a+i




)

For ATt X (1) = []e”((as(f)i/s/m(/f»
. Foy 2 >0 Solutions soival 4o o a5 F—voo.
[vy A <0, COVT Causrs 50/4//'0\/75 7o S/m'ra/
toward (9,0) as 4 - oo
R, Fureation valucs $ov =0,
(<)
(40056 A= 21O [, usc A= 0(7‘/\, cigenvecloy [_[{.Z

;’//ﬁ . [— /'] ed[(ms(ﬁ + /15@(]‘)}
|

= éouf[&'m (/7‘) Z + 1 cdf[*msfj)]
(o5 (1) Sin(f)
;ﬁca/ /quj,},af/

y/{f [e S/n(t) C (as(j)] = (’2“7/?‘0_

cos(t) A sinh)

/(a/am/ /fmaj,hm’}/ MW/UVI(MV/S av( /'ﬂo/t'/ﬂmo/mf

?/z‘) = ¢ Cf‘mL /\S/'/m‘) K t G, eod[-ros//f)
s () sin (A)



X (#) = eN/ (sivz (k) - ms(ﬁ)
X (4) = ch(cos/ﬁ fs)a(;f)>

6{5/"’)3 MA'TL#'B/

t = 0:0.01:20;

X1 = exp(a*t).*(sin(t) - cos(t));

x2 = exp(a*t).*(cos(t) + sin(t));
plot(subs(xl,a,0.1),subs(x2,a,0.1))
hold on
plot(subs(xl,a,-0.1),subs(x2,a,-0.1))
yline(0); % plot axes

x1ine(0);

grid on

e
title “Plot for X"" =AX, a=+0.1, =-0-1°
legend("a = +0.1", "a =

Plot for X' = AX, a = +0.1, -0.1

C;/§7}13 <ﬁ

-0.1%, “location®, "northwest")

12

a=+0.1
10 | a=-0.1 — <
///
8 /
6| W ol
/
4 F /
& 2t [
=
-
2 |-
4+
6
'8 Il 1 1 L 1 1
-10 -8 -6 -4 -2 0 2 4

C2_= /

A=10. [ %/(/’cf/s 00(71'«/0"0/) 0(""'0./ fn/ﬂ/'/a/s /‘/M/aro/

Mol ¥,06) = =1, Xy(0)=1
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(@)

asz'nﬁ MATL AL,

clear
syms a

A: [09 _5; D =
1, ajl;
[V.D] = eig(A) a_Va> =20 0
2 2
0 E+ a2—20

2 2

- —fjfhl/a mes . A ¢ K ~20
2. 2.

@)

If 220, ov 1612720 yalues ave veaf,
/\/OV[( /0?‘_-2—0<]o<{, 50 o comnates Yu*-20

. For veal valyes, & -’;@ ay ¢ cr,'//24//oa/nfs

AA

[/W )\Caim, e —9 O 45 f> oo
f-ev A—“ﬁ(—"ﬁo, C/?/T‘SO as 1 =

VES /0(/<7,/7~;, A is (mf/rx, am(// Fhe
Nature mﬁ f(xf) o/f/wmé on C'lf,




IS’ 0(%<V3—0} 7LA<V] el/f

o0 as J—>e0
so X (+) Wr'// SF:'m/ outward.

f?c "Vfc)<vﬁ<0, €ML—‘70 wS ]"*U@, S0

X @) will 5/'0/'/%/ foward (0,6).

X =0 IS ¢ critical valae .

Bifurcation valaes arec & s ’ﬁo)é,m

()

Use o« = ~V20 101, o/ 720 £0.]
K= -T2 - 0/

2 ﬁovbz Circ n¢jaV[1FVC
>\Z = %ﬂ + VYV x 29 &?na//(a/

- 1, X _ T &> AT [~ Var-
X(f>:cl€/f[% “zlojwcczcl[zJ' zzoj
[ (

//c)YL fax/M//( Yll’&(jrci/of/.fs &Vlﬁ/ L/I'I/CCVZ/I/V’ 1(/'(//.
M%]TZA'[S CO&/{ 44 ﬂ{XVl/013<, /.n 7Lh/() Co/aMS'




clear

% Trajectories

syms a

M = [0, -5; evl = D(1,1); % eigenvalues
1, a]l; ev2 = D(2,2);

nv = -sgqrt(20) - 0.1; % new value evecl = V(:,1); % eigenvectors

A = subs(M,a,nv); evec2 = V(:,2);

[V,D] = eig(A);

% compute slopes of asymptotic lines
ml = evecl(2)/evecl(l);
m2 =

% set plot boundaries evec2(2)/evec2(1);
Xmin = -2.5; Xmax = 2.5; t = -2.5:0.05:2.5;
Ymin = -2.5; Ymax = 2.5; %Figure
xBim([Xmin,Xmax])
% Direction grid yhim([Ymin, Ymax])
% set how fine to make the grid of values hold on
Step = 0.5; xline(0); yline(0); % axes
% total # points on x and y axes plot(t,ml*t, "k") % asymptotic lines
Nx = round((Xmax-Xmin)/Step, 0) + 1; plot(t,m2*t, "--k")
Ny = round((Ymax-Ymin)/Step, 0) + 1; sl = evecl*exp(evli*t);
% set the actual x and y coords s2 = evec2*exp(ev2*t);
x = linspace(Xmin, Xmax, Nx); % a row vector % plot trajectories for various cl,c2
y-= Llinspace(Ymin, Ymax, Ny); % a row vector for cl = [-2,-1,1,2]

% preallocate memory for
% to be used in quiver,

coord, slope arrays
must be same dimension

for c2 = [-2,-1,1,2]
X = cl*sl + c2*s2;

xcoord =-zeros(Nx; Ny); X1 =x(1,2);

ycoord = zeros(Nx, Ny); x2 = x(2,:);

dx = zeros(Nx, Ny); plot(x1,x2)

dy = zeros(Nx, Ny); end

for i = 1:Nx end

for j = 1:Ny xlabel "x1%, ylabel "x2°

xcoord(i,J) = x(i); str = sprintf("%.3f",nv);
ycoord(i,j) = y(g); s = strcat("Phase Portrait of x"" = Ax, a = ",str);
v = A*[x(i);y()]; % get the slope title(s)
s = norm(v); % length of v
% make slope vector a unit vector
dxCi ) =v(@)/s;
dy(i.j) = v(2)/s;

end
end

% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, “r")

2.5

Phase Portrait of x' = Ax, a =-4.572
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XU 2 T ATIAR coos Lreks

(/1/0 r‘/) 7[0 I"fﬂ/amo//’VMﬂj/.ha///asz.

% Trajectories

clear

syms a

My: [0, -5; evl = D(1,1); % eigenvalues
1’ a]: ev2 = D(2,2); i

nv ==sqrt(20) + 0.1; % new value evecl = V(:,1); % eigenvectors

A = subs(M,a,nv); evecz = V(:,2);

hold on
%—size—interval—to—exceed-plot-bounds
t = -2:0.05:2;

[V,D] = eig(A);

% set plot boundaries

Xmin = -2.0; Xmax = 2.0; % just use evl, evecl

Ymin = -2.0: Ymax = 2.0- % —as real;, imag parts are independent
’ ’ x = evecl*exp(evi*t);

% Direction grid x1 = real(x);

: . x2 = imag(x);

% set how fine to make the grid of values
Step = 0.25;

. ) B,
%—total # pointson xand -y axes % create array of various coeff values

Nx = round((Xmax-Xmin)/Step, 0) + 1; c=1I.0,-1, -1, -1, 0, 1,1;
Ny = round((Ymax-Ymin)/Step, 0) + 1; 0,1, -1, 0, 1, -1, -1, 11;
% set the actual x and y coords for n = 1:size(c,2) % up-to # columnsof c[]

x = linspace(Xmin, Xmax, Nx); % a row vector p = c(l,n)*x1 + c(2,n)*x2;

y = linspace(Ymin, Ymax, Ny); % a row vector u=p(,:); % top row
% preallocate memory for coord, slope arrays v = p(2,:); % bottom row —
% to be used in quiver, must be same dimension if (g§$i23_;1)'&i'§0(2,n)__0)
xcoord = zeros(Nx, Ny); P >V, -~
ycoord = zerosng, Nzg; elseif (c(1,nm)==0) & (c(2,M==1)
dx = zeros(Nx, Ny); plot(u,v, "--k)
dy = zeros(Nx, Ny); else i
for i = 1:Nx plot(u,v)
for j = 1:Ny end
xcoord(i,J) = x(i);
ycoord(i,j) = ;
v = A*[x(1);vy()]; % get the slope
s = norm(v); % length of v
% make slope vector a unit vector
dx(i,J) = v(1)/s;
dy(i.j) = v(2)/s;

end

end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r")
xkine(0); % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax]) % plot bounds
xlabel "x17, ylabel "x2~
str = sprintf("%.3f",nv); % display value of alpha
s = strcat("Phase Portrait of x"° = Ax, a = ",str);
title(s)

/ﬁ/oVL on V)(XVZ/'AjC.
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clear % Trajectories

syms a

M-—=-[0, =53 evl = D(1,1); % eitgenvalues
1, a]; ev2 = D(2,2);

nv =0 - 0.1; % new value evecl = V(:,1); % eilgenvectors

A = subs(M,a,nv); evec2 = V(:,2);

[V,D] = eig(A); hold on

% size interval to exceed plot bounds

% set plot boundaries t = -10:0.1:30;

Xmin = -2.5; Xmax = 2.5; % just use evl, evecl

Ymin = -2.5; Ymax = 2.5; % as-real,imag parts are independent
X = evecl*exp(evli*t);

% Direction grid x1 = real(x);

% set how fine to make the grid of values x2-=—imag(x);

Step = 0.25;

% total # points on x and y axes % create array of various coeff values

Nx = round((Xmax=Xmin)/Step, 0) + 1; c =11, 0, -1, 1, 1;

Ny = round((Ymax-Ymin)/Step, 0) + 1; o0, 1, -1, -1, 1];

% set the actual x and y coords for n = 1:size(c,2) % up to # columns of c[]

x = linspace(Xmin, Xmax, Nx); % a row vector p = c(1,n)*x1 + c(2,n)*x2;

y = linspace(Ymin, Ymax, Ny); % a row vector u=p,:); % top row

% preallocate memory for coord, slope arrays v = p(2,:); % bottom row

% to be used in quiver, must be same dimension if (c(1,n)==1) && (c(2,n)==0)

xcoord = zeros(Nx, Ny); plot(u,v, "-k%)

ycoord = zeros(Nx, Ny); elseif (c(1,n)==0) && (c(2,n)==1)

dx = zeros(Nx, Ny); plot(u,v, "--k%)

dy = zeros(Nx, Ny); else

for 1 = 1:Nx plot(u,v)

for j = 1:Ny end

xcoord(i,j) = x(i); end
ycoord(i,§) = y(J);
v = A*[x(i);y()]; % get the slope
s = norm(v); % length of v
% make slope vector a unit vector
dx(i,j) = v(1)/s;
dy(i, ) = v(2)/s;
end
end
%-plotthe slope vectorsat (xcoord; ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r")
xline(0); % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax]) % plot bounds
xlabel "x1", ylabel "x2*
str = sprintf("%.3f",nv); % display value of alpha
s = strcat("Phase Portrait of x"° = Ax, a = ",str);
title(s)
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clear % Trajectories
syms a
M = [0, -5; evl = D(1,1); % eigenvalues
1, a]l; ev2 = D(2,2);
=0+ 0.1; % new value evecl = V(:,1); % eigenvectors
A = subs(M,a,nv); evec2 = V(:,2);
[V.D] = eig(A); hold on

%-size-interval to exceed plot bounds
t = -40:0.1:5;

% set plot boundaries

Xmin = -2.5; Xmax = 2.5; % just use evl, evecl

Ymin = =2.5; Ymax = 2.5; Y% asreal; imag parts are independent
X = evecl*exp(evl*t);

% Direction grid x1 = real(X);

% set how fine to make the grid of values X2 = imag(x);

Step = 0.25; i

% total # points on X and y axes % create array of various coeff values

Nx = round((Xmax-Xmin)/Step, 0) + 1; c=1[10, -1, 1, 1;

Ny = round((Ymax-Ymin)/Step, 0) + 1; 0,1, -1, -1, 1];

%-set the-actual x-and-y coords for n = 1:size(c,2) % up to # columns of c[]

x = linspace(Xmin, Xmax, Nx); % a row vector p = c(l,n)*x1 + c(2,n)*x2;

y = linspace(Ymin, Ymax, Ny); % a row vector U = p(l,:); % top row

%preattocate memory for coord; slope arrays =p(2;:); % bottem row

% to be used in quiver, must be same dimension lf (c(1,n)==1) && (c(2,n)==0)

xcoord = zeros(Nx, Ny); plot(u,v, "-k")

ycoord = zeros(Nx, Ny); elseif (c(1,n)==0) && (c(2,n)==1)

dx = zeros(Nx, Ny); plot(u,v, "--k%)

dy = zeros(Nx, Ny); else

for 1 = 1:Nx plot(u,v)

for j = 1:Ny end

xcoord(i,j) = x( ) end

A*[x( ); y(J)] % get the slope
s =norm(v); % length of v
Y% make slope vector a unit vector
dx(i,j) = v(1)/s;
dy(@,J) = v(2)/s;

eng /0/07/ on /ﬂfva/‘*gf.

% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r")

xbine(0); % show x and y axes

yline(0);

axis([Xmin, Xmax, Ymin, Ymax]) % plot bounds

xlabel "x1°, ylabel "x2°

str = sprintf("%.3f",nv); % display value of alpha
s = strcat("Phase Portrait of x"" = Ax, a = ",str);
title(s)
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clear
syms a
M—=-[0, =5;

1, al;
nv = sqrt(20) - 0.1;
A = subs(M,a,nv);
[V.D] = eig(A);

% set plot boundaries
Xmin -2.5; Xmax 2.5;
Ymin -2.5; Ymax 2.5;

% new value

% Direction grid

%—-set-how Fineto make the grid-of values
Step = 0.25;

% total # points on x and y axes

NX = round((Xmax-Xmin)/Step, 0) + 1;

Ny = round((Ymax-Ymin)/Step, 0) + 1;

% Trajectories

evl = D(1,1); %-etgenvalues

ev2 = D(2,2);

evecl = V(:,1); % eigenvectors

evec2 = V(:,2);

hold on

% size interval to exceed plot bounds
t = -5:0.1:5;

%
%

just use evl, evecl
as real ,imag parts are independent
evecl*exp(evl*t);

real(x);

imag(x);

X
x1 =
X2 =
% create array of various coeff values
c =1, 0, =1, =1, 1, 1;
o, 1, -1, 1, -1, 17;

% set the actual x and y coords for n = 1:size(c,2) % up to # columns of c[]
x = linspace(Xmin, Xmax, Nx); % a row vector p = c(l,n)*x1 + c(2,n)*x2;
y = linspace(Ymin, Ymax, Ny); % a row vector u=p(,:); % top row
% preallocate memory for coord, slope arrays v = p(2,:); % bottom row
% to be used in quiver, must be same dimension it (c(1,n)==1) && (c(2,n)==0)
xcoord = zeros(Nx, Ny); plot(u,v, "-k~
ycoord = zeros(Nx, Ny); elseif (c(1,n)==0) && (c(2,n)==1)
dx = zeros(Nx, Ny); plot(u,v, "--k%)
dy = zeros(Nx, Ny); else
for T = 1:Nx plot(u,v)
for j = 1:Ny end
xcoord(i,j) = x(i); end
ycoord(i,j) = y();
v = A*[x(1);y()]; % get the slope
s = norm(v); % length of v
% make slope vector a unit vector
dx(i,j) = v(1)/s;
dy (i §)—=v(2)/s;
end
end
% plot the stope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r%)
xline(0); % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax]) % plot bounds
xlabel "x17", ylabel "x2°
str = sprintf("%.3f",nv); % display value of alpha
s = strcat("Phase Portrait of x"° = Ax, a = ",str);
title(s)
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clear % Trajectories

syms a

M-=-[0, =53 evl = D(1,1); %—eigenvalues

1, a]; ev2 = D(2,2);

nv = sqrt(20) + 0.1; % new value evecl = V(:,1); % eigenvectors

A = subs(M,a,nv); evec2 = V(:,2);

[V,D] = eig(A); % compute slopes of asymptotic lines
ml = evecl(2)/evecl(l);

% set plot boundaries m2 = evec2(2)/evec2(l);

Xmin = -2.5; Xmax = 2.5; t = -2.5:0.05:2.5;

Ymin = -2.5; Ymax = 2.5; %figure
xEim([Xmin, Xmax])

% Direction grid yhim([Ymin,Ymax])

% set how fine to make the grid of values hold on

Step = 0.25; xline(0); yline(0); % axes

% total # points on x and y axes plot(t,m1*t, "k") % asymptotic lines

Nx ="round((Xmax-Xmin)7Step, 0) + 1; plot(t,m2*t, “==k™)

Ny = round((Ymax-Ymin)/Step, 0) + 1; sl = evecl*exp(evl*t);

% set the actual x and y coords s2 = evec2*exp(ev2*t);

x = linspace(Xmin, Xmax, Nx); % a row vector % plot trajectories for various cl,c2

y = linspace(Ymin, Ymax, Ny); % a row vector for c1 = [-2,-1,1,2]

% preallocate memory for coord, slope arrays for c2 = [-2,-1,1,2]

% to be used in quiver, must be same dimension X = cl*sl + c2*s2;

xcoord = zeros(Nx, Ny); x1 = x(1,:);

ycoord = zeros(Nx, Ny); X2 = X(2,);

dx = zeros(Nx, Ny); plot(x1,x2)

dy = zeros(Nx, Ny); end

for 1 = 1:Nx end

for j = 1:Ny xlabel "x1*, ylabel "x2*
xcoord(i,j) = x(i); str = sprintf("%.3f",nv);

ycoord(i,j) = y(d): s = strcat("Phase Portrait of x™" = Ax, a = 7,str);
v = A*[x(1);y()]1; % get the slope title(s)

s = norm(v); % length of v

% make slope vector a unit vector

dx(i,j) = v(1)/s;

dy(i, ) = v(2)/s;

end
end
Y%—plot—the—sltope—vectors—at—-(xecoord;—ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r")

Lot on mxvtfage_
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clear

syms a

A = [5/74, 3/4
a, 5/4]
[V.D] = eig(A)
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% Trajectories

clear

syms a :

M = [5/4, 3/4; evl = D(1,1); % eigenvalues
a, 5/4]; ev2 = D(2,2);

evecl = V(:,1); % eigenvectors
evec2 = V(:,2);
% compute slopes of asymptotic lines

nv =0+ 0.1; % new value
A = subs(M,a,nv);

.D] = eig(A);
L.0l 9 ml = evecl(2)/evecl(1);
% set plot boundaries m2 = evec2(2)/evec2(1);
Xmin = -2.5; Xmax = 2.5; t= -2.5:0.05:2.5;
Ymin = -2.5; Ymax = 2.5; %Figure

xbim([Xmin, Xmax])

ylim([Ymin, Ymax])

hold on

xline(0); yline(0); % axes

% total # points on X and y axes plot(t,mi*t, "k") % asymptotic lines
Nx = round((Xmax-Xmin)/Step, 0) + 1; plot(t,m2*t, "--k")

Ny = round((Ymax-Ymin)/Step, 0) + 1; sl = evecl*exp(evi*t);

% set the actual x and y coords s2 = evec2fexp(ey2*t); i
% plot trajectories for various cl,c2

Y%Direction—grid
% set how Fine to make the grid of values
Step = 0.25;

x = linspace(Xmin, Xmax, Nx); % a row vector
y = linspace(Ymin, Ymax, Ny); % a row vector for cl = [-2,-1,1,2]
% preallocate memory for coord, slope arrays for c2 = [-2,-1,1,2]
% to be used in quiver, must be same dimension X = cl*sl + c2*s2;
xcoord = zeros(Nx, Ny); x1 = x(1,:);
ycoord = zeros(Nx, Ny); X2 = x(2,:2);
dx = zeros(Nx, Ny); plot(x1,x2)
dy = zeros(Nx, Ny); end
for i = 1:Nx end

for j = 1:Ny xlabel "x17, ylabel "x2°

xcoord(i,j) x(i); str = sprintf("%.3f",nv);
): s = strcat("Phase Portrait of x*° = Ax, a = ",str);

ycoord(i,j) = y(J); B}
v = A*[x(1);y()1; % get the slope title(s)
s = norm(v); % length of v
% make slope vector a unit vector
dx(i,J) = v(1)/s;
dy(i.j) = v(2)/s;
end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r")

X = -¢0./ MATL/?/B (00/6 2% M(x//ﬂqgé
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clear % Trajectories

syms a

M ="[574, 3/4; evl = D(1,1); % eigenvalues

a, 5/4]; ev2 = D(2,2);

nv =0 -0.1; % new value evecl = V(:,1); % eigenvectors

A = subs(M,a,nv); evec2 = V(:,2);

[V.,D] = eig(A); hold on
%-size-interval to exceed plot bounds

% set plot boundaries t = -5:0.1:5;

Xmin = -2.5; Xmax = 2.5; % just use evl, evecl

Ymin = -2.5; Ymax = 2.5; %——as real;imag partsare independent
X = evecl*exp(evl*t);

% Direction grid x1 = real(x);

% set how Fine to make the grid of values X2 = imag(x);

Step = 0.25;

% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;

% create array of various coeff values
c=1[1, 0, -1, -1, 1, 1;
0,1, -1, 1, -1, 1];

% set the actual x and y coords for n = 1:size(c,2) % up to # columns of c[]
x = linspace(Xmin, Xmax, Nx); % a row vector p = c(1,n)*x1 + c(2,n)*x2;

y = linspace(Ymin, Ymax, Ny); % a row vector u=p(,:); % top row

%-preallocate memory for coord, slope-arrays v = p(2,:); % bottom row

% to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);

ycoord = zeros(Nx, Ny);

if (c(1,n)==1) && (c(2,n)==0)
plot(u,v, "-k*)
elseif (c(1,n)==0) && (c(2,n)==1)

dx = zeros(Nx, Ny); plot(u,v, "--k%)
dy = zeros(Nx, Ny); else
for 1 = 1:Nx plot(u,v)
for j = 1:Ny end
xcoord(i,j) = x(i); end
ycoord(i,j) = y(d);
v = A*[x(i);y(d)]; % get the slope xline(0); % show x and y axes
s = norm(v); % length of v yline(0);
% make slope vector a unit vector axis([Xmin, Xmax, Ymin, Ymax]) % plot bounds
dx(i,j) = v(1)/s; xlabel "x1", ylabel "x2°
dy(i;J) = v(2)/s; str = sprintfF("%.3f",nv); % display value of alpha
end s = strcat("Phase Portrait of x"° = Ax, a = 7,str);
end title(s)

% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r°)
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clear % Trajectories

syms a
M = [5/74, 3/4; evl = D(1,1); % eingenvalues
a, 5/4]; ev2 = D(2,2);
nv = 25/12; % new value evecl = V(:,1); % eigenvectors
A = subs(M,a,nv); evec2 = V(:,2);
[V,D] = eig(A) % compute slopes of asymptotic lines

ml = evecl(2)/evecl(l);

% set plot boundaries m2 = evec2(2)/evec2(1);
Xmin = -2.5; Xmax = 2.5; t = -2.5:0.05:2.5;
Ymin = -2.5; Ymax = 2.5; %Figure
xFim([Xmin,Xmax])
% Direction grid yhim([Ymin,Ymax])
% set how fine to make the grid of values hold on
Step = 0.25; xline(0); yline(0); % axes
% total # points on x and y axes plot(t,m1*t, "k") % asymptotic lines
Nx = round((Xmax-Xmin)/Step, 0) + 1; plot(t,m2*t, "--k%)
Ny = round((Ymax-Ymin)/Step, 0) + 1; sl = evecl*exp(evl*t);
% set the actual x and y coords s2 = evec2*exp(ev2*t);
x = linspace(Xmin, Xmax, Nx); % a row vector % plot trajectories for various cl,c2
y = linspace(Ymin, Ymax, Ny); % a row vector for c1 = [-2,-1,1,2]
% preallocate memory for coord, slope arrays for c2 = [-2,-1,1,2]
% to be used in quiver, must be same dimension X = cl*sl + c2*s2;
xcoord = zeros(Nx, Ny); x1 = x(1,:);
ycoord = zeros(Nx, Ny); x2 = x(2,3);
dx = zeros(Nx, Ny); plot(x1,x2)
dy = zeros(Nx, Ny); end
for i = 1:Nx end
for j = 1:Ny xlabel "x1°, ylabel "x2°

xcoord(i,j) = x(i); str = sprintf("%.3f",nv);

ycoord(i,j) = y(d); s = strcat("Phase Portrait of x"" = Ax, a = ",str);

v = A*[x(1);y()]; % get the slope title(s)

s = norm(v); % length of v

% make slope vector a unit vector

dx(i,j) = v(1)/s;

dy(i,3) = v(2)7s;

end

end

% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r°)
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clear

syms a
M = [5/4, 3/4;
a, 5/4];

nv = 25/12 - 0.3; % new value
A= subs(M,a,nv);
[V.D] = eig(A);

% set plot boundaries
Xmin = -2.5; Xmax = 2.5;
Ymin = -2.5; Ymax 2.5;

% Direction grid
% set how fine to make the grid of values
Step = 0.25;
% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx); % a row vector
y = linspace(Ymin, Ymax, Ny); % a row vector
% preallocate memory for coord, slope arrays
% to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for 1 = 1:Nx
for j = 1:Ny
xcoord(i,j) = x(i);
ycoord(i,j) = y(d);
v = A*[x(1);y()]:; % get the slope
s = norm(v); % length of v
% make slope vector a unit vector
dx(i,j) = v(1)/s;
dy(i.3) = v(2)/s;
end

end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, “r7)

% Trajectories

evl
ev2 =
evecl
evec2

D(1,1);
D(2,2);
= V(:,1)

= V(:,2);

% ergenvalues

% eigenvectors

% compute slopes of asymptotic lines
ml = evecl(2)/evecl(l);
m2 = evec2(2)/evec2(1);
t = -2.5:0.05:2.5;

Y%Figur

e

xbim([Xmin,Xmax])
ylhim([Ymin,Ymax])

hold o

n

xline(0); yline(0);

plot(t,ml*t,
plot(t,m2*t,

)
e )

% axes
% asymptotic lines

sl = evecl*exp(evl*t);
s2 = evec2*exp(ev2*t);
% plot trajectories for various cl,c2
for cl1 = [-2,-1,1,2]

for c2 = [-2,-1,1,2]

X = cl*sl + c2*s2;

x1 = x(1,:);
X2 =%x(2,3);
plot(x1,x2)

end

end

xlabel "x1°, ylabel "x2*

str = sprintf("%.3f",nv);

s = strcat("Phase Portrait of x°° = Ax, a = ",str);
title(s)
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//(fc) )\( 20 )\, <0

clear % Trajectories
syms a
M = [5/4, 3/4; evl = D(1,1); % eigenvalues
a, 5/47]; ev2 = D(2,2);
nv = 25/12 + 0.3; % new value evecl = V(:,1); % eigenvectors
A = subs(M,a,nv); evec2 = V(:,2);
[V.D] = eig(A); % compute slopes of asymptotic lines

ml = evecl(2)/evecl(l);
m2-=-evec2(2)/evec2(1);

% set plot boundaries
Xmin = -2.5; Xmax = 2.5; t = -2.5:0.05:2.5;
Ymin = -2.5; Ymax = 2.5; wFigure
N B B xTim([Xmin,Xmax])
% Direction grid ) ylim([Ymin, Ymax])
% set how fine to make the grid of values hold on
Step = 0.25; xline(0); yline(0); % axes
% total # points on x and y axes plot(t,ml*t, "k") % asymptotic lines
Nx = round((Xmax-Xmin)/Step, 0) + 1; plot(t,m2*t, *--k*)
Ny = round((Ymax-Ymin)/Step, 0) + 1; sl = evecl*exp(evl*t);
% set the actual x and y coords s2 = evec2*exp(ev2*t);
x = linspace(Xmin, Xmax, Nx); % a row vector % plottrajectories for various cl,c2
y = linspace(Ymin, Ymax, Ny); % a row vector for c1 = [-2,-1,1,2]
% preallocate memory for coord, slope arrays for c2 = [-2,-1,1,2]
% —to-be-used-in-quiver,; must be same dimension X = cl*sl + c2*s2;
xcoord = zeros(Nx, Ny); x1 = x(1,:);
ycoord = zeros(Nx, Ny); x2 = x(2,:);
dx = zeros(Nx, Ny); plot(x1,x2)
dy = zeros(Nx, Ny); end
for 1 = 1:Nx end
for j = 1:Ny i xlabel "x1°, ylabel "x2°
xcoord(i,j) = x(i); str = sprintf("%.3f",nv);
ycoord(i,j) = y(d); s = strcat("Phase Portrait of x"" = Ax, a = ",str);
v = A*[x(1);y()]; % get the slope title(s)
s = norm(v); % length of v
%-make-slope vector-a unit vector
dx(i,j) = v(1)/s;
dy(i.j) = v(2)/s;
end
end

% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r7)

Phase Portrait of x' = Ax, a =2.383
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clear
syms a
= [-1, a;
-1, -17;
=0+ 0.1; % new value
A = subs(M,a,nv);
[V.D] = eig(A);

% set plot boundaries
Xmin = -2.5; Xmax = 2.5;
Ymin = -2.5; Ymax = 2.5;

% Direction grid

% set how fine to make the grid of values
Step = 0.25;

% total # points on x and y axes

Nx = round((Xmax-Xmin)/Step, 0) + 1;

Ny = round((Ymax-Ymin)/Step, 0) + 1;

% set the actual x and y coords

x = linspace(Xmin, Xmax, Nx); % a row vector
y = linspace(Ymin, Ymax, Ny); % a row vector
% preallocate memory for coord, slope arrays
% to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);

ycoord = zeros(Nx, Ny);

dx = zeros(Nx, Ny);

dy = zeros(Nx, Ny);

for 1 = 1:Nx

for j = 1:Ny
xcoord(i,j) = x( );
yCOOFd(I,j) =v(d):
A*[X(I),y(j)] % get the slope

s = norm(v); % length of v

% make slope vector a unit vector
dx(i,j) = v(1)/s;

dy(i.3) = v(2)/s;

end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r")
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Phase Portrait of x' = Ax,

% Trajectories

evl = D(1,1);
ev2 = D(2,2);
evecl = V(:,1);
evec2 = V(:,2);
hold on

% size interval to exceed plot bounds
t = -5:0.1:5;

% just use evl, evecl

% as real,imag parts are independent
X = evecl*exp(evli*t);

x1 = real(X);

x2 = imag(x);

% eigenvalues

% eigenvectors

% create array of various coeff values
= [, 0, -1, -1, 1, 1;
o, 1, -1, 1, -1, 1];

for n = 1l:size(c,2) % up to # columns of c[]
p = c(1,n)*x1 + c(2,n)*x2;
u=p,:); % top row
v =p(2,:); % bottom row

if (c(1,n)==1) && (c(2,n)==0)
plot(u,v, "-k%)

elseif (c(1,n)==0) && (c(2,n)==1)
plot(u,v, "--k%)

else
plot(u,v)

end

end

xline(0);
yhine(0);
axis([Xmin, Xmax, Ymin, Ymax]) % plot bounds
xlabel "x17, ylabel "x2°
str = sprintf(C"%.3f",nv);
s = strcat("Phase Portrait of x"*
title(s)

% show x and y axes
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clear
syms-a
M= [-1, a;

-1, -17;
nv=0=0:1; % new value
A = subs(M,a,nv);

[V.D] = eig(A);

% set plot boundaries
Xmin = -2.5; Xmax = 2.5;
Ymin = -2.5; Ymax = 2.5;

% Direction grid

% set how fine to make the grid of values
Step = 0.25;

% total # points on x and y axes

Nx = round((Xmax-Xmin)/Step, 0) + 1;

Ny = round((Ymax-Ymin)/Step, 0) + 1;

% set the actual x and y coords

x = linspace(Xmin, Xmax, Nx); % a row vector
y = linspace(Ymin, Ymax, Ny); % a row vector
% preallocate memory for coord, slope arrays
% to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);

ycoord = zeros(Nx, Ny);

dx = zeros(Nx, Ny);

dy = zeros(Nx, Ny);

for 1 = 1:Nx
for j = 1:Ny
xcoord(i,J) = x(i);
ycoord(i,j) = y(d);
v = A*[x(1);y()]; % get the slope
s = norm(v); % length of v
% make slope vector a unit vector
dx(i,j) = v(1)/s;
dy(i,j) = v(2)/s;
end
end

% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, “r%)

A=-[-03

O -3 c/oscn

% Trajectories

evl = D(1,1);
ev2 = D(2,2);
evecl = V(:,1);
evec2 = V(:,2);

% eigenvalues

% etgenvectors

% compute slopes of asymptotic lines

ml = evecl(2)/evecl(l);
m2 = evec2(2)/evec2(1);
t = -2.5:0.05:2.5;
%Figure
xbim([Xmin,Xmax])
ylim([Ymin,Ymax])
hold on

xline(0); yline(0);
plot(t,m1*t, k™)
plot(t,m2*t, "--k")
sl = evecl*exp(evli*t);
s2 = evec2*exp(ev2*t);

% axes
%—-asymptotic—Hnes

% plot trajectories for various cl,c2

for c1 = [-2,-1,1,2]
for c2 = [-2,-1,1,2]

X = cl*sl + c2*s2;

x1 = x(1,:);
x2 = x(2,:);
plot(x1,x2)

end
end
xlabel "x1°, ylabel "x2°
str = sprintf(C"%-3f",nv)

s = strcat("Phase Portrait of x"" = Ax, a = ",str);

title(s)
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clear % Trajectories

syms a
M=[-1, a; evl = D(1,1); % eigenvalues
-1, -17; ev2 = D(2,2);
nv = -1 - 0.3; % new value evecl = V(:,1); % eigenvectors
A = subs(M,a,nv); evec2 = V(:,2);
[Vv.D] = eig(A); % compute slopes of asymptotic lines
- ml = evecl(2)/evecl(l);
% set plot boundaries m2 = evec2(2)/evec2(l);
Xmin = -5; Xmax = 53 t = -5:0.05:5;
Ymin = =5; Ymax = 53 %Figure
) ) . xbim([Xmin,Xmax])
% Direction grid ylim([Ymin, Ymax])
% set how fine to make the grid of values hold on
Step = 0.25; xline(0); yline(0); % axes
% total # points on x and y axes plot(t,m1i*t, "k") % asymptotic lines
Nx = round((Xmax-Xmin)/Step, 0) + 1; plot(t,m2*t, "--k")
Ny = round((Ymax-Ymin)/Step, 0) + 1; sl = evecl*exp(evli*t);
% set the actual x and y coords s2 = evec2*exp(ev2*t);
x = linspace(Xmin, Xmax, Nx); % a row vector % plot trajectories for various c1,c2
y = linspace(Ymin, Ymax, Ny); % a row vector for c1 = [-2,-1,1,2]
% prealttocate memory for coord, stope arrays for ¢2 = [-2,-1,1,2]
% to be used in quiver, must be same dimension X = cl*sl + c2*s2;
xcoord = zeros(Nx, Ny); x1 = x(1,:);
ycoord = zeros(Nx, Ny); x2 = x(2,:);
dx = zeros(Nx, Ny); plot(x1,x2)
dy = zeros(Nx, Ny); end
for 1 = 1:Nx end
for j = 1:Ny xlabel "x1", ylabel "x2"
xcoord(i,j) = X( ) str = sprintf(C"%.3F",nv);
ycoord(i,j) = y(d); s = strcat("Phase Portrait of x"" = Ax, a = ",str);
v = A*[X(l),yo)] % get the slope title(s)
s-=-norm(v); % length of v
% make slope vector a unit vector
dx(i,j) = v(1)/s;
dy(i.J) = v(2)/s;
end
end

% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r%)
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clear % Trajectories

syms a
M =T1-1, a; evl = D(1,1); % eigenvalues
-1, -1]; ev2 = D(2,2);
nv = -1 + 0.3; % new value evecl = V(:,1); % eigenvectors
A = subs(M,a,nv); evec2 = V(:,2);
[V.D] = eig(A); % compute slopes of asymptotic lines
ml = evecl(2)/evecl(l);
% set plot boundaries m2 = evec2(2)/evec2(1);
Xmin = -5; Xmax = 5; t = -5:0.05:5;
Ymin = -5; Ymax = 5; %Figure
xBim([Xmin, Xmax])
% Direction grid yhim([Ymin,Ymax])
% set how fine to make the grid of values hold on
Step = 0.25; xline(0); yline(0); % axes
% total # points on x and y axes plot(t,ml*t, "k") % asymptotic lines
Nx = round((Xmax-Xmin)/Step, 0) + 1; plot(t,m2*t, "--k*%)
Ny = round((Ymax-Ymin)/Step, 0) + 1; sl = evecl*exp(evl*t);
% set the actual x and y coords s2 = evec2*exp(ev2*t);
x = linspace(Xmin, Xmax, Nx); % a row vector % plot trajectories for various cl,c2
y = linspace(Ymin, Ymax, Ny); % a row vector for c1 = [-2,-1,1,2]
% preallocate memory for coord, slope arrays for ¢2 = [-2,-1,1,2]
% to be used in quiver, must be same dimension X = cl*sl + c2*s2;
xcoord = zeros(Nx, Ny); x1 = x(1,:);
ycoord = zeros(Nx, Ny); X2 =x(2,3);
dx = zeros(Nx, Ny); plot(x1,x2)
dy = zeros(Nx, Ny); end
for 1 = 1:Nx end
for j = 1:Ny xlabel "x1°, ylabel "x2°
xcoord(i,j) = x(i); str = sprintf("%.3f",nv);
ycoord(i,j) = y(g): s = strcat("Phase Portrait of x"° = Ax, a = ",str);
v = A*[x(i);y(d)]; % get the slope title(s)
s = norm(v); % length of v
% make slope vector a unit vector
dx(i,j) = v(1)/s;
dy(i.3) = v(2)/s;
end
end

% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r")
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clear
syms a
M= [4, a;

8, -6];
nv = -25/8 - 0.3;
A = subs(M,a,nv);
[V.D] = eig(A);

% set plot boundaries
Xmin -2.5; Xmax = 2.5;
Ymin =2.5; Ymax 2.5;

% new value

% Direction grid

% set how Fine to make the grid of values
Step = 0.25;

% total # points on x and y axes

Nx = round((Xmax-Xmin)/Step, 0) + 1;

Ny = round((Ymax-Ymin)/Step, 0) + 1;

%-set the actual x-and-y coords

x = linspace(Xmin, Xmax, Nx); % a row vector
y = linspace(Ymin, Ymax, Ny); % a row vector
%—prealltocate memory for—coord,; slope—arrays
% to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);

ycoord = zeros(Nx, Ny);

dx = zeros(Nx, Ny);

dy = zeros(Nx, Ny);

for 1 = 1:Nx
for j = 1:Ny
xcoord(i,j) = x(i);
ycoord(i,j) = y(d);
v = A*[x(1);yd)]1; % get the slope
s—=-norm(v); % length-of v
% make slope vector a unit vector
dx(i,j) = v(1)/s;
dy(¥.J) = v(2)7/s;
end
end

% plot the slope vectors at (xcoord, ycoord)

)

quiver(xcoord, ycoord, dx, dy, 0.5,

0
=
1]
w

e
2.5

% Trajectories - complex eigenvalues

evl =D(1,1); %-etgenvalues
ev2 = D(2,2);

evecl = V(:,1); % eigenvectors
evec2 = V(3,2);

hold on

% size interval
t = -5:0.1:5;

% just use evl, evecl

% as real ,imag parts are independent

to exceed plot bounds

X = evecl*exp(evl*t);
x1 = real(X);
x2 = imag(x);

% create array of various coeff values

c=1[1,0, =1, =1, 1,1;
0,1, -1, 1, -1, 1];
for n = 1:size(c,2) % up to # columns of c[]
p = c(1,n)*x1 + c(2,n)*x2;
u=p,:); % top row
v = p(2,:); % bottom row

it (c(1,n)==1) && (c(2,n)==0)
plot(u,v, "-k*
elseif (c(1,n)==0) && (c(2,n)==1)

plot(u,v, "--k%)
else
plot(u,v)
end
end
xline(0); % show x and y axes
yline(0);

axis([Xmin, Xmax, Ymin, Ymax])
xlabel "x17, ylabel "x2°
str = sprintf("%.3f" ,nv);
s = strcat("Phase Portrait of x"" = Ax, a
title(s)
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% plot bounds
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clear
syms a
M= [4, a;

8, -6];
nv = -25/8 + 0.1; %
A = subs(M,a,nv);
[V.D] = eig(A);

new value

% set plot boundaries
Xmin = -2.5; Xmax = 2.5;
Ymin = -2.5; Ymax = 2.5;

% Direction grid
% set how fine to
Step = 0.25;

% total # points on x and y axes

Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;

make the grid of values

% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx); % a row vector
y-= klinspace(Ymin, Ymax, Ny); % a row vector

% preallocate memory for
% to be used in quiver,
xcoord =-zeros(Nx; Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for i = 1:Nx
for j = 1:Ny

xcoord(i,j) = x(i);

ycoord(i.j) = y(d):

v = A*[x(i);y()]; % get the slope

s = norm(v); % length of v

% make slope vector a unit vector

dx (i, §) = v(1)/s;

dy(i,J) = v(2)/s;

coord, slope arrays
must be same dimension

end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r")

Phase Portrait of x' = Ax, a =-3.025

S [ < / M#TZ/"/K C‘oo/(

Lefow

% Trajectories - real eigenvalues

evl = D(1,1); % eigenvalues
ev2 = D(2,2);

evecl = V(:,1); % eigenvectors
evec2 = V(:,2);

% compute slopes of asymptotic lines
ml = evecl(2)/evecl(l);

m2 = evec2(2)/evec2(l);

t = -5:0.05:5;

%Figure

xtim([EXmin, Xmax])
yhim([Ymin,Ymax])
hold on

xIine(0); yline(0);
plot(t,m1*t, k%)
plot(t,m2*t, "--k*)
sl = evecl*exp(evl*t);
s2 = evec2*exp(ev2*t);

% axes
% asymptotic lines

% plot trajectories for various cl,c2
for cl1 = [-2,-1,1,2]
for c2 = [-2,-1,1,2]
X = cl*sl + c2*s2;

x1 = x(1,:);

X2 = x(2,3);

plot(x1,x2)
end

end

xlabel "x1°, ylabel "x2°

str = sprintf("%.3f",nv);

s = strcat("Phase Portrait of x"" = Ax, a = ",str);
title(s)

xhim([-1.8, 1.8])
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X=-2463 N <0, <0 MATLAR code {efow

clear % Trajectories - real eigenvalues
syms a
M= [4, a; evl = D(1,1); % eigenvalues
8, -6]; ev2 =D(2,2);
nv = -3 + 0.1; % new value evecl = V(:,1); % eigenvectors
A = subs(M,a,nv); evec2 = V(:,2);
[V.D] = eig(A); % compute sltopes of asymptotic Tines
ml = evecl(2)/evecl(l);
% set plot boundaries m2 = evec2(2)/evec2(l);
Xmin = -2.5; Xmax = 2.5; t = -5:0.05:5;
Ymin = -2.5; Ymax = 2.5;
%Figure
% Direction grid xBFim([Xmin, Xmax])
% set how fine to make the grid of values ylim([Ymin,Ymax])
Step = 0.25; hold on
% total # points on x and y axes xline(0); yline(0); % axes
Nx = round((Xmax-Xmin)/Step, 0) + 1; plot(t,ml*t, "k") % asymptotic lines
Ny =-round((Ymax-Ymin)/Step, 0) + 1; plot(t,m2*t, "==k")
% set the actual x and y coords sl = evecl*exp(evl*t);
x = linspace(Xmin, Xmax, Nx); % a row vector s2 = evec2*exp(ev2*t);
y = Tinspace(Ymin, Ymax, Ny); % a row vector
% preallocate memory for coord, slope arrays % plot trajectories for various cl,c2
% to be used in quiver, must be same dimension for c1 = [-2,-1,1,2]
xcoord = zeros(Nx, Ny); for c2 = [-2,-1,1,2]
ycoord = zeros(Nx, Ny); X = cl*sl + c2*s2;
dx = zeros(Nx, Ny); x1 = x(1,:);
dy = zeros(Nx, Ny); X2 = x(2,:);
for 1 = 1:Nx plot(x1,x2)
for j = 1:Ny end
xcoord(i,j) = x(i); end
ycoord(i,j) = y();
v = A*[x(i);y()1; % get the slope xlabel "x1*, ylabel "x2°
s = norm(v); % length of v str = sprintf("%.3f",nv);
% make slope vector a unit vector s = strcat("Phase Portrait of x"" = Ax, a = ",str);
dx(i,j) = v(1)/s; title(s)
dy(i,j) = v(2)/s; xlim([-1.8, 1.8])

end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, “r%)
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(a) %JM‘S MAT/ /‘H?, V(U i _i)
01 1
clear 100
A = sym([-1/4, 1, 0; D =
-1, -1/4, O0; |
0, 0, -1/4]); 3 9 0
[V.D] = eig(A) o 1. o
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clear

t =0:0.1:20;

% from 1st evector

Al = [0;0;1]*exp(-t/4);

%—real-of 2nd-evector

A2 = [sin(t);cos(t);0*t].-*exp(-t/4);
% imag of 2nd evector

A3 = [cos(t);-sin(t);0*t].*exp(-t/4);
X = Al + A2 + A3;

x1 = X(1,:); % 1st row, all cols of X
x2 = X(2,:); % 2nd row, all cols of X
x3 = X(3,:); % 3rd row, all cols of X
plot(x1,x2)

grid on

xbline(0); % show x and y axes
yline(0);

xlabel “"x1°, ylabel "x2°
title("x2 vs x17)

plot(x1,x3)

grid on

xIine(0); % show x and y axes
yline(0);

xlabel “x1*, ylabel "x3*
title("x3 vs x17)

plot(x2,x3)

grid on

xline(0); % show x and y axes
yline(0);

xlabel "x2", ylabel "x3~
title("x3 vs x27)
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plot3(x1,x2,x3)

grid on

xlabel "x17°, ylabel "x2°, zlabel "x3°
title "Plot in t x 1x 2x 3 space®

% MATLAB supplied code after rotating plot
view([32.408 16.061])

Plotin t X,X,X, space
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clear
A = sym([-1/4, 1, 0; b=
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0 (oS (#) -s/n(#)
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C vose C,*Cz,‘(s'/n X (o /I/’/
L/s/nj /77/47—1/;/;,

clear 1 x2 vs x1
t = 0:0.1:20; ' '
%—Ffrom1istevector 08+ ]
Al = [0;0;1]*exp(t/10); ) \
% real of 2nd evector 06k AW
A2 = [sin(t);cos(t);0*t] - *exp(-t/4); ' )
% imag of 2nd evector 04 - ]
A3 = [cos(t);-sin(t);0*t].*exp(-t/4); )
X = AL + A2 + A3; 02t J
x1 = X(1,:); % 1st row, all cols of X )
X2 = X(2,:); % 2nd row, all cols of X ¥ 0
x3 = X(3,:); % 3rd row, all cols of X

025 |
plot(x1;%x2) '
grid on 04k O
xline(0); % show x and y axes ’
yline(0); 06 F
xlabel "x1°, ylabel "x2*
title("x2 vs x17) 081
plot(x1,x3) R L | L : . .
grid on 06 04 02 0 02 04 06 08 1 1.2
xline(0); % show x and y axes %1
yline(0);
xlabel *x1*, ylabel "x3* - 4
title("x3 vs x1%) 8 X2 Vs xd
plot(x2,x3) -
grid on
xline(0); % show x and y axes Al |
yline(0);
xlabel "x2°, ylabel "x3*
title("x3 vs x2%) 5
plot3(x1,x2,x3) Qa4
grid on
xlabel "x17, ylabel "x2", zlabel "x3" 3
title "Plot in t x_1x 2x_ 3 space”
% MATEAB—suppltiedcode—after rotating plot 2
view([32.408 16.061])
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clear
t = 0:0.01:5; - mu" + ku'=0
u = [cos(2*t); —TT
-2*sin(2*t)]; 4r c2=1
v = [sin(2*t); sl ik
2*cos(2*t)]; TN
(2*D)] Al VRN
c=1[1, 1, 1; % arbitrary coeffs .| / \\\\
O) 1) 2]; ‘|‘I ‘I‘
Yo & }
figure I \ |
axis equal % so ellipses look proportional i \ f
hold on 2t \ /
grid on 17
axis([-4, 6, -5, 5]) % plot bounds B30
for n = 1:size(c,2) % up to # columns of c[] a4t
X = c(l,nN)*u + c(2,n)*v;
x1 = X(1,:); % top row 24 " 0 3 i
X2 = X(2,:); % bottom row x1
plot(x1,x2)
end
xIine(0); % show x and y axes
yline(0);
xlabel "x1°, ylabel "x2~
title("mu"” + ku®"" = 0%)
legend("c2 = 2","c2 = 1%, "c2 =2%)
figure % now plot x1 vs t, x2 vs t
hold on
grid on
plot(t,x1)
plot(t,x2)
xline(0);

xlabel "t", ylabel "x1, x2°
title(C"mu” + ku®"" = 0, X(t) = 1*u(t) + 2*v(t)")
legend("x1", "x2%)

mu” + ku' = 0, X(t) = 1*u(t) + 2*v(t)

ya x1
/ \ x2
// \

L /
b\ \

x1, x2
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><2(r> = -de,cos(at) = Feysin(ah) + 2 ¢ cos(f) + 2¢, i)
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S anel period =Ly 2y,, so thet
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w = 5/2; a = 15/2;

r = [4*cos(w*t);
-3*cos(w*t);
-10*sin(w*t);

a*sin(w*t)];
% yl vs t, y2 vs t
figure
hold on
grid on
fplot(t,r(1)) % yl for ml
fplot(t,r(2)) % y2 for m2
% 2 periods
xhim([0,2*(4*pi/5)])
xlabel "t", ylabel "yl, y2°
legend("m1®, "m2%)
title "yI(t) and y2(t) vs time for r(t)"

%-yly3-and-y2y4 planes

figure

hold on

grid on

fplot(r(1), r(3))

fplot(r(2), r(4))

axis equal

xlabel “y1/y2~, ylabel "y3/y4-
legend("yly3", "y2y4T)

title “yly3and y2y4 for r(t)"

y1(t) and y2(t) vs time for r(t) 10 y1y3 a“_‘f'_)".%‘f_" for r(t)

/ N y1y3|
ar / =N y2y4 |

y1,y2
y3/yd
[=]
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y1.y2

clear

syms t

w = 5/2; a = 15/2;

S [4*sin(w*t);
-3*sin(w*t);
10*cos(w*t);
-a*cos(w*t)];

% yl vs t, y2 vs t

figure

hold on

grid on

fplot(t,s(1)) % yl for ml

fplot(t,s(2)) % y2 for m2

% 2 periods

xHm([0,2*(4*pi/5)]D

xlabel “t°, ylabel "yl, y2°

legend("ml1=, "m2%)

title "yl1(t) and y2(t) vs time for s(t)"

% yly3 and y2y4 planes

figure

hold on

grid on

fplot(s(1), s(3))

fplot(s(2), s(4))

axis equal

xlabel “yl/y2®, ylabel "“y3/y4*
legend("yly3®, “y2y4™)

title "yly3 and y2y4 for s(t)*

y1(t) and y2(t) vs time for s(t)

y3/yd
o

y1y3 and y2y4 for s(t)

ylyd
y2y4

10




ui):

clear
syms-—t
u = [cos(t);
cos(t);
-sin(t);
-sin(bt)]};
% yl vs t, y2 vs t
figure
hold on
grid on
% plot over 2 periods
fplot(t,u(l),[0,4*pi]) % yl for ml
fplot(t,u(2),[0,4*pi],"—-") % y2 for m2
yline(0); % x-axis
xlabel “t", ylabel "yl, y2°©
legend("ml1®, "m2", "location®, "southeast®)
title "yI(t) and y2(t) vs time for u(t)"

%—yly3—and-y2y4 planes

figure

hold on

grid on

fplot(u(l), u(3))

fplot(u(2), u(4)," --")

axis equal

xlabel “yl1/y2*, ylabel “y3/y4*
legend("yly3", "y2y4*")

title "yly3 and y2y4 for u(t)”

y1(t) and y2(t) vs time for u(t) ) .

yly3 and y2¥fi for u(t)

L

~ylyd
y2y4

1 N i p
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0 2 4 6 8 10 12 14
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ylly2
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clear
syms-—t
v = [sin(t);
sin(t);
cos(t);
cos(t)];
% yl vs t, y2 vs t
figure
hold on
grid on

% plot over 2 periods
fplot(t,v(1),[0,4*pi])

yline(0); % x-axis
xlabel “t~, ylabel "yl, y2°
legend(™ml-,

"m2%,

%—yly3—and-y2y4 planes
figure

hold on
grid on

fplot(v(l), v(3))
prOt(V(z) > V(4) ’ .__.)
axis equal

xlabel “y1/y2*, ylabel
legend("yly3®, “y2y4T)

title "yly3 and y2y4 for v(t)*

y1(t) and y2(t) vs time for v(t)
F R
t'/ \ f/ \\
08 ff \\ ‘ﬂf \\
o6 | \ / \
/ \ / \\
04 \‘. f \
/ \ / \
0.2 ’I/ \ f \
c; [ \ rf \\
S \ / \
= \ [ \ f
\ / \
0.2 \\ i \ f
\ i \ /
-04 \ / *\ /
\ / \ /
\
-06 \ // \\ /
\ / i /
-08F ,/ \\ m1
//’ \ _____ m2
1 L 7 1 1 1 1 ]
0 2 4 6 8 10 12 14
t

/0715 oviy /'( fﬁc% oV her
£ / t

fplot(t,v(2),[0,4*pi],"--")

"y3/y4-

% yl for ml

% y2 for m2

"location®, "southeast®)
title "y1(t) and y2(t) vs time for v(t)"

y1y3 and y2y4 for v(t)
—y1y3
08 = y2y4
06} -
04
02+
b
S
5 0
>
02
0.4}
06}
08 ;
-1 I 1 L i .
-1 05 i] 05 1
yily2
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clear

syms -t

w = 5/2; a = 15/2;

fl = (/D) *[4*cos(w*t);
-3*cos(w*t);
-10*sin(w*t);
a*sin(w*t)];

3 = (10/7)*[cos(t);

cos(t);
-sin(t);
-sin(t)];
y = f1 + £3;
% yl vs t, y2 vs t
figure
hold on
grid on

% plot over 2 periods
fplot(t,y(1),[0,8*pi]) % yl for ml
fplot(t,y(2),[0,8*pi]) % y2 for m2
yline(0); % X-axis

xlabel “t°, ylabel "yl1, y2°

legend("ml1®, "m2", "location”, "southeast®)
title “y1(t) and y2(t) vs time for y(t)®

% yly3 and y2y4 planes

figure

hold on

grid on

fplot(y(l), y(3), [0,4*pi])
fplot(y(2), y(4), [0.4*pil, "--7)
axis equal

xlabel “yl1/y2™, ylabel “y3/y4~
legend("yly3®, “y2y4©)

title “yly3 and y2y4 for y(t)*

y1y3 and y2y4 for y(t)

25 == “y1y3
\’\ ~ y2y4

y3fyd
o

t y1ly2

J/{/SYL on< /cf/bc//'s o/rau/m ;0{ )’, & &M/ )&)’7(
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% yly3 plane

figure y1 gi{or y(t)
hold on 25} .
grid on 5 l*.f, m l\T‘\
fplot(y(1), y(3), [0,4*pi]) awt/ ) im / \
% hide y2y4 with white color 1.5 1 ///j\\ \ \
fplot(y(2), y(4), [0,4*pil, "--w") i} \\/‘/ \\ \,
axis equal \"/ A~ \
xlabel "y1-, ylabel "y3-" 0.5 / \/ ‘f\\ " ot V7"/
title "yly3 for y(t)* 2 ot | { | - a
‘ \ ‘I\ , €Vl'/
05 \ /\\. \_ ;’
A F /
P/DVZ SYZm’V/S ot (2 O) sl \¥, /\ // /l/
/ /
72/# S #ar%s ' h V)(qu/I Ve 20 \ /\//
25}
. J 1+ . .
0/ re Cy//m 3 2 1 0 1 2 3
y1
('):Eiéﬁ%:g plane y2y4 for y(t)
hold on 257 J 9
grid on 5. in ]
% hide yly3 with white color -},m</ i\ \
fplot(y(1), y(3), [0,4*pi], "-w") i) NS
fplot(y(2), y(4), [0,4*pil, “=-r") '} / W
axis equal \
xlabel "y2*, ylabel "y4-" 88T 'm
title "y2y4 for y(t)" * ol e sTarT
05 ‘\ A e rd ;
-1r :\\\ -k //’/&\\\\ ff ’ff/
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clear

% play with this value for acceptable
% resolution—andanimation—speed

step = 0.05;

t = O:step:4*pi; % one period
w = 5/2; a = 15/2;

fl = (/7)*[4*cos(w*t);

-3*cos(w*t) ;

-10*sin(w*t);

a*sin(w*t)];
3 = (10/7)*[cos(t);

cos(t);
-sin(t);
-sin(t)];
y = f1 + f3;
vyl = y(1,:); % position
y2 =vy(2,:); % position
y3 = y(3,:); % velocity
v4 = y(4,:); % velocity

% yly3 and y2y4 planes
plot(yl, y3)

hold on

grid on

plot(y2, y4, "--%)
xhim([-3 31)

yhim([-3 31D

axis equal

% from cl value

% from c3 value

array of ml
array of m2
array of ml
array of m2

xlabel "y1/y2*, ylabel "y3/y4-®

legend("yly3®, "y2y4*)
title "yly3 and y2y4 for
hold off

y®-

% Animation of yly3 and y2y4
% R2019a doesn"t enable animation by default,
%-so—enable animation with these lines of code

s = settings;

s.matlab.editor._AllowFigureAnimation.TemporaryValue = 1;

for 1 = 1l:length(t)
plot(yl(i),
axis([-3,3,-3,3D
hold on
grid on

y3(i),"*b")
3

plot(y2(i), y4(i), " *r")

plot(yl1(1:1),y3(1:1)

plot(y2(1:i),y4(1:i),

pause(0.1)
drawnow

."b™)

r9)

% clear previously drawn asterisks
% so only leading asterisk shows

if i ~= length(t)
clf
end
end

y1y3 and y2y4 for y(t)

yly3
y2y4

Animatio;n captured

mz’Jwa/-
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clear

A = sym([4, 0, 1, O; -
-3, 0, 1, O; 1 !
0, 10, 0, 1; 7 ¢, =9 (C, =0
0, -15/2, 0, 11); 0 / Y 2
B=1[2 1,1, 1]"; 10 .=1%  ¢,=)
linsolve(A,B) % solve Ax = B 7 3 ~ ] 7
1
) N ] [~
. . Y(T) =y 7605(&0 7 cos(t) §11 (#)
7 1-3 rosg/f'\ + 5 605/1’) : s/n(t)
—/ﬁr $inm (if) - <mlf) cos(#)
§ sin(54)] “sinlA) || cos)

5ing The resulls in (e).

Once g the /m'w/ foy }7’&3 s 47
a/s:r,S ciomilar IMATLAR code as in (),
and m/hj the code Sor animation
rods awf/)/o;/s shown om next page.



%

t
w
1l

T4

yl
ho

pl
ho
gr
pl
x1
yl

x1

ti

%

%
%
S
S.

clear
% play with this value for acceptable

resolution and animation speed

step = 0.05;

O:step:4*pi; % one period
5/2; a = 15/2;
= (/7)*[4*cos(w*t); % from cl value
-3*cos(w*t);
=10*sin(w*t);
a*sin(w*t)];
(10/7)*[cos(t);
cos(t);
-sin(t);
-sin()];
= [sin(t);
sin(t);
cos(t);
cos()];

% from c3 value

% from c4 value

y = fl + 3 + F4;

y(1; )% position-array of mi
y(2,:); % position array of m2
y(3,:); % velocity array of ml

,-):; % velocity array of m2

% yl vs t, y2 vs t

% plot over 1 period
plot(t,yl) % yl for ml
hold on

grid on

plot(t,y2) % y2 for m2

ine(0); % x-axis

xlabel “t*, ylabel "yl, y2°
legend("m1®, "m2®, "location®, "southeast"”)
title "yI(t) and y2(t) vs time for y(t)*"

Id off

% yly3 and y2y4 planes

ot(yl, y3)

Id on

id on

ot(y2, y4, "--7)
im([-3 3])
im([-4 4])

axis equal

abel "yl1/y2®, ylabel "y3/y4-

legend("yly3®, “y2y4*©)

tle "yly3 and y2y4 for y(t)~

hold off

Animation of yly3 and y2y4

R2019a doesn®t enable animation by default,

so enable animation with these lines of code

= settings;
matlab-editor-AHlowFigureAnimation-TemporaryValue =-1;

for 1 = 1l:length(t)

plot(y1(i), y3(i), " *b")
axis([-3,3,-4,4D
hold on
grid on
axis equal
plot(y2(i), y4(i), *r")
plot(yl(1:1),y3(1:1),"b")
plot(y2(1:1),y4(1:1),°r")
pause(0.1)
drawnow
% clear previously drawn asterisks
% so only teading asterisk shows
if 1 ~= length(t)

clf
end

end

ﬂ/lcvturt 01{' animatiog 7

Y m/o/f')/c/c.

y1(t) and y2(t) vs time for y(t)

y1,y2

14

y3lyd
o

y1y3
y2y4 |

-4

-4

-2+

3F




7.7 Fundamental Matrices

() M"”j MAT LAS,

V =
(l 2)
2
clear 11

A = sym([3, -2;
2 2]); D =

[V.D] = eig(A) (—1 0)
0 2

SCa//‘HS 7‘_46 F/'V:T C’zgrm/(cvlar, ]"Ze 5,’je,ﬁ<cfo,~3

4[] [

Imo/c my/MYL So/ul[/'m/zx are [/]e_f ,[2]32/
z

2

. '- /} ;UMO/amenY/'q/MqV[/;'X I‘Sf [é—# ‘24{-]
7 £ 4

¢ ¢

O [l s1-Lel 831




gm0
Since flo) :[Ze: 2;“’2 {K’ __B ’oj

[/g,},3 IMATLAR wit h codr con 7//'mu/n3 from @),

% scale V(:,1) - make all integers V=
V. = [2*V(:,1), V(:,2)] (1 2)
syms t 21
% the actual fundamental matrix
Ft = [V(:,1)*exp(D(1,1)*t), . Ft =
V(:,2)*exp(D(2, 2)*t)]
e’ 2e
% evaluate at t = 0 (Qe" 621)
Ft0 = subs(Ft,t,0);
% efficient MATLAB code for Phi =
% Ft*(inverse of FtO) e~ (483 —1) 7 et (e3r_ 1)
Phi = Ft/Ft0 2 - 3
et (e31-1) e (e3'—4)
3 3
¢(T>’ L 2 242
3 3 3 3
2 -1 . 221 gy ~A 1,21
- £ e s e e - Lo
3 R 2 3

(a)
Us /WS MAITLAL



clear 2 9

A = sym([=374, 1/2; ( )
178, -3/41);

[vV.D] = eig(A)

syms -t -1 0

% the actual fundamental matrix

Ft = [V(:,1)*exp(D(1,1)*t), ... 0o -1
V(:,2)*exp(D(2,2)*t)] 2

|

| 7 44
.. -2 e amo/ [2 ¢ ’
)
: e -A/2
- p&n&lgmrm?‘m/ ;/)/wYZ)”/'X ! -le 2 €

6-/1‘ e-;('/z
()
MSI'MCS /}Oﬂ"/_l/%/j, (amvz/'nuaf/'m ;fow 4éo/c)

% evaluate at t = 0 Fto =
FtO0 = subs(Ft,t,0); (_2 2)
% _efficient MATLAB code for I

% Ft*(inverse of Ft0)

Phi = Ft/Ft0 Phi =
e"(ef2’2+l) et (el/2— 1)
e (e2—1) e (e/2+1)
4 2
O I R S .t/ S B
%(ﬂ = |ye " 3¢ et oe
- -1 I - - I Az




(¢)

MS/'Mj MATL A, -

2—1 241
clear | |

A = sym([2, -5; D =

1. -2]): -
—1
o

[V.D] = eig(A)
[2_/16-//1 ) [ZMIC'T
( (

_ ‘ ' -
/a(/hcg ft’a/awé//m&jwm/y Com/ooﬂenfg ég’ Xﬁ);

171 [}05(/{')’/.5%(1{')] = |(Z2cos(F)-sn(h|* i —caS(z(')—Zs/n(f)]
/ (dS(f) “Sz’m(;f)
‘ Tédo /‘/W/c/rwﬂ/;ﬂ/ Sa/,,( y//'mos av(:

[2 05 //f‘) - S/rm(ﬂ‘)] a n(// cos /4‘) t+ 2 SZrﬂ M)J

cos (f) sin (h)
A FUV’V/amt//ﬂZQ/ Mﬂ/;"/?( s

2ces (f>—8/.n//’> (05//) *23/.17//}]
CosS(t) Sin(x)




)

()

Ms/‘mj ﬂ?ﬁ7l/rg ) (“OV)VL/'hM)‘F)ﬁ 7Crom &{élm/()

syms t

% the actual fundamental matrix

Ft = [2*cos(t) - sin(t), cos(t) + 2*sin(t);
cos(t), sin(t)];

% evaluate at t = 0O
FtO0 = subs(Ft,t,0);
Phi =
% efficitent MATLAB code for ) )
% Ft*(inverse of Ft0) cos(t) + 2 sin(t) —5sin(z)
Phi = Ft/Ft0 sin(z) cos(r) — 2 sin(t)

g 4) = | cos() + 2sinlh) ~ S Sin(#)

SNI(/*) COS[#)",ZS')‘/’/JL>

Us /'Mc3 /77/]177/”37 V<i2. 2.)

1, -1 b=
[V.D] = eig(A) (—1—21 0 )
0 —14+2i

’ A2 : ¢ 2,
2i-— ;Z { i( € ) Zizzll\jz (f-)r 2 J{
1 [

. : ' Wid
7&/\;1/13 /(q/);mcej/mm7 /or{S o7l X )



-2 6—}/—(de (24) "1 $m (21» - -Zéﬂféz'y)()z‘) 1] -2 eg/l?os (2.4)
[ et cos(24) s 1 (24

A ;(umv/amrnv/cf/ watriX is:

S26%in(24)  1é casCip
f’f cos(24) é{s/m (24)

()

(//;;'mﬂ AVIAT ) A‘K) Con%'nw'ni fmm 61!0(/6)

syms t

% the actual fundamental matrix

Ft = exp(-t)*[-2*sin(2*t), 2*cos(2*t);
cos(2*t), sin(2*t)];

% evaluate at €t = O

Ft0 = subs(Ft,t,0); Phi =

—t 7 o1 —t
% efFicient MATLAB code for cos(21)e 2sin(21)e
% Ft*(inverse of Ft0) sin(2¢)e™ | _
Phi = Ft/FtO — 5 cos(2¢t)e™’

B = [ coszp -2 iz

_’i CJS/VI (2.4) e cos(24)




(a)

()

M§/h3 ”7/T}7L/f/3,

clear

A = sym([5, -1;
3, 1D:;

[V.D] = eig(A)

% scale V(:,1) - make all integers
V=1[3*V(:,1), V(,2)]

L]

. — =
[ T T

-
= O
—

<

o
L
N

syms t

% the actual fundamental matrix Ft =

Ft = [V, D*exp(D(1,D)*t), .. Ty

V(:,2) exp(0(2, 25 1)1 (o )
« . 2t 1
- i fwﬁ/amemzﬁ/may‘mx (S e c
E; 2 “ 4
e e
Ms;'n3 /MATLAL., cowf/'numj YC)’oM /{!d(/f)
% evaluate at t = 0O Phi =
FtO0 = subs(Ft,t,0);
364’_82{ eQr_ezlr
% efficient MATLAB code for 2 2 2 2
% Ft*(inverse of Ft0) ,
Phi = FL/Ft0 3eft_3e 3e' el
2 2 2 2
e 3 1 ! 24 | 4r
= - - = - 7 €&
%(ZL) 5 ¢ r 5¢ 2.< Z
3 2F 3 44 3 24 4 M
5 e 15e ;e 5 €




(@)

. . clear .
Using MATLRS, Ry s (2050
[V,D] = eig(A)

) z -
‘ ><( 4): | T~ é/ cf[ms(/)—f\s/n (A]
1

TG{K/'hKS /eC(/ On//Maj/})0/7/affS d/£ >_(-yr,3 ZLﬂ

I(OVM/) fumo/amm?la/ Wlavzf/'X) affrr §ca/n§ Xfi

: S :
Je *(03[,1‘) - ¢ St - € JL(OS/#) -2¢” Szhlzy

Se feosch) —Se sin e

(4)

M‘S"”S MATLAB, com f/'nuz'nj From alove,

syms t

% the actual fundamental matrix

Ft = exp(=t)*[2*cos(t)-sin(t), =cos(t)-2*sin(t);
5*cos(t), -5*sin(t)];

% evaluate at t = 0

Ft0 = subs(Ft,t,0);
Phi =

% efficient MATLAB code for

Phi = Ft/FtO

% Ft*(inverse of Ft0) (e‘(cos(ﬂ + 2sin(t)) —e~'sin(t) )
Se~'sin(r) e (cos(t) — 2 sin(7))



(- 4)

Sln(/)

G(r) = [c’ cos(/) *Zc Sm(/)

- f-}fs/‘m(ﬂ
e Tensl) -2 EXsin(A)

Msmi /W/? 7’5/}6,

clear
A = sym([1, 1, 1;
2, 1, -1;
-8, -5, -3D);
[V.D] = eig(h)

% scale V(:,2), V(:,3) - make all integers
vV = [V(:,1), 7*V(:,2), 2*V(:,3)]

syms t
% the actual fTundamental matrix
Ft = [V, D*exp(D(1,1)*t), ...
V(- ,2)*exp(D(2,2)*t), .-
V(:,3)*exp(D(E,3)*D)]

/4 fwﬂ/awmfa/mm/f/x:

({)

o -4 3
7 2
-1 2 2
7
1 1 1
2 0 0
0 =2 0 ]
0 0 =1
0 -4 =3
-1 5 4
1 7 2
0 —4e? —3e
—e?! S5e7? 4e! I
e Te ™~ 2e

MS{'Aj ﬂ?/W_L/m, canf/nw'n@ From @),




% evaluate at €t = 0 Phi =
Ft0 = subs(Ft,t,0);

e 2 (3e'—2) & &
% efficient MATLAB code for °3’“3:8°“+5) ¢ hi”f‘i““**s) e*'té*—:6e+|5:
% Ft*(inverse of Ft0) T e =
Phi = Ft/FtO e’ (os+4e' —7) e (op+8e'—21) o2 (etr 4 R8e —21)
2 12 2
where
oy =e 2 (e = 1)
o, = 13"’
I‘T_\:SCJI
e -24 -+ -1 -4 -2f
3e -2e c -e¢ C
A & 3 A _dA S 24 3 b 4 4 S of 1t
- > 2 — - + = 2
ﬁ)e t 7¢ tz € 3 L/‘C L) 2¢ /26
; - 24 Z ,{' - 24 2 - - 2
—Zej"’eu' 2e R RE 2ol T 2
2 2 1¢ Ty 12 2 7 n

()

MS/hj Wﬂ/ Zﬂ/z

——_ <
—_
—_
"-..____-____,/

clear

A= sym([l =1, 4; o=
, 2, -1; 1 0 0
2 1, -1D: 03 0
[V.D] = eig(A) ool
syms t
% the actual fundamental matrix Ft =

Ft = [V(C,D*exp(D(1,1)*t), .. LA .
V(:,2)*exp(D(2,2)*t), ... e e 7€
V(:,3)*exp(D(3,3)*)] ( ? )




/Il (umo/am(mfa/maff/'xf

(6)

é>[$/k1j /77/437 Z /4'[§)

% evaluate at t = 0
Ft0 = subs(Ft,t,0);

% efficient MATLAB code for
% Ft*(inverse of Ft0)
Phi = Ft/FtO

1 3t -
-C € e
46’7‘ 263{ -2 A4

(4‘ / U4 -27

Conv/:.mu!‘lfvs 7£)’d1/14 /5‘).

Phi =
e 2! (&340, +2) e 21 (&3 451 —2)
_— —c -
6 ' 2

0—21 i — 1) =2 ¢ dr_ s
[ﬁ_\ _+ e "\43 l] a2t ((_'5{—5:4‘ ]]
3 3 ' ' '
e (e’ —0,+2) e (&1 —e¥+2)
7 -

6 2

where



Frow # 9, g%(/f) - reﬁkcos(zﬂ -Ze‘/rg/n[zﬂ]

_’,i CJSM (2.4) ¢ cos(24)

%uﬁ[?z

= ge'jras(zf) - Ze’fs/‘m(ﬂ
e os(24)t 3 € /{—6/'/) ()

%

X (4)

1)

Given that <), ) X OH) are ,'m/(/mm/w

solutions fo X = PA)RU), where Plt) /s

nxa, P s dibined as 4=, %],

ond X i's ax|. . Y 1< axn.

G () [ ¢ ] WA E s the generd solidiom
L RS ) N




/I

/”é/ Thearem 782, There /5 4 W,'7W solufion Fo
X' ()= P L) 4. X ()= & | s that
Cooensts 1. YU =
Y@ Le, - o =T
Since X ) aye ,'M/</9W/mf of eacl pornt,
then WOE) 05 snverkille - [E . &3 [Y)]
et Git) s Vi) T
g ) =[G, 50 = YAlE .2 ]
= ¢ [T
G = W) L4

and A1) YN[V = T

/
!




Msf'mﬂ MAT L AL ]

clear

SymS ts —5— 4s5+4 —s—1 ds+4t _ 1

at = exp(3*t); as = exp(3*s); = 1(82+ ‘+1) ¢ (e4+ —

bt = exp(-t); bs = exp(-s); ‘ i

A = [(1/2)*at + (1/72)*bt, (1/4)*at - (1/4)*bt; _ R GRS Y)
at - bt, (1/2)*at + (1/2)*bt]; 2

B = [(1/2)*as + (1/2)*bs, (1/4)*as - (1/4)*bs;
as - bs, (1/2)*as + (1/2)*bs];
simplify(A*B)

—
: _ A(4+s) | ~(A+ 0 34 1 -G
W(f)@’/s)~ 1e +3 € 2 é g ’
3(4 \) -(z‘fS\ +S —(4 +¢

Lé(«fs_g ’;:63(’/)+£€*)

S 5/!(2‘%83

(@)

(V.Y 5 be any Fixed numiber, and consider
V) = Jit)dis) ;4{ Vir) = B ) #is)
Sine< 2= @h) satishies 28 = A2(A) | 2(0)=T

Lecause F'A): AFHE) wnd $10)=T

Hen JDE = AL EE) and JO)FE) = ple)



V) sedishies Elin)z fae), 200)= )
Since V(0)= GO 9(s) =L #G)= P(s)
e B)BG) salishies 2(H)=A2it), 20) = Hs)
(2) (omrsicfe, %(4%5). Forv cacl eloment,

g Loty =[] o le) -
= g_/ (f+5) ’
s 7 ] '
Since 2° d/fw 5&(7L/'3;/'r’3 g/‘ 42 \
f/cm Z=ﬁ(ﬁs§ sm//“sf/'rs Z/=A2 S/nce
067{#(4’7‘9 =/ . Ta aa/p/}//'c/)a) ¢//*@)/ﬁ03 ¢/3>
£ = {5(}/7‘55 55,71/3[/%3 2—/; /42-) Z[d>=@//§).
5) /?7 uw,'7azm(s§) %//)ﬁ(s)"—ﬁ//ﬁ) S1nce
éon/ §a7L/'§7()/ 2= A £ 2(0)= ;![Q

)
() From (a) , (et s=-1



@%)W—f} = Blt+ep) = %(0) =17

) Timdar o (0, S E@#) = G a1t)=plo)=T
L S) B DB =T, so Fiuf
BCL) is the inverse mebvix for d0H)
) Bl fer il 7

()

§(t-5)= J(f+()=BH)H5) = B8 B

4/ (L)

:_(—F /4' /LS a §7t/(a/€ /'&jowa/mm/r/x) YLZM
/'\z, Ag, SR A’; arc 0//9/'450146(/ Movlr/'as,

7—46 eméi’/'rs 7{0f Az arc Q;Z) 02.7) '--,4’;. fm
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2 ¥,
- W
wr + 3{§L ... CfC’S(;UVf\

7—461’1 (K/o(/?ﬁ = [cos(mf‘) A - éf_f%,z...]
31

= | (os (cuj> ;/, (Wf’ h—/gi(/fi )]
3
_w(twf - éﬁ;—{f-v (oS(@/;/’S

- [ Coslwt) & th(wz‘)]

- s/ nlwt) (05w t)

= | cosCut) O + |0 & 5/Nw)
o 605/4/,1‘) ~wsin(wt) O

= 1 coslwt) + [Oz /] L sin(wd)
- o

(’7}/)(/*\2‘5 = T cosuf) + Atsinlut)

/?/‘jfﬁl/d/(/((s) C/.i(ml/(cvéors oy [0 [ ] are.
W0
é/f/m) MATLAR

clear (K w

syms w 11

A =sym([0, 1;
-wn2, 0D;

[V.D] = eig(A) (—(‘;"' .D
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[;5 S'/'/’)(W)AI anJ /' Z/}(ds/w/f)]

Cos (wi) - S)n (o)
B , ;
. X/z‘) e [; s/m(wq] + G, [5) oS (1o f) ]
Cos (wr - sin (wh)

w

LX) = Vo sinlut) + U, coslwt)
[/0 coS [M///'S - A)Mo 5,.,/, Oz/i’}
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(o)

= [‘[—g sin(wt) + | U, | coslit)
_WMO l/o

= A 5'1_'//;_((4/](’\ F | Yo 505(60/1‘)
-h)z[,/o W Vo
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7.8 Repeated Eigenvalues

M“.”'i W#TL/?)Z,

clear

A-=sym([3, -4;
1, -1D:;

% get eigenvalue, eigenvector

[V.D] = eig(A);

evl =D(1,1) %—etgenvalues

ev2 = D(2,2) % show evalue is repeated

if V(2,1) ~= 0 % normalize the eigenvector
evecl = V(:,1)/V(2,1)

else
evecl = V(:,1)/7Vv(1,1)

end
S
[’ZICJT: ><(1) s &
[

/YI'SSUVwﬁ Zm/ §0/o{$//'m/z
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% Draw direction field

(aa/e A (6N 7[/;1uale'ﬁh

% set plot boundaries

Xmin = -5; Xmax = 5;

Ymin = =5; Ymax = 53

% set how Fine to make the grid of values ;T é{

Step = 0.5; Yown abovt.

% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny =-round((Ymax=Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx); % a row vector
y = linspace(Ymin, Ymax, Ny); % a row vector
% preallocate memory for coord, slope arrays
%—to beusedin quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for 1 = 1:Nx
for j = 1:Ny
xcoord(i,j) = x( )
ycoord(i,j) =
= A*[x(1); y(j)] % get the slope

s = norm(v); % tength of v

% make slope vector a unit vector

dx(i,j) = v(1)/s;

dy(i.3) = v(2)/s;

end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, “r")
xline(0); % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel "x1°, ylabel "x2¢
title "Direction Field for X"" = AX*

% Draw a few phase portrait trajectories

% x_1 from above, x_2 from calculations

t = -2.5:0.05:2.5;

x_l = evecl*exp(evl*t),

X_2 = evecl*t_*exp(evl*t) + [1,0]"*exp(evi*t);

hold on
ml = evecl(2)/evecl(1l); % asymptotic line
plot(x,ml1*x, "--r","LineWidth",2)

cl =1;¢c2=0; % just x 1

X = cl*x_1 + c2*x_2;

= X(1,:);

x2 = X(2,:2);

plot(x1,x2, "-k", "LineWidth®,2)
cl =0; c2=1; % just x 2

X = cl*x_1 + c2*x_2;

x1

X2 ;
plot(x1,x2, '——k', "LineWidth",2)
for c1 = [-2,-0.3,0.3,2]

for c2 = [-2,-0.3,0.3,2]
X = cl*x 1 + ¢c2*x_2;
X1 ;
X2 ;
plot(x1, x2)

non
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~
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end
end
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clear

A = Sym([4! _2;
8

. —4D);
% get eigenvalue, eigenvector evli = 0
[V.D] = eig(A);
evl = D(1,1) % eigenvalues ev2 = 0
ev2 = D(2,2) % show evalue is repeated
if V(1,1) ~= 0 % normalize the eigenvector evecl =

evecl = V(:,1)/vV(1,1)
else 1
evecl = V(:,1)/v(2,1) (2)
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% Draw direction field ('- 0/ .
ode a coy V[/ncmv‘/‘m

% set plot boundaries

Xmin = -5; Xmax = 5;

Ymin = -5; Ymax = 5;

% set how fine to make the grid of values

Step = 0.5; ,/3r74/7

% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x = linspace(Xmin, Xmax, Nx); % a row vector
y = linspace(Ymin, Ymax, Ny); % a row vector
% preallocate memory for coord, slope arrays
% to be used In quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for 1 = 1:Nx
for j = 1:Ny

xcoord(i,j) = x(i);

ycoord(i, 1) = y(i);

v = A*[x(1);y()]:; % get the slope

s=-norm(v); % length of v

% make slope vector a unit vector

dx(i,§) = v(1)/s;

dy(i,j) = v(2)/s;

end

end

% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, “r")
xline(0); % show x and y axes

yline(0);

axis(Xmin,; —Xmax;—Ymin,—Ymax])

xlabel "x1°, ylabel "x2*

title "Direction Field for X"" = AX"

% Draw a few phase portrait trajectories

% x_1 from above, x 2 from calculations

t = -2.5:0.05:2.5;

X_1 = evecl*exp(evl*t);

X_2 = evecl*t_*exp(evl*t) + [0,-1/2] "*exp(evli*t);
hold on

ml = evecl(2)/evecl(l); % asymptotic line
plot(x,ml1*x, "--r","LineWidth",2)

cl =1;¢c2=0; % just x_1

X = cl*x_1 + c2*x_2;

x1 = X(1,:);

x2 = X(2,:);

plot(x1,x2, "ok", "LineWidth",2)
cl =0;¢c2=1; % just x2

X = cl*x_1 + c2*x_2;

x1 1)s

X2 X(2,:);

plot(x1,x2, "--k", "LineWidth",2)
for c1 = [-2,-0-3,0-3,2]

for c2 = [-2,-0.3,0.3,2]

X = cl*x_ 1 + c2*x_2;

1
x
~
=

x1 = X(1,:);
x2 = X(2,:2);
plot(x1,x2)

end
end

a 4&:/: .
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clear

A-=sym([-372, 1;

-1/74, -1/2]);

% get eigenvalue, eigenvector evl = —1
[V,D] = eig(A);
evl = D(1,1) %etgenvalues
ev2 = D(2,2) % show evalue is repeated ev2 = —1]
if V(2,1) ~= 0 % normalize the eigenvector

evecl = V(:,1)/vV(2,1) evecl =
else

evecl = V(:,1)7V(1,1) 2
end 1
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% Draw direction field

% set plot boundaries

Xmin = -5; Xmax = 5;

Ymin = -5; Ymax = 5;

% set how fine to make the grid of values
Step = 0.5;

% total # points on x and y axes
Nx = round((Xmax-Xmin)/Step, 0) + 1;
Ny = round((Ymax-Ymin)/Step, 0) + 1;
% set the actual x and y coords
x-=_linspace(Xmin, Xmax, Nx); % a row vector
y = linspace(Ymin, Ymax, Ny); % a row vector
% preallocate memory for coord, slope arrays
% to be used in quiver, must be same dimension
xcoord = zeros(Nx, Ny);
ycoord = zeros(Nx, Ny);
dx = zeros(Nx, Ny);
dy = zeros(Nx, Ny);
for 1 = 1:Nx
for j = 1:Ny

xcoord(i,J) = x(i);

ycoord(i,j) = y(g);

v = A*[x(1):;yd)]:; % get the slope

s = norm(v); % length of v

% make slope vector a unit vector

dx(i,§) = v(1)/s;

dy(i,.3) = v(2)/s;

end
end
% plot the slope vectors at (xcoord, ycoord)
quiver(xcoord, ycoord, dx, dy, 0.5, "r%)
xline(0); % show x and y axes
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
xlabel "x1", ylabel "x2°
title “Direction Field for X*= = AX*

% Draw a few phase portrait trajectories

% x_1 from above, x_2 from calculations

t = -2.5:0.05:2.5;
X_1 = evecl*exp(evl*t);
X_2 = evecl*t.*exp(evl*t) + [0,2]"*exp(evli*t);
hold on
ml = evecl(2)/evecl(l); % asymptotic line
plot(x,ml1*x, "--r","LineWidth",2)
cl =1; c2 =0; % just x 1
X = cl*x_1 + c2*x_2;
x1 = X(1,:);
x2 = X(2,:);
plot(x1,x2, "ok", "LineWidth",2)
cl =0;¢c2=1; % Justx2
X = cl*x_1 + c2*x_2;
x1 = X(1,:);
x2 = X(2,:);
plot(x1,x2, "--k*, “LineWidth-",2)

for-c1 =[-2,-0-3,0-3,2]
for c2 = [-2,-0.3,0.3,2]
X = cl*x_ 1 + c2*x_2;

x1 = X(1,:);
x2 = X(2,:);
plot(xl,;%x2)

end
end
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a

é/s/nj MATLALS

clear
% solve Ax = B, given x(0) = B
A =sym([1, -4;
4, -71);
B =103, 2]";

% get eigenvalue, eigenvector

[V,D] = eig(Rh) 1
% script only works for repeated eigenvalues 1
if D(,1) ~= D(2,2)

exit D=
end (_3 0)
evl = D(1,1); 0o -3
evecl = V;
% n = (A-evl*l)n = evecl
n = linsolve((A-evl*eye(2)),evecl) n=

1
syms t cl c2 1
x_1 = evecl*exp(evl*t);
X_2 = evecl*t*exp(evl*t) + n*exp(evi*t); 0
x = [x_ 1, x 2];
c = Tinsolve(subs(x,t,0), B); X =
X = c(1)*x_1 + c(2)*x_2
(L™ (2 (36’3’+4te’3’)
2e 3+ 4re 3
~ A/- > - g —3/# cf "Bj
.. X)) = e t Ae
e
s Solution f_or X'= AX 3, ) x1vst ) )
41 1
25} 1 Cd%’

3| |

2 2 0

1+ }/)

=15
do /1(?)(7L

2} ] aj(
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% plot solution in x1x2 plane

77/5 IS & rdni'//'naasf/'m

Xmin = -5; Xmax = 5; % set plot boundaries

Ymin = -5; Ymax = 5;

t = -2.5:0.05:2.5;

% rewrite x_1, x_2 for plot g_ /4 CJ/ r

x_1 = evecl*exp(evli*t); 0 f' < coedc n ( a

X_2 = evecl*t_*exp(evli*t) + n*exp(evli*t);
X = c()*x_1 + c(2)*x_2;

x1 = x(1,:);

x2 = x(2,:);

plot(x1l,x2)

xline(0); % show x and y axes
yline(0);

axis([Xmin, Xmax, Ymin, Ymax])
grid on, grid minor

xlabel "x1*, ylabel “x2°

title "Solution for X*" = AX"

% plot x1 vs t

figure

plot(t,x1)

xim([0,2]) % confine plot to t >= 0
grid on

xlabel "t", ylabel "x1°

title "x1 vs t°

(a>
Us /'ﬂ@ Ma?/a!)

clear
% solve Ax = B, given x(0) =
A = sym([-5/2, 3/2; 1
-3/2, 1/2]); 1)
= [3, -117;

% get eigenvalue, eigenvector 1 0
[V.D] = eig(A) (5 %)
% script only works for repeated eigenvalues

if D(1,1) ~= D(2,2)

end

% n = (A- evl*l)n = evecl
n = linsolve((A-evli*eye(2)),evecl)

syms t cl c2 ¢ =
x_1 = evecl*exp(evl*t);

X_2 = evecl*t*exp(evl*t) + n*exp(evi*t); (_')
x = [x_1, x_2]; -6
c = linsolve(subs(x,t,0), B) =

X = c(D)*x_1 + c(2)*x_2
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% plot solution in xIx2 plane

Xmin = -5; Xmax
Ymin = -5; Ymax
t = -6:0.05:6;

% rewrite x_1, x_2 for plot

X_1 = evecl*exp(evl*t);

X2 = evecl*t.*exp(evli*t) + n*exp(evl*t);
X = c()*x_1 + c(2)*x_2;

x1 = x(1,:);

X2 = x(2,:);

plot(x1,x2)

xbLine(0); % show x-and-y-axes
yline(0);

axis([Xmin, Xmax, Ymin, Ymax])
grid on, grid minor

xlabel "x1°, ylabel "x2*

title "Solution for X" = AX"

5; % set plot boundaries
5;

% plot x1 vs t

figure

plot(t,x1)

xhim([0,6]) % confine plot to t >= 0
yline(0); % show x-axis

grid on

xlabel "t", ylabel "x1°
title "x1 vs t*
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clear
% solve Ax = B, given x(0) = B
A = sym([3, 9;
-1, -31);
B=[2, 41"

% get eigenvalue, eigenvector
[V.D] = eig(A)
% script only works for repeated eigenvalues
iT D(1,1) —=D(2,2)
exit
end

evl = D(1,1);

evecl =V;

% n = (A-evl*l)n = evecl

n = linsolve((A-evl*eye(2)),evecl)

s t cl c2
evecl*exp(evl*t);
evecl*t*exp(evli*t) + n*exp(evli*t);

]
<

nsolve(subs(x,t,0), B)

X
nimninNge3

Ex_l, x_2];
1
c

X 0O X X

({)

% plot solution in

Xmin = =507 Xmax
Ymin = -30; Ymax
t = -6:0.05:6;

% rewrite x 1, x 2

El)*x_l + c(2)*x_2

x1x2 plane

50; % set plot boundaries
30;

for plot

Xx_1 = evecl*exp(evl*t);

X_2 = evecl*t_*exp(evl*t) + n*exp(evi*t);
X = c()*x_1 + c(2)*x_2;

x1 = x(1,:
x2 = x(2,:
plot(x1,x2)
x1ine(0);
yline(0);
axis([Xmin, Xmax, Ymin, Ymax])
grid on, grid minor

xlabel "x17, ylabel "x2°

title "Solution for X*" = AX"

/N |

% show X and y axes

% plot x1 vs t

figure

plot(t,x1)

xhim([0,1]1) % confine plot to t >= 0
yline(0); % show x-axis

grid on

xlabel "t", ylabel "x1°
title "x1 vs t°
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(4) é/s/m3 MATLAB,

clear
% solve Ax = B, given x(0) =B
A =sym([ 1, 0, O;

-4 -

% get eigenvalue, eigenvector
[V.D] = eig(A)

% script only works for insufficient eigenvectors
if size(V,2) == size(D,2)

exit
end

evl = D(1,1);
evecl = V(:,1);
ev2-=D(2;2);
evec2 = V(:,2);

% n = (A-ev2*l)n = evec2

n = linsolve((A-ev2*eye(3)),evec?)

syms t

X_1 = evecl*exp(evl*t);

X_2 = evec2*exp(ev2*t);

X_3 = evec2*t*exp(ev2*t) + n*exp(ev2*t);
x=[x_1, x_ 2, x3];

c = linsolve(subs(x,t,0), B)

X = c(D)*x 1 + c(2D)*x 2 + c(3)**x_3
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% plot solution in Xx1x2x3 space

Solution for X' = AX
t =0:0-05:2;
% rewrite x_1, x 2, x 3 for plot

x_1 = evecl*exp(evli*t);

X_2 = evec2*exp(ev2*t); -~
Xx_3 = evec2*t_*exp(ev2*t) + n*exp(ev2*t); 09 X (0)
x = c()**x_1 + c(2)*x_ 2 + c(3)*x_3; =

x1 = x(1,:); 196 e it N
x2 = x(2,:);: L

x3 = x(3,32); & 20

plot3(x1,x2,x3) *

grid on =

xlabel "x1°, ylabel "x2", zlabel "x3*
title "Solution for X"" = AX"
view([13 25]) % supplied by MATLAB 500 -1

400 —

%plot—x1-vst

figure
plot(t,x1) 1vst
x1im([0,3]) % confine plot to t >= 0 0 . . ===
ytine(0); % show Xx=axis
grid on A b
xlabel "t", ylabel "x1° TR
title "x1 vs t* 27 e
3
=t
£ M
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Us ing MATLAE,

clear
% solve Ax = B, given x(0) = B
A = sym([-5/2, 1, 1;

1, -5/2, 1;

1, 1, -5/2]);
B=1[2, 3, -1]°;

% get eigenvalue, eilgenvector
[V.D] = eig(A)

evl = D(1,1);

evecl = V(:,1);

ev2 = D(2,2);

evec2 = V(:,2);

ev3 = D(3,3);

evec3 = V(:,3);

syms t
x 1

evecl*exp(evli*t);
evec2*exp(ev2*t);
evec3*exp(ev3*t);

[x 1, x 2, x 3];
linsolve(subs(x,t,0), B)
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% plot solution in x1x2x3 space

x1 = x(1,:);

x2 = x(2,:);

x3 = x(3,3);

fplot3(x1,x2,x3,[0,7])

grid on

xlabel "x1°, ylabel "x2", zlabel "x3*
title "Solution for X*" = AX"

view([53:37 13:12]) % supplied by MATLAB

% plot x1 vs t

figure

fplot(t,x1,[0,71) % confine plot to t >=0
yline(0); % show x-axis

grid on

xlabel "t", ylabel "x1°
title "x1 vs t~

/l/or‘c //VV! 7?//7’); o
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Jet % = e
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Uﬂni MATLAL

clear

A = sym([3, -4: Vs
1, -1D: 2
[V,D] = eig(A) 1)

Cocde for aboe plots,

Continuation ob coole 1 @),

Mgfmcx i {/)/of" for 5/14160//&
math instrad of ;o/n‘”
sed p %9
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[V.D] = eig(h) 1 1
syms t D 0
evl = D(1,1);
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0 -3

n = linsolve(A - evl*eye(2), evecl)



[ 3.

X E S mz‘ b c (Hz ) Tﬂﬂ)

— e

/L/OV/t) 7‘1«» ansales /,M 74( Z&ck oj’ y%c 406[ Can !e
047[01/%{0/ 47 51/«{&//%4,%/% 7(m/ 7 a!ave,
C/ - C, - éCz '

/\/ov[< Y%aVL (A“/‘I)VT’-’? 46(0’)44(57 with r=-35,

Z‘Z*ZHM,K ’/I L So can closse 57 Ao
e T[] e )9

[t N e an rgenvali.
- /ff[aéf\ ;J = (N2 N-d) - 4 e
=N ~Card) )t ad-de =0 [1]
M= (atd) = 7/{;7‘0/2"— 4 aol-6c)




S B —

ZCV! l/l ) [/z
(13 §M//a5< (ﬂra/)<0 anol (a@/’gﬁ> -0
() /’1( (Qm/)z- 4/5&/—465>0) 7‘4{[,, M Ay are /”m/)

N, = atd - Yard) acdd) <O andf
2 2

g{ (ar/zS/mthﬁ e;je nu< cv[m/s'.

/12 - @7:”/ t 7/(;0()1’ ‘/(46'4/3 <0 Since
P

(atdf) - 5/(é’c~/o/> < (ard)"

Gid ¢ Viard)* Hacsd) < ard + ladl - 0
2 2 2 2

, : 1
[yim C/j'ff— i "7 =0

F-5_4 A >0
[im X = lim e v s Cz};e”z” Y
1 =0 1.0
€) i (ard)™ #lad-L) =0, Fhew )=y atel <o
v Mo v p T
fim ™20 so b il

I f =



: : c ] 1
//m fé/\zft /m/: I - Q .,//'77 CZZ}Q/}Z’-'Z

/f’\Vp /{”700 e-AZJL f“?‘,o
‘, //'m ? = 5.)
A0

) (atd)- dad-L) <0 then 5 2 ore
(’W;@/fz( CMJ’Mja{C,S 072 ;o/na A_gﬂ/i /é )
& = ]/5//@%4& - [ﬁm/}L
2

~ — 6o/ = ,
.. Mg/hi V/ ) X = e( 7\)/7‘ (/ 1/{ (05/9-/*)"‘(1514(4}{)]
, : az+d
g/rzrr //m/, 6/ ”“)/f:07
‘/—?70 - 7
f/m /1Wz X =0
I >0

G ,0) = (f (avd) <o and (acl-£D>0

Fhen [ing X2 0

1>

(2) guﬂ/)ogé (a+0/>30 Va4 (&/‘Kc> =0

() 1L (ad-4c) 0, Vhen Caad)™4(ad-be) 20,
So A{&M)z%«/)‘-%(a/-&ﬂ/z




Aaf 7LW0 V(C{/ ‘/ﬂ/o(fs one Vian-ﬂ(gm[z'r/t 57 )/
_9
X Z&SYLA( 7(0701/)( )Tffu)f

for /]l 20, or 4[1/, 4@!7;(%4‘ Sov A =0

— ya —
or C,V, eA' + G I//fu F&/ A=),

l/ﬂ any Case, [im X 7-[6

,0

/g) I? (afo/) Z0 , f%cm
(1) (aw/)z‘ 7(@&/*&) >0 =2 4, A real, \# ).
aV[ /6457L one A (qu/l\) s /05/'v[/'l/<x

— —~ —
X~ v Moo g M

. ‘ )‘ : 5
Since A.20, lim =00 lim R FO
£ > o P
(3 (ard)"™ 7{%/&) =0 = M=) = "—’;”/zo
?“ Z, l//é (21//'@/12{.
§ ence /rﬁq /eﬂz/f— /fm 4o
120 WY

<3> (ato/)z“7z(ao/-gc) <0 = )(,,21 (m//fz(



Comieales - - - A aid 1.6
§s )
Q/Z()’f Q’W(ao/f{_c) ’(m‘/)z
2
%/hﬁ v,

(aLd (=)
e ‘“)’f(m(&vﬂ 7 (z(?e )fs/n(éf)

~

A
(a+
f/ga, [\ e ZAAL;*O

2 /{’*7,0

c
\ -
3
™
N

Q

S X £
ez

— =

‘. (a)f(é) 0{40(/6 wl el y) //'mq X =0 £ (OM/><0 cmo/

(z)

A =0 Cad-4e) >0

/fvL A= o A s an 6/5fnva/mc =7
e “TAC

det (#-1T) =0



()

det [N e z A v (g )+ 57 =0
e "/ZC A

L s 4
= /\:‘",@C iVQgC)L——Z—C
Z

e 4 _ oL
TF e 2e=0, Fhen N = ~ge s
a fm/ o/oug/r /"OOYZ.
._(__ - 4 -~ =7 _L = _j/— o/
Lo 1c¢ gas <’

[C> 4N o [ =HLC
Z\F Z_: %42(— ) 7L46’1/1 ’/\1'5 & r"ca(/a/au!/c V‘OO]L-

Since 4= 4(/>z(/>, Vhen L= ﬁ%?—él 56 A = —z—?c
{
IS /ca/ Aol e roof . .. A= =200) :‘Z{
Fm/ é/jmvecfm/s for Az-3
O/W'V!j MATLAL, Mgl.l/lﬁ /3 = [I/D)] = 7]
v (o)
&/ly/ Ug;“ﬁ A ):faw/l (a>)



clear evecl =

% solve Ax = B, given x(0) =B 1
A = sym([0, 1/4; (_5)
_11 _1]); 1
B =[1, 2]°;
eval =
% get eigenvalue, eigenvector 1
[evecl,eval] = eig(A) - 0
evl = eval(1,1); o -1
% n = (A-evl*l)n = evecl
n = linsolve((A-evl*eye(2)),evecl)
n =
syms t -1
x_1 = evecl*exp(evli*t); <())
X_2 = evecl*t*exp(evli*t) + n*exp(evli*t);
X = [x 1, x_2]; €=
c = linsolve(subs(x,t,0), B) 2
X = c(D)* 1 + c(2)*x 2 _9
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-L -1
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2,1, -1;
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T=1[-V, n, [2,0,3]"] T
Tinv = rref([T,eye(@)])
T 1 = Tinv(:,4:6)

3 -2 -2
-/ /
J = T_1*A*T 7 =

2 1 0
(021’
0o 0 2

S— ——
J = 2 1 0
o 2 |
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s ing MATLAR,

clear
syms r p=—r+3r1-3r+1
A =sym([5, =3, =2;

8, -5, -4; ans =
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(=1 r=1 r—-1 r-1)
p = det(A - r*eye(3))

factor(p)
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The midefle column is dffevent from T ozp(38)
Ut) [y #IY 1S Fromm:
F() = [T DA cOpd, 77|
zomg at (4) above, The selufion sct /s

SORE S )
[Cfm?\ ¢ C{ (‘5)/@/{7“/)@4]

O(S/Inj Y%C e/fcnt/zcv/mfs frwm Er§
. The Solation sets are ditferent.
Fundamental solution sefs are nof aniguc Jusl-
S 4 sct F !os/'s veclors /s mfum'7u<,
But one sct cam be obtaines From the other

— —
/\/oy/c L -2 - ) e® = Z@?



2.

)

(1)

clear
syms r k
J=[r, 1, O;
O, r, 1;
0, 0, r];
J2 = N2
J3 = I3
J4 = M4
2z [ .=
J7=1x 2) !
2
28
O 0

Ms/m} VAT LA,

P 3t 3r

0 0 r

A§Sumr {mc fw Ml/(

— K+

J

S

N
o )
6 o

32

14 =

4P 672
0 r 487
0 O r

O
[

A

~

~

- F)F A 3y | T7-
o A 3)’
R

(6" izomo/ Frue lov n=1,2754%

K
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0o )
o 0
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o A7 ux
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2
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(/s/nj MATLAR,

clear K1 =

syms r Kk
J=1[r, 1, O; R . kr,\71+krr1\72 (k—=1)
0, r, 1; 2
0, 0, r]l; 0 ok Py
J_k = [k, k*ri(k-1), 1/2%k*(k-1)*r"(k-2); 0 v rrt
0, r~k, k*r~(k-1);
0, 0, r"k]; ans =
J_K1 = J*J_K rtt ot k1) krk_]-é“”
simplify(J_k1) 0 it "kt D)
0 0 I.A+l

14

J o F/\K“ ( XK+)) )\(KH)—‘ é(i(rz)(/w/-/) ,\(k*'>'2
K +1) -
o A (ktr) Y5
Kt]
L O 0 A\

W/]f’lﬂ VLVut 7{0}/ n=K, Frue 7{0)/ n= K+l

Tvuf )(W &///05/%% /'V;/rﬁers.

- (T,—()K — - T/(/{K
€7</(Jf>:l+z —ZT - L 4 Z} 7(—)
= - =




= LY IV RS £
=T+ |2 "% 2khdl 25kGN 7
K=1 ' K=l K K=l Ll
= X = k=1 k
= £x X
0 ;;’ A Z «!
K 4K
Z s
__ O 0 K=y K!
(o £ 2 P £-2
_ > (Aﬂ ? A" » > AA)
B K=o K’ (/(“/ 2 £ =2 (/\/‘2))
o i A RGN
K=o K k= (K)!
0 o > o
| /(:c) /(./
_ (/\7/ y f Q@k l" 5 (AN
K= /(( 2 K=o [
M S X
C e 12 (A_/;(f?
K-o X!
0 0 e M
= 2
€A7/ /@A/f {_: C/\ZL
0 o N j_ek/f
o C)/f
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7.9 Nonhomogeneous Linear Systems

A/S/'mj AT /71/57) Xlt:ea;ym([Z, _1; T D =

3. -21); (1 ) (1 0)
[T.D] = eig(A) 0 -1

1

e

Y_WO J/”f{(V(VIYI €/j€ﬁ(/az/ur$ ¥ (,'jpﬁwam/S
/Y/M(}%t’mous 50/“7//?/’1 ; z(ﬂ: ¢, [)Tejf 62[7]€'j
! 3

71/7 V&f/véle'c/)/) Of/ayam—/ff/g

G [ < je:;] AR [ Al

ASSUVme 17(/{')A ({/(f) 17(2‘> ) (7 V)om%omaffwwuw So/w?zz’ors.
VNI - S VRS ~ ]

TR f e

: / K !
: U(;{')‘: M/, i — Z
4 _1 [ 4
Mz 2 ¢ E




U

n

/] 4 - -1 :
/ %7rfzj€“é€ L stng

Uy = ~37 s -

) = x4 = 1)

= (,[:lcrr CL[;]C'I t %({]I€f+ [2/]/ —é[;]e{—[o]

é/ﬁ/ﬁ@ M/f?l/f/g) V-

(2—1 2+i)
clear 1 1

Ay = sym([2, -5;
1, -2D:;
[V,De] = eig(Ay) (—i 0)

0 i



//S/h@ V“A( ZCIVSYZ m‘ﬁmvccvlw)b(ﬁng é'#z (OS(:(’)*/'S/’V;(H

[Z - /Y(fag(f) -/ Slh(q‘)> = | Zeos(4)-Sin (71‘)] - [(05(4‘\ +2 s[m&f}]
[

cos(#) Sr>7(;f5

. /V/M/Vlo 3(1/)(00/3 50/:4 v[/'r/m 3

Z (/ﬂ e [z cos(/f%s/nff)] t Gy [ CoS(4) + 2 5/;,(,0]

cos(4) Scq (P
A‘§§UW){ /a;/)/;'(u/af $0/u¥/bw /‘th/(//‘//li S/'m//ar VL(")’MS)
Zuf Mo{c /05//) arw/ S/)f/f/f) arc $d/o{<//'m75 /9 7%«:

§(€mw//wu 0¥ ;(/) fo 5"7"['“5/’?
Sin (1

ﬁw/ 177/}\) : /’j/ac[;f\ b Beos(t) 1 CAsin(t) + 05//4[4‘)
A msff) F Fcoslt) é/f&/'n () */t sin(t)

US/hﬁ MATZA/B o (M/u}/( 1777 /4(771“5‘7

(a/@ /s Cc/wf/h uarson )/r(mn a!an/ﬁ,

synss ABCDEFGHT

v = [A*t*cos(t)+B*cos(t)+C*t*sin(t)+D*sin(t);
E*t*cos(t)+F*cos(t)+G*t*sin(t)+H*sin(t)];

g = [-cos(t), sin(t)]";

Eq = diff(v,t,1) - Ay*v - g;

collect(Eq, [cos(t),sin(D)])

.gc) Vo = [Az/ffosfzf) 'f[g](oﬂ/ﬂ f}(‘(fﬂ'm(zf) + /\)]5‘/(”//10
E F G Vs



ans =

((A—ZB+D+5F—2At+Ct+5Er)cos(r)+(C—B—2D+5H—Ar—2Cr+5Gr)sin(t)+Cos(?)
(E—B+2F+H—-At+2Et+Gt)cos(t) + (G—F —D+2H —Ct—Et+2G1)sin(t) —sin(r)

A-2R rNtsF+] =0

24 +C+ S -0
C-[5-20+SH = O
“fl-2¢c 156 =0
E~Rt2fF+4H =0
A t2F 16 =0

G-F-N12H-] =0
~C-fFf26 FO0

In mefrx ](Ofm)

—

[ 2 o | 0
-7 o / o 5
o -/ I -2 0
- O -2 0 b
o -/ o 0 |
~/ o O ¢ 7
O 0 0 -/ b)
o 0 -l o0 -
MS/'V]S MATLAL
s=11, -2, 0, 1, 0, 5, 0, O; ans =
-2, 0, 1, 0, 5, 0, 0, O;
o, -1, 1, -2, 0, 0, O, 5;
-1, 0, -2, 0, 0, O, 5, O;
o, -1, 0, 0, 1, 2, 0, 1;
-1, 0, 0, 0, 2, O, 1, O;
o, 0, 0, -1, O, -1, 1, 2;
0, 0, -1, 0, -1, 0, 2, 0];
W =[-1, 0, 0, 0, 0, 0, 1, 0]";
rref([S,.W])

O 0000 0®0ORK

AN

Cos(*) row |
tcosch) vouw !
Sin(F) vow !/
Asinct) roew )
coS(#)  row 2

7 cosGt) row 2
§/n (i) roe 2
Jsinlt) vrow L

s 0
O 6
0 0
b 5
Z 0
O I
-/
0 2
/3 <

‘\> OO OO OO
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PO ORRRERREPN



/4:2 C:’/ /;/-::/ é—rO

B- 27 -4 =/
/) T F “2/71:"/

67&[//%4 /'”%Yérm/'mﬂlf, /’/0)/ S/W/A‘c,}//) Sryl’
[0, K=0 whrch means [Ojém(f)>[0]
< 0

L f=l B8] [gjmm = [-/’Yros(,f)
. _
l/(,{) = [%prw/ﬁ "["Icas(ﬂ - ﬂ]fs%ﬂf} /S a

/)O/%/'ca/ou/ S’o/(/YZ/‘pV)' (0%/0/@/50 Z&rz/( S(/L

B0, F=0, 5o fi==l) =T 5o [5]ntd
-
Wow/a/ 5{ [/ m(/aﬁl/'w/&f Sa/wf/m

«

//—ACSf UG'V/'CrV//'m/)S aye /,Mc/aoﬂa/ /'Vl fAe 6(}4:/4/
§0/M$//Im4 w/%j 6’//{0/);@&/( C‘ZO/,(T 07[ C’, av.a/ <5 .
/\/C’Jf 7’46 3("7’(1/&/90/0{&7/)'(/)4 /n fzc Zac/( 07{ Ysz gédl\/

Can 45 Oév[a//‘l/wo/é/ mw/}e/o/ywﬁ 7%( qgm/c f//S?L



é/‘jcwvc’(vtm/ [Z*/Y ./\/ 2+
1

X () = %)+ U (4)

= C, [ZCOS[Z‘B-S/VJCZL)] + (L (’05(/7‘) t 25/’/700] r
cos (4)

S’/‘V)(i{a

[ﬂ/@sm -[];] cos(4) - [O/]/s;w)

/y/oz/hojencpws Sa/uxf/'ﬂh :
L/g/.n‘j M/TLTZ/}'/Z clear T

- D =
A = sym([1, 1;
4

. -2D); -1y (—3 0)
[T.D] = eig(A) 4 0o 2
11

—_
X (1) = c,[‘/]e’zfvv (Z[’]ez*
L7£

[

V—r’/ veriafiem of/ammefers:&%umf >Z;(f>: 1) ')
where HE) = [~ eQ”LY U Yzl
?zC-Z/f 21

¢
Where g =[] Y=g A
_Za/f’ '%53{

-3
-5




M%m@ AT LAR to Kmxn/ac/r?/( (IL () (f}

syms t g =
Y = [4*T(:,1)*exp(D(1,1)*L),. a3t a2 ey
T 2)* D(2,2)*t
v 1= Env(\)()exp( @270l (46_’“ ez') (‘ze'>
g = [exp(-2*t); -2*exp(t)]
du = Y_1*g Y_1-= du =
5 5 =55
4e2r e 2 4ett 2e
5 5 5 5
/ Y, 7] z 1 f
M //f> = Ml g 671 - g— €
U / i C- 4[ _ } C‘"'f
G < 3
——ﬁ
: - RS s
U (;#) - 0/[ . ;&5 ¢ - 5C
e 2 a1

ﬁ(ﬁ) - YA () Com¥inue M§/'n§ MATLAS

u = int{du) U= B
xp = simplify(Y*u) & X =




/7[0M0§(Vh'ows ?a/wf/'m/(, aS"mS MATLAR

clear T = D =
A = Sym([41 _2;

8, -41); (1) (0 0)
[T.D] = eig(A) 2 00
1

ﬂf/m/(/ e/gcn valve. xUF) - [I o1 []

//nc/ SCCW/gcﬂ(’VZ'{//Z(l/ 6[5r’nvr(f07

et € “—[zf O- Tt ra

‘. (fl")\f 1/_)ﬂ=g$7 6«//,7% )l=o éérOM(s Ai=g

7 ”ZHHHNH

6/ 242:/'/(7Lm~ ...N =

;"- Geik | = ZI/]f /([2/
)4 O /

)?;): R //7]7&4[“2'

yA 0 /

//)( /QSY[ {/rﬂ/) /SJL«Q{ 4 ma/:l/ /f ﬂf( X /fo/ﬂ

o= 21 ([ [2)

K\~
N‘



/\/07/< -/ chos < N2k clove, Phen ny= 2k-%
So n = [2:{]: kféz'i[/&z)w i-iﬁ]
wz,‘c/ qiles Gnswer an bock of dusk

/mv‘/w/af colutsom %f/ Ve 1Y i o{/)o rame Vs

ug,‘hj %(f):[z/ /+—] [1 I

/433‘(41/1/'{ )Z/Z = Yy J(f) NE %/(f)f(f)
Using MATLAB

syms t v = -
Y = [1, t+1/4;... ) " 9 _2log(r)
2, 2*t] 1 H_Z' P 57 g
Y 1= |nv(Y) | | 2 (t+1)
g = [t7(-3); -t (-] S 7 G
du = Y_1*g
Y_1 =
u = Int(du) 1 e o
4t 2 1
Xp = Y*u I t+2' 2r+1 2(+1) (r+l)
4 5 _ 2_4 2—210g(!)— 5 4
12 2 2t r
£‘+i. 9_4+1) (f+l)—4log(t)
P ! !

) = EAT 2 - 2-%1‘"’—;’7‘2]
T4 - -4t -4 [ (H)

- [z/r" - 20 -3A7E- 2[
5170 - fInlr) - 4



M\

SR B

TA( /QSVL Y/zrm lan gc /,MKO;f/ach{fo//}?Ylo
e ( crm 4 37 ). A
14 C///ZK e f X, (4 , a//ﬁ

B R (S H)

[fomogencous salutiion, wsing MATLAS,

clear T = D =
A = sym([1, 1;

wor-eniad (1) ()
1
ﬁ//) = C,["i(e_f r CZ[/ZGH
2 2
ﬂarf/'(w/alf §0/b( )}L/'VM i YLV7 Mna/lslfrm;m/c/(a(/cﬁ/’C/chY/S

/ _93;[”2 ‘ . S:wce * 0 anvﬂf‘
(7‘3 -/]5 e 15 nof a4 (mm/
c F 7[6 Aomo\f cncous S o/avl/'dn/



. —577 C J~ ) '—‘7/—' _s)-r .
71/”/ V4 [/3]6 R/ Ay f

Ll Lol BT
R AT

%s’ /'/1.3 M/47—//{g (o ﬂ‘//rﬂo{/’ﬂi 7(14774/; a.éz/c,

[2; -1]; v
lLinsolve(eye(2)-A, 9)
(—2)

7: [{/7 €f
A

9
v

) = X+ V)

AT evrffz [ 63,{-+ /4t @'f
z 2 ~2

/‘ilovmaien (OUs §o/a7’/'c/1/)) ugzhaS MATI A,

clear T = D=

A = sym([2, -1; 10
3, -2I; (1 .l) ( )
[T.D] = eig(h) 3 0 -1
11



Z(/f): (/[l]er F (Zf{]éf
/ 3

ﬁar%!‘c u/alf §0/u¥/'cm . f// wno/fv/(/mﬁ/m/ Corﬁ{/'c/cnY/S
[t & j [ Sinee & r's /)ar?L 07( >_<Z(n‘>)

-

fr/ /A‘ +é@7{, 27,4_77% (< determined.
>?;/ IR R

-/

Axp ed = A1 FAL S [’]@j
-~ From >< A g end c//w;/;nj 17 ™
Effa/ffé:/w’qf+/4f*[—//]
E7wm//‘ms hhe ferms,

A= 7  (A-DL =4 [/’Z

. &77 /3 aun c/‘jrmr((fw W/'f/ (;'jfwa/ym A=/

As a{m/( Set 4_5): [K], K a constant

Solve (A-I) ([ _[q E K k#/]



[T
o] s

g/‘m(c A‘I Aas faml( / (fow ) - 3 7‘;';44(5 Ma)/))

710 SCV— A FWS/?Y/NNL So/MYZ/'VV?, 3(%-/>’*K+/ )

or K=z [1
§ -3 b, 3
>?7 [2 /fej f[/ C;(—
27 O]

K () = XD+ X4

L3R




/q[omajemcous éa/w%/'cn/z, (/Isl'm:g ANATLAL,

clear T = D=
A = sym([-3, sqrt(2);

(L3, St @)s (-\/5 g) (_4 0)
[T.D] = eig(A) L 0 -1

Mu/f/////'mg ) :m/ (/3r4ycchaf /7 V72 4o 6@% \}orcﬁ/”ﬂwm{evs)

;:(/H: , [“Vﬂ’l]@—ﬁ R epf
/ Uz

7—!/7 0///0(3&1/14//.2&[1?14 WZO 3(’VL (’0/)4/0 /c {e So/z/ﬁ//'mv.
— s - +—_ [ 7;2
Led Xz/?’ R — [-//]Cyr ) &/ch /[T (/]

\
™)
\9\
1)
N
N
\.{
%)
S——"
-+
4

el deb(ry = 177, - M akaar [ i
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WIE\
VIN
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A
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N
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)g\
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T
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_ . -df _
éeff@cj-qﬁc t /T A ?Ie/f+clée*]

c, T2, c, 2 @“;(4 - Z?"T’ZI
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/\/ov‘< Yéze %bgona//'zqf/'mn /Vw/uo/€3 VLZ( /OVM/O/CYZC
§G/u?zf‘mn, ﬂoYL stlé Y‘Ac /a/YZIZu/m’ Sd/m//'rﬂ,
/% (0”1/0/(7[( M/?[/LA'K Sa/uv‘/‘mﬂ IS as ﬁ//ows:

clear

A = sym([-3, sqrt(2);
sqre(2), -21);

[T,D] = eig(Rh)

syms y1(t) y2(t)

y = [yl; y21;

g = [1; -1]*exp(-1);

% MATLAB prefers T\A to inv(T)*A
egn = diff(y,t) == T\A*T*y + T\g
% solve for yl, y2

ySol = dsolve(eqgn);

% dsolve gives a MATLAB structure
% with fields accessed using dot
y = [ySol.yl; ySol.y2]

X expand(T*y);

% make it somewhat readable
collect(x,exp(-t))

5(/0;@{/%@ rhe
(Um/oweﬂ/s /.Iof()
5(/43/61{/( I/ecv[ofs \//(/oé

7%( aNswcy g!ol/f‘

T =

V2
)
11

eqn(t) =
O in— v (V2+1)
a—t}l(fJ 4y,(1) —
%)’2(1) = —w(1) - —\/Eeif gﬁ_ D

y =

et (q - W%U)

(o0 (2-3)

ans =

t V2G5 2 V2 2\ —ar
(§4——7?—- St ) e V2Cye

(:3—24'—\/5{—Q—l e_'+C4e_4’
3 3 9 9



/v/amo?' neous So/m[/'ma, MS/'mj MATLAR

clear T = D =

A = sym([2, -5;
(—i 0)
0 i

1, -21); (2—1 2+i>
- 777(2?,—,&)2 [Z ~1 Z({os(f) 7"/‘81’1/1(/1'\\

[T.D] = eig(A) L
[

= | 2 cos(F) - S/'m(f)] o [COS/J’) / 231);(;/)]
Cos(1) §in (1)
M§1'l/)j y"l,( 5((0%/ Z/‘ﬁmecYszv/(/'ﬁcm Va/l,{(,
-~ )2?[}/) = ('l [2 (oS(f)-gr”V)(f>]l- ('l[(oS[/f)f'2§/.n[f>]

('03(4'3 sn(1)

746 €/'ﬁrm/a/c(< Mmlz//'X - féo NG K/fg
/

C//‘OthWa//Z'aY//'mA Selen Mwmﬁv//aml/’l/(.

TV/ G ZQ/D/QKQ YZraMSform/u 7(0)’ a/ar’v//,fu/ar‘

solul (o Asswme X(o)= 0 §(4) = [@(jm]
S X bE X LT e = s X - K0)

L{@f = 6(5) = [;]

2 )



SX(S) = AX@) + 606s)
(sT-A)Xs) = é(s) X(s) = (sT-4 )_’G(s)
$L-A = ‘I det (sT-A) -

- St 2

o - AY = I |sr2 =%
st %D S T

- - i) S 7
(SL—AO é(s): Sz/“ > = | (%)™
S(s-2) 5(s2)

STt G2 )

J

(/5//43 MATIAE $ov The ‘nverse Yransiorm

syms s w =
x = [ilaplace(-5*s/(s"2 + 1)"2); -
ilaplace(s*(s-2)/(s"2 + 1)"2)] _Stsin(r)

2
tsin(z)

sin(t) n tcos(t)
2 2

><_;(f) - [%] Lsin(h) + [0]/7“(0;//) +[0]§{/7 (#)
_/ r/z //Z

Y(f) - Z%)Z; = (,[Z(os(»f)‘s/w/”} t (2[(05(}>+25m(’7‘>
COS(/f> S (1)

]Mm rﬂp,w [/Z] sin(t)

M~ S




NsYe 57 CAUOS/M:& ¢, 22,6/ and ¥hen
G=/, (=2, The /JWOT'MrOL{S soladyon 14
Ve dack of #he Look /s olfasned (o scal:
the fivst eqnvects £y 247).

The /affm/a/ Solutfon 1 The back of Ve
book  call \F 7CH). can b obifoined ¢y
(4005/71% C, =1y G- 5 The fcsu//fﬁﬁ
Aomoﬁrmwws Terms , when aooed o )ji]s/n(n‘))
will yield [ "ZZ](os//f) i Vb Jast ferm o UG,

(@)

MS//// ﬁAT[/‘}lZ Xliagym([—1/2, -1/8; Te 11,
3 | ; . ) ( 2 )

R N

2 2

. -1/72]); L1
[T.D] = eig(A) 4 4
1



MS/'VIj YL4€ 7(/‘I/ﬂ/ (/jf’nz/ecvlor, §ca/(/ {/ 7[)

?m - [‘;] éﬁj/l((as(//z) -1 Sty (772)5

- T- Pspalm) ) [ =M (A6
‘/ g, 7 oS ( j/ 2_5 - 9/ €- /1‘/28 /‘m( [/2>

MS/'V)S VA( /”fa/am/ /h/)ﬁj/’na;y /AG/Y/S‘ mu/«Z//'O/y/'hﬁ

5\/ [ o pinims2c M(Tq/z've §/j1/1§,

(%(/ﬂ = [ C%/Z 5f‘m(1/2> 6-}(72 cas(f/Z)
|- 7/5%/" os (’f/ﬁ ﬁle’m 5 1 (f/z)

?)
%ﬁe /a//c(ce fraﬁffmfm //7467140/'
[de e, ?(ﬂ = [{e’WZK

../ gf;?//’f'); - é(5> - [Z—(Q_ﬁﬁ/] L/§/')?j /—44/4 £.2.]

@)

[ < Z{f(ﬂ;: X ()



[t s 18Xt o)y = s X
s X(s) = AXcs)+ 6()
(sT-A)Xs)= 6, X(s)= (sT-A) &Gs)

Msmi MATL AR, fonv//hw'mg code From (a),

syms t s

g = [1/2*exp(-t/2); 0]
G = laplace(q)

M = (s*eye(2) - A)

% MATLAB prefers M\G

% to Inv(M)*G (

X = M\G
xSol = i1laplace(X)

xSol =

Note : Sinece L) was founed 1 6. could buve

aS(/ I/C?/'"&YYZ/‘W ogfoyamf/(f§, 0_{9/(/) (/'(zf) ﬁ(f

Fhew o - M"* Hhen X =@ VWD + HE) T

7—%@1’) usce X (0) VLO E/LV(/VW/h( c, 7L_A-CV)
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