
8.1 The Euler or Tangent Line Method



clear;
%Change TableTimes[], StepSizes[], y(1) the initial value, 
%       slope=dy/dt, solution, T.Properties.VariableNames
%times to display the y values in the table
TableTimes = [0 0.1 0.2 0.3 0.4 .5 1.0 1.5 2.0];
NumRows = length(TableTimes);
%incremental time values for computing y and y'
StepSizes = [0.01 0.001];     
NumSteps = length(StepSizes);
%initialize table array: columns for h + time + exact
V = zeros(NumRows, NumSteps + 2); 
V(1,1) = TableTimes(1);  %may not always specify initial value at t=0
for i = 1:NumRows  %populate exact values for solution in last Col
    t = TableTimes(i);
    V(i,NumSteps+2) = -3/16 + (1/4)*t + (19/16)*exp(4*t);
end
Col = 1;   % initialize column index to array V for below loop
for h = StepSizes  %Compute values for each time given step size h
    Col = Col +1;
    Row = 1;   %start at row 1 for each column
    t=TableTimes(1):h:TableTimes(end);
    % slope = dy/dt = f(t,y)
    slope = @(t,y) 1 - t + 4*y;
    % pre-allocate memory for y, f
    y = zeros(length(t),1);
    f = zeros(length(t),1);
    y(1) = 1;   %really y0, but MATLAB not zero based
    f(1) = slope(t(1), y(1));
    V(Row,Col) = y(1);
    for i = 2:length(t)
        y(i) = y(i-1) + f(i-1)*h;  %new estimate of y(t)
        f(i) = slope(t(i), y(i));
        %display table only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001 
            Row = Row + 1;
            V(Row,1) = t(i);
            V(Row,Col) = y(i);
        end
    end
end
format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'h_01', 'h_001', 'Exact'}





clear;
%Change TableTimes[], StepSizes[], y(1) the initial value, 
%       slope=dy/dt, solution, T.Properties.VariableNames
%times to display the y values in the table
TableTimes = [0 0.1 0.2 0.3 0.4 .5 1.0 1.5 2.0];
NumRows = length(TableTimes);
%incremental time values for computing y and y'
StepSizes = [0.01 0.001];     
NumSteps = length(StepSizes);
%initialize table array: columns for h + time + exact
V = zeros(NumRows, NumSteps + 2); 
V(1,1) = TableTimes(1);  %may not always specify initial value at t=0
for i = 1:NumRows  %populate exact values for solution in last Col
    t = TableTimes(i);
    V(i,NumSteps+2) = -3/16 + (1/4)*t + (19/16)*exp(4*t);
end
Col = 1;   % initialize column index to array V for below loop
for h = StepSizes  %Compute values for each time given step size h
    Col = Col +1;
    Row = 1;   %start at row 1 for each column
    t=TableTimes(1):h:TableTimes(end);
    
    % from implicit solution, get y_next
    recip = 1/(1 - 4*h); % decrease number of divisions
    impSol = @(t,y) (y + h*(1 - t))*recip;
    % pre-allocate memory for y
    y = zeros(length(t),1);
    y(1) = 1;   %really y0, but MATLAB not zero based
    
    V(Row,Col) = y(1);
    for i = 2:length(t)
        y(i) = impSol(t(i), y(i-1));
        %display table only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001 
            Row = Row + 1;
            V(Row,1) = t(i);
            V(Row,Col) = y(i);
        end
    end
end
format short
T = array2table(V);         
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'h_01', 'h_001', 'Exact'}





clear;
%Change TableTimes[], StepSizes[], y(1) the initial value, 
%       slope=dy/dt, T.Properties.VariableNames

% times to display the y values in the table
TableTimes = [0 0.1 0.2 0.3 0.4];
NumRows = length(TableTimes);
%incremental time values (=h) for computing y and y'
StepSizes = [0.05, 0.025, 0.05, 0.025];     
NumSteps = length(StepSizes);
%initialize table array: columns for times + h values
V = zeros(NumRows, 1 + NumSteps); 
V(1,1) = TableTimes(1);  %may not always specify initial value at t=0

Col = 1;   % initialize column index to array V for below loop
for h = StepSizes  %Compute values for each time given step size h
    Col = Col +1;
    Row = 1;   %start at row 1 for each column
    t=TableTimes(1):h:TableTimes(end);
    % pre-allocate memory for y
    y = zeros(length(t),1);
    y(1) = 2;   % really y0, but MATLAB not zero based
    
    if Col < 4  % columns 2, 3 for standard Euler method
        % slope = dy/dt = f(t,y)
        slope = @(t,y) 5*t - 3*sqrt(y);
        % pre-allocate memory for f
        f = zeros(length(t),1);
        f(1) = slope(t(1), y(1));
        V(Row,Col) = y(1);
        for i = 2:length(t)
            y(i) = y(i-1) + f(i-1)*h;  %new estimate of y(t)
            f(i) = slope(t(i), y(i));
            % display table only at specified times
            if abs(t(i) - TableTimes(Row+1)) < 0.00001 
                Row = Row + 1;
                V(Row,1) = t(i);
                V(Row,Col) = y(i);
            end
        end
    else        % columns 4, 5 for backward method
        V(Row,Col) = y(1);
        for i = 2:length(t)
            z = y(i-1) + 5*h*t(i);
            x = (-3*h + sqrt(9*h^2 + 4*z))/2;
            y(i) = x^2;
            % display table only at specified times
            if abs(t(i) - TableTimes(Row+1)) < 0.00001 
                Row = Row + 1;
                V(Row,1) = t(i);
                V(Row,Col) = y(i);
            end
        end        
    end
end
format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'h_05', 'h_025', 'bk_05', 'bk_025'}



clear
h = 0.05;
yOld = 2;  % y0
LastTime = 0.4;
nStop = LastTime/h;
for n = 0:nStop
    tOld = n*h;
    yNew = yOld + h*(5*tOld - 3*sqrt(yOld));
    % only display at t = 0.1, 0.2, 0.3, 0.4
    if mod(n+1,2) == 0
        tNew = (n+1)*h;
        disp([tNew, yNew])
    end
    yOld = yNew;
end





clear;
%Change TableTimes[], StepSizes[], y(1) the initial value, 
%       slope=dy/dt, T.Properties.VariableNames

% times to display the y values in the table
TableTimes = [0 0.1 0.2 0.3 0.4];
NumRows = length(TableTimes);
%incremental time values (=h) for computing y and y'
StepSizes = [0.05, 0.025, 0.05, 0.025];     
NumSteps = length(StepSizes);
%initialize table array: columns for times + h values
V = zeros(NumRows, 1 + NumSteps); 
V(1,1) = TableTimes(1);  %may not always specify initial value at t=0

Col = 1;   % initialize column index to array V for below loop
for h = StepSizes  %Compute values for each time given step size h
    Col = Col +1;
    Row = 1;   %start at row 1 for each column
    t=TableTimes(1):h:TableTimes(end);
    % pre-allocate memory for y
    y = zeros(length(t),1);
    y(1) = 1;   % really y0, but MATLAB not zero based
    
    if Col < 4  % columns 2, 3 for standard Euler method
        % slope = dy/dt = f(t,y)
        slope = @(t,y) 2*y - 3*t;
        % pre-allocate memory for f
        f = zeros(length(t),1);
        f(1) = slope(t(1), y(1));
        V(Row,Col) = y(1);
        for i = 2:length(t)
            y(i) = y(i-1) + f(i-1)*h;  %new estimate of y(t)
            f(i) = slope(t(i), y(i));
            % display table only at specified times
            if abs(t(i) - TableTimes(Row+1)) < 0.00001 
                Row = Row + 1;
                V(Row,1) = t(i);
                V(Row,Col) = y(i);
            end
        end
    else        % columns 4, 5 for backward method
        V(Row,Col) = y(1);
        % from implicit solution, get y_next
        recip = 1/(1 - 2*h); % decrease number of divisions
        impSol = @(t,y) (y - 3*h*t)*recip;
        for i = 2:length(t)
            y(i) = impSol(t(i), y(i-1));
            % display table only at specified times
            if abs(t(i) - TableTimes(Row+1)) < 0.00001 
                Row = Row + 1;
                V(Row,1) = t(i);
                V(Row,Col) = y(i);
            end
        end        
    end
end
format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'h_05', 'h_025', 'bk_05', 'bk_025'}





clear;
%Change TableTimes[], StepSizes[], y(1) the initial value, 
%       slope=dy/dt, T.Properties.VariableNames

% times to display the y values in the table
TableTimes = [0 0.1 0.2 0.3 0.4];
NumRows = length(TableTimes);
%incremental time values (=h) for computing y and y'
StepSizes = [0.05, 0.025, 0.05, 0.025];     
NumSteps = length(StepSizes);
%initialize table array: columns for times + h values
V = zeros(NumRows, 1 + NumSteps); 
V(1,1) = TableTimes(1);  %may not always specify initial value at t=0

Col = 1;   % initialize column index to array V for below loop
for h = StepSizes  %Compute values for each time given step size h
    Col = Col +1;
    Row = 1;   %start at row 1 for each column
    t=TableTimes(1):h:TableTimes(end);
    % pre-allocate memory for y
    y = zeros(length(t),1);
    y(1) = 1;   % really y0, but MATLAB not zero based
    
    if Col < 4  % columns 2, 3 for standard Euler method
        % slope = dy/dt = f(t,y)
        slope = @(t,y) 2*t + exp(-t*y);
        % pre-allocate memory for f
        f = zeros(length(t),1);
        f(1) = slope(t(1), y(1));
        V(Row,Col) = y(1);
        for i = 2:length(t)
            y(i) = y(i-1) + f(i-1)*h;  %new estimate of y(t)
            f(i) = slope(t(i), y(i));  % store latest value
            % display table only at specified times
            if abs(t(i) - TableTimes(Row+1)) < 0.00001 
                Row = Row + 1;
                V(Row,1) = t(i);
                V(Row,Col) = y(i);
            end
        end
    else        % columns 4, 5 for backward method
        V(Row,Col) = y(1);
        % get y_next using vpasolve
        syms x
        for i = 2:length(t)
            eqn = x == y(i-1) + h*(2*t(i) + exp(-t(i)*x));
            y(i) = vpasolve(eqn,x);
            % display table only at specified times
            if abs(t(i) - TableTimes(Row+1)) < 0.00001 
                Row = Row + 1;
                V(Row,1) = t(i);
                V(Row,Col) = y(i);
            end
        end        
    end
end
format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'h_05', 'h_025', 'bk_05', 'bk_025'}





clear;
%Change TableTimes[], StepSizes[], y(1) the initial value, 
%       slope=dy/dt, T.Properties.VariableNames

% times to display the y values in the table
TableTimes = [0 0.1 0.2 0.3 0.4];
NumRows = length(TableTimes);
%incremental time values (=h) for computing y and y'
StepSizes = [0.05, 0.025, 0.05, 0.025];     
NumSteps = length(StepSizes);
%initialize table array: columns for times + h values
V = zeros(NumRows, 1 + NumSteps); 
V(1,1) = TableTimes(1);  %may not always specify initial value at t=0

Col = 1;   % initialize column index to array V for below loop
for h = StepSizes  %Compute values for each time given step size h
    Col = Col +1;
    Row = 1;   %start at row 1 for each column
    t=TableTimes(1):h:TableTimes(end);
    % pre-allocate memory for y
    y = zeros(length(t),1);
    y(1) = 0.5;   % really y0, but MATLAB not zero based
    
    if Col < 4  % columns 2, 3 for standard Euler method
        % slope = dy/dt = f(t,y)
        slope = @(t,y) (y^2 + 2*t*y)/(3 + t^2);
        % pre-allocate memory for f
        f = zeros(length(t),1);
        f(1) = slope(t(1), y(1));
        V(Row,Col) = y(1);
        for i = 2:length(t)
            y(i) = y(i-1) + f(i-1)*h;  %new estimate of y(t)
            f(i) = slope(t(i), y(i));  % store latest value
            % display table only at specified times
            if abs(t(i) - TableTimes(Row+1)) < 0.00001 
                Row = Row + 1;
                V(Row,1) = t(i);
                V(Row,Col) = y(i);
            end
        end
    else        % columns 4, 5 for backward method
        V(Row,Col) = y(1);
        % get y_next using roots
        for i = 2:length(t)
            a = h/(3+t(i)^2);  % specify quadratic coefficients
            b = 2*h*t(i)/(3+t(i)^2) - 1;
            c = y(i-1);
            r = roots([a b c]);
            % choose root closest to y(i-1)
            if abs(r(1)-y(i-1)) < abs(r(2)-y(i-1))
                y(i) = r(1);
            else
                y(i) = r(2);
            end
            % display table only at specified times
            if abs(t(i) - TableTimes(Row+1)) < 0.00001 
                Row = Row + 1;
                V(Row,1) = t(i);
                V(Row,Col) = y(i);
            end
        end        
    end
end
format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'h_05', 'h_025', 'bk_05', 'bk_025'}





clear;
%Change TableTimes[], StepSizes[], y(1) the initial value, 
%       slope=dy/dt, T.Properties.VariableNames

% times to display the y values in the table
TableTimes = [0 0.1 0.2 0.3 0.4];
NumRows = length(TableTimes);
%incremental time values (=h) for computing y and y'
StepSizes = [0.05, 0.025, 0.05, 0.025];     
NumSteps = length(StepSizes);
%initialize table array: columns for times + h values
V = zeros(NumRows, 1 + NumSteps); 
V(1,1) = TableTimes(1);  %may not always specify initial value at t=0

Col = 1;   % initialize column index to array V for below loop
for h = StepSizes  %Compute values for each time given step size h
    Col = Col +1;
    Row = 1;   %start at row 1 for each column
    t=TableTimes(1):h:TableTimes(end);
    % pre-allocate memory for y
    y = zeros(length(t),1);
    y(1) = -1;   % really y0, but MATLAB not zero based
    
    if Col < 4  % columns 2, 3 for standard Euler method
        % slope = dy/dt = f(t,y)
        slope = @(t,y) (t^2 - y^2)*sin(y);
        % pre-allocate memory for f
        f = zeros(length(t),1);
        f(1) = slope(t(1), y(1));
        V(Row,Col) = y(1);
        for i = 2:length(t)
            y(i) = y(i-1) + f(i-1)*h;  %new estimate of y(t)
            f(i) = slope(t(i), y(i));  % store latest value
            % display table only at specified times
            if abs(t(i) - TableTimes(Row+1)) < 0.00001 
                Row = Row + 1;
                V(Row,1) = t(i);
                V(Row,Col) = y(i);
            end
        end
    else        % columns 4, 5 for backward method
        V(Row,Col) = y(1);
        % get y_next using solve
        syms x
        for i = 2:length(t)
            eqn = x == y(i-1) + h*(t(i)^2 - x^2)*sin(x);
            y(i) = vpasolve(eqn,x);
            % display table only at specified times
            if abs(t(i) - TableTimes(Row+1)) < 0.00001 
                Row = Row + 1;
                V(Row,1) = t(i);
                V(Row,Col) = y(i);
            end
        end        
    end
end
format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'h_05', 'h_025', 'bk_05', 'bk_025'}





clear;
%Change TableTimes[], StepSizes[], y(1) the initial value, 
%       slope=dy/dt, T.Properties.VariableNames

% times to display the y values in the table
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
NumRows = length(TableTimes);
%incremental time values (=h) for computing y and y'
StepSizes = [0.025, 0.0125, 0.025, 0.0125];     
NumSteps = length(StepSizes);
%initialize table array: columns for times + h values
V = zeros(NumRows, 1 + NumSteps); 
V(1,1) = TableTimes(1);  %may not always specify initial value at t=0

Col = 1;   % initialize column index to array V for below loop
for h = StepSizes  %Compute values for each time given step size h
    Col = Col +1;
    Row = 1;   %start at row 1 for each column
    t=TableTimes(1):h:TableTimes(end);
    % pre-allocate memory for y
    y = zeros(length(t),1);
    y(1) = 1;   % really y0, but MATLAB not zero based
    
    if Col < 4  % columns 2, 3 for standard Euler method
        % slope = dy/dt = f(t,y)
        slope = @(t,y) 0.5 - t + 2*y;
        % pre-allocate memory for f
        f = zeros(length(t),1);
        f(1) = slope(t(1), y(1));
        V(Row,Col) = y(1);
        for i = 2:length(t)
            y(i) = y(i-1) + f(i-1)*h;  %new estimate of y(t)
            f(i) = slope(t(i), y(i));
            % display table only at specified times
            if abs(t(i) - TableTimes(Row+1)) < 0.00001 
                Row = Row + 1;
                V(Row,1) = t(i);
                V(Row,Col) = y(i);
            end
        end
    else        % columns 4, 5 for backward method
        V(Row,Col) = y(1);
        % from implicit solution, get y_next
        recip = 1/(1 - 2*h); % decrease number of divisions
        impSol = @(t,y) (y + 0.5*h - h*t)*recip;
        for i = 2:length(t)
            y(i) = impSol(t(i), y(i-1));
            % display table only at specified times
            if abs(t(i) - TableTimes(Row+1)) < 0.00001 
                Row = Row + 1;
                V(Row,1) = t(i);
                V(Row,Col) = y(i);
            end
        end        
    end
end
format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'h_025', 'h_0125', 'bk_025', 'bk_0125'}





clear;
%Change TableTimes[], StepSizes[], y(1) the initial value, 
%       slope=dy/dt, T.Properties.VariableNames

% times to display the y values in the table
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
NumRows = length(TableTimes);
%incremental time values (=h) for computing y and y'
StepSizes = [0.025, 0.0125, 0.025, 0.0125];     
NumSteps = length(StepSizes);
%initialize table array: columns for times + h values
V = zeros(NumRows, 1 + NumSteps); 
V(1,1) = TableTimes(1);  %may not always specify initial value at t=0

Col = 1;   % initialize column index to array V for below loop
for h = StepSizes  %Compute values for each time given step size h
    Col = Col +1;
    Row = 1;   %start at row 1 for each column
    t=TableTimes(1):h:TableTimes(end);
    % pre-allocate memory for y
    y = zeros(length(t),1);
    y(1) = 2;   % really y0, but MATLAB not zero based
    
    if Col < 4  % columns 2, 3 for standard Euler method
        % slope = dy/dt = f(t,y)
        slope = @(t,y) 5*t - 3*sqrt(y);
        % pre-allocate memory for f
        f = zeros(length(t),1);
        f(1) = slope(t(1), y(1));
        V(Row,Col) = y(1);
        for i = 2:length(t)
            y(i) = y(i-1) + f(i-1)*h;  %new estimate of y(t)
            f(i) = slope(t(i), y(i));
            % display table only at specified times
            if abs(t(i) - TableTimes(Row+1)) < 0.00001 
                Row = Row + 1;
                V(Row,1) = t(i);
                V(Row,Col) = y(i);
            end
        end
    else        % columns 4, 5 for backward method
        V(Row,Col) = y(1);
        for i = 2:length(t)
            z = y(i-1) + 5*h*t(i);
            x = (-3*h + sqrt(9*h^2 + 4*z))/2;
            y(i) = x^2;
            % display table only at specified times
            if abs(t(i) - TableTimes(Row+1)) < 0.00001 
                Row = Row + 1;
                V(Row,1) = t(i);
                V(Row,Col) = y(i);
            end
        end        
    end
end
format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'h_025', 'h_0125', 'bk_025', 'bk_0125'}





clear;
%Change TableTimes[], StepSizes[], y(1) the initial value, 
%       slope=dy/dt, T.Properties.VariableNames

% times to display the y values in the table
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
NumRows = length(TableTimes);
%incremental time values (=h) for computing y and y'
StepSizes = [0.025, 0.0125, 0.025, 0.0125];     
NumSteps = length(StepSizes);
%initialize table array: columns for times + h values
V = zeros(NumRows, 1 + NumSteps); 
V(1,1) = TableTimes(1);  %may not always specify initial value at t=0

Col = 1;   % initialize column index to array V for below loop
for h = StepSizes  %Compute values for each time given step size h
    Col = Col +1;
    Row = 1;   %start at row 1 for each column
    t=TableTimes(1):h:TableTimes(end);
    % pre-allocate memory for y
    y = zeros(length(t),1);
    y(1) = 1;   % really y0, but MATLAB not zero based
    
    if Col < 4  % columns 2, 3 for standard Euler method
        % slope = dy/dt = f(t,y)
        slope = @(t,y) 2*t + exp(-t*y);
        % pre-allocate memory for f
        f = zeros(length(t),1);
        f(1) = slope(t(1), y(1));
        V(Row,Col) = y(1);
        for i = 2:length(t)
            y(i) = y(i-1) + f(i-1)*h;  %new estimate of y(t)
            f(i) = slope(t(i), y(i));
            % display table only at specified times
            if abs(t(i) - TableTimes(Row+1)) < 0.00001 
                Row = Row + 1;
                V(Row,1) = t(i);
                V(Row,Col) = y(i);
            end
        end
    else        % columns 4, 5 for backward method
        V(Row,Col) = y(1);
        % get y_next using vpasolve
        syms x
        for i = 2:length(t)
            eqn = x == y(i-1) + h*(2*t(i) + exp(-t(i)*x));
            y(i) = vpasolve(eqn,x);
            % display table only at specified times
            if abs(t(i) - TableTimes(Row+1)) < 0.00001 
                Row = Row + 1;
                V(Row,1) = t(i);
                V(Row,Col) = y(i);
            end
        end        
    end
end
format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'h_025', 'h_0125', 'bk_025', 'bk_0125'}





clear;
%Change TableTimes[], StepSizes[], y(1) the initial value, 
%       slope=dy/dt, T.Properties.VariableNames

% times to display the y values in the table
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
NumRows = length(TableTimes);
%incremental time values (=h) for computing y and y'
StepSizes = [0.025, 0.0125, 0.025, 0.0125];     
NumSteps = length(StepSizes);
%initialize table array: columns for times + h values
V = zeros(NumRows, 1 + NumSteps); 
V(1,1) = TableTimes(1);  %may not always specify initial value at t=0

Col = 1;   % initialize column index to array V for below loop
for h = StepSizes  %Compute values for each time given step size h
    Col = Col +1;
    Row = 1;   %start at row 1 for each column
    t=TableTimes(1):h:TableTimes(end);
    % pre-allocate memory for y
    y = zeros(length(t),1);
    y(1) = -2;   % really y0, but MATLAB not zero based
    
    if Col < 4  % columns 2, 3 for standard Euler method
        % slope = dy/dt = f(t,y)
        slope = @(t,y) (4 - t*y)/(1 + y^2);
        % pre-allocate memory for f
        f = zeros(length(t),1);
        f(1) = slope(t(1), y(1));
        V(Row,Col) = y(1);
        for i = 2:length(t)
            y(i) = y(i-1) + f(i-1)*h;  %new estimate of y(t)
            f(i) = slope(t(i), y(i));
            % display table only at specified times
            if abs(t(i) - TableTimes(Row+1)) < 0.00001 
                Row = Row + 1;
                V(Row,1) = t(i);
                V(Row,Col) = y(i);
            end
        end
    else        % columns 4, 5 for backward method
        V(Row,Col) = y(1);
        % get y_next using vpasolve
        syms x
        for i = 2:length(t)
            eqn = x == y(i-1) + h*(4 - t(i)*x)/(1 + x^2);
            % guess 10*h as an interval to look for next y
            range = [y(i-1) - 5*h, y(i-1) + 5*h];
            y(i) = vpasolve(eqn,x,range);
            % display table only at specified times
            if abs(t(i) - TableTimes(Row+1)) < 0.00001 
                Row = Row + 1;
                V(Row,1) = t(i);
                V(Row,Col) = y(i);
            end
        end        
    end
end
format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'h_025', 'h_0125', 'bk_025', 'bk_0125'}





clear;
%Change TableTimes[], StepSizes[], y(1) the initial value, 
%       slope=dy/dt, T.Properties.VariableNames

% times to display the y values in the table
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
NumRows = length(TableTimes);
%incremental time values (=h) for computing y and y'
StepSizes = [0.025, 0.0125, 0.025, 0.0125];     
NumSteps = length(StepSizes);
%initialize table array: columns for times + h values
V = zeros(NumRows, 1 + NumSteps); 
V(1,1) = TableTimes(1);  %may not always specify initial value at t=0

Col = 1;   % initialize column index to array V for below loop
for h = StepSizes  %Compute values for each time given step size h
    Col = Col +1;
    Row = 1;   %start at row 1 for each column
    t=TableTimes(1):h:TableTimes(end);
    % pre-allocate memory for y
    y = zeros(length(t),1);
    y(1) = 0.5;   % really y0, but MATLAB not zero based
    
    if Col < 4  % columns 2, 3 for standard Euler method
        % slope = dy/dt = f(t,y)
        slope = @(t,y) (y^2 + 2*t*y)/(3 + t^2);
        % pre-allocate memory for f
        f = zeros(length(t),1);
        f(1) = slope(t(1), y(1));
        V(Row,Col) = y(1);
        for i = 2:length(t)
            y(i) = y(i-1) + f(i-1)*h;  %new estimate of y(t)
            f(i) = slope(t(i), y(i));
            % display table only at specified times
            if abs(t(i) - TableTimes(Row+1)) < 0.00001 
                Row = Row + 1;
                V(Row,1) = t(i);
                V(Row,Col) = y(i);
            end
        end
    else        % columns 4, 5 for backward method
        V(Row,Col) = y(1);
        % get y_next using vpasolve
        syms x
        for i = 2:length(t)
            a = h/(3+t(i)^2);  % specify quadratic coefficients
            b = 2*h*t(i)/(3+t(i)^2) - 1;
            c = y(i-1);
            eqn = a*x^2 + b*x + c == 0;
            % guess 10*h as an interval to look for next y
            range = [y(i-1) - 5*h, y(i-1) + 5*h];
            y(i) = vpasolve(eqn,x,range);
            % display table only at specified times
            if abs(t(i) - TableTimes(Row+1)) < 0.00001 
                Row = Row + 1;
                V(Row,1) = t(i);
                V(Row,Col) = y(i);
            end
        end        
    end
end
format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'h_025', 'h_0125', 'bk_025', 'bk_0125'}





clear;
%Change TableTimes[], y(1) the initial value, 
%       eulerf, taylorf, exact solution, 
%       T.Properties.VariableNames
% times to display the y values in the table
TableTimes = [0, 0.1, 0.2];
NumRows = length(TableTimes);
% initialize table array: 4 columns for time + Euler + Taylor + exact
V = zeros(NumRows,4); 

% populate times (Col=1), exact values for solution (Col=4)
for i = 1:NumRows
    t = TableTimes(i);
    V(i,1) = t;
    V(i,4) = -3/16 + (1/4)*t + (19/16)*exp(4*t);
end

h = 0.1;  %Compute values for time step size h
t=TableTimes(1):h:TableTimes(end);

% eulerf = y(t) + h*f
eulerf = @(t,y) y + (1-t+4*y)*h;
% taylorf = y(t) + hy'(t) + (h^2/2)y"(t)
taylorf = @(t,y) y + (1-t+4*y)*h + (3-4*t+16*y)*h^2/2;
% pre-allocate memory for ye for Euler, yt for Taylor
ye = zeros(length(t),1);
yt = zeros(length(t),1);
Row = 1;   %start at row 1 for each column
ye(1) = 1;   %really y0, but MATLAB not zero based
yt(1) = 1;   %really y0, but MATLAB not zero based
V(Row,2) = ye(1);
V(Row,3) = yt(1);
for i = 2:length(t)
    ye(i) = eulerf(t(i-1),ye(i-1));   % new estimate of ye(t)
    yt(i) = taylorf(t(i-1),yt(i-1));  % new estimate of yt(t)
    Row = Row + 1;
    V(Row,2) = ye(i);
    V(Row,3) = yt(i);
end

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Euler_h_01', 'Taylor_h_01', 'Exact'}

















clear;
%Change TableTimes[], y(1) the initial value, 
%       eulerf, taylorf, exact solution, 
%       T.Properties.VariableNames
% times to display the y values in the table
TableTimes = [0, 0.2, 0.4, 0.6];
NumRows = length(TableTimes);
% initialize table array: 2 columns for time + Euler
V = zeros(NumRows,2); 

h = 0.2;  %Compute values for time step size h
t=TableTimes(1):h:TableTimes(end);

% eulerf = y(t) + h*f
eulerf = @(t,y) y + h*cos(5*pi*t);
% pre-allocate memory for y used for computations
y = zeros(length(t),1);

Row = 1;    %start at row 1 for each column
y(1) = 1;   %really y0, but MATLAB not zero based
V(Row,1) = t(1);
V(Row,2) = y(1);
for i = 2:length(t)
    y(i) = eulerf(t(i-1),y(i-1));   % new estimate of ye(t)
    Row = Row + 1;
    V(Row,1) = t(i);
    V(Row,2) = y(i);
end

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Euler_h_02'}

clear
t = 0:0.01:1;
y = 1 + (1/(5*pi))*sin(5*pi*t);
plot(t,y)
grid on
xlabel 't', ylabel 'y'
title 'y = 1 + 1/(5*pi)*sin(5*pi*t)'



clear
t = 0:0.01:1;
y = 1 + (1/(5*pi))*sin(5*pi*t);
plot(t,y)
grid on
xlabel 't', ylabel 'y'
title 'y = 1 + 1/(5*pi)*sin(5*pi*t)'

t = [0, 0.2, 0.4, 0.6];
% values from (a)
y = [1.0, 1.2, 1.0, 1.2];
hold on
plot(t,y, '--r')

clear;
%Change TableTimes[], y(1) the initial value, 
%       eulerf, taylorf, exact solution, 
%       T.Properties.VariableNames
% times to display the y values in the table
TableTimes = [0, 0.1, 0.2, 0.3, 0.4];
NumRows = length(TableTimes);
% initialize table array: 2 columns for time + Euler
V = zeros(NumRows,2); 

h = 0.1;  %Compute values for time step size h
t=TableTimes(1):h:TableTimes(end);

% eulerf = y(t) + h*f
eulerf = @(t,y) y + h*cos(5*pi*t);
% pre-allocate memory for y used for computations
y = zeros(length(t),1);

Row = 1;    %start at row 1 for each column
y(1) = 1;   %really y0, but MATLAB not zero based
V(Row,1) = t(1);
V(Row,2) = y(1);
for i = 2:length(t)
    y(i) = eulerf(t(i-1),y(i-1));   % new estimate of 
ye(t)
    Row = Row + 1;
    V(Row,1) = t(i);
    V(Row,2) = y(i);
end

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Euler_h_01'}



















clear;
%Change TableTimes[], y(1) the initial value, 
%       slope=dy/dt, solution, T.Properties.VariableNames
%times to display the y values in the table
TableTimes = [0 0.1 0.2 0.3 0.4];
NumRows = length(TableTimes);
% pre-allocate memory for 4 columns in table
V = zeros(NumRows, 4); 

% populate table times (Col=1), exact values for solution (Col=4)
for i = 1:NumRows
    t = TableTimes(i);
    V(i,1) = t;
    V(i,4) = -3/16 + (1/4)*t + (19/16)*exp(4*t);
end

h = 0.05;
t = TableTimes(1):h:TableTimes(end);
% pre-allocate memory for y, f
y = zeros(length(t),1);
f = zeros(length(t),1);
y(1) = 1;   %really y0, but MATLAB not zero based

Col = 2;  % 3 digit calculations (2 decimal rounding)
slope = @(t,y) d3(1 - t + d3(4*y));  % slope = dy/dt = f(t,y)
Row = 1;  % start at row 1 for each column
f(1) = slope(t(1), y(1));  % initialize
V(Row,Col) = y(1);
for i = 2:length(t)
    y(i) = d3(y(i-1) + d3(f(i-1)*h));  %new estimate of y(t)
    f(i) = slope(t(i), y(i));
    %display table only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end
    
Col = 3;   % standard Euler method
slope = @(t,y) 1 - t + 4*y;  % slope = dy/dt = f(t,y)
Row = 1;   % start at row 1 for each column
f(1) = slope(t(1), y(1));  % initialize
V(Row,Col) = y(1);
for i = 2:length(t)
    y(i) = y(i-1) + f(i-1)*h;  %new estimate of y(t)
    f(i) = slope(t(i), y(i));
    %display table only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'digits_3', 'Euler_h_05', 'Exact'}

function n3digit = d3(x)
    % num2str(x,3) has unpredictable rounding.  This
    %   code produces 3-digit precision predictably by
    %   adding 5 to the 4th sig digit, then truncating
    %   the 4th sig digit
    xstr = sprintf('%.3e',x);  % example: '4.225e-06'
    sn = sign(x);  % need to know if '-' in string
    l = length(xstr);
    ex = xstr(l-3:l);  % get exponent component, e.g. 'e-06'
    y = strcat('0.005', ex);  % create number to add to
                              % 4th sig digit, '0.005e-06'
    z = x + sn*str2double(y); % number rounded away from 0
    zstr = sprintf('%.3e',z); % put in exp form
    l = length(zstr);
    zstr = strcat(zstr(l-8:l-5), ex); % get rid of 4th sig digit
    n3digit = str2double(zstr);  % 3 digit precision
end





clear;
%Change TableTimes[], y(1) the initial value, 
%       slope=dy/dt, solution, T.Properties.VariableNames
%times to display the y values in the table
TableTimes = [0 0.1 0.2 0.3 0.4];
NumRows = length(TableTimes);
% pre-allocate memory for 4 columns in table
V = zeros(NumRows, 4); 

% populate table times (Col=1), exact values for solution (Col=4)
for i = 1:NumRows
    t = TableTimes(i);
    V(i,1) = t;
    V(i,4) = 2 + t - exp(-t);
end

h = 0.05;
t = TableTimes(1):h:TableTimes(end);
% pre-allocate memory for y, f
y = zeros(length(t),1);
f = zeros(length(t),1);
y(1) = 1;   %really y0, but MATLAB not zero based

Col = 2;  % 3 digit calculations (2 decimal rounding)
slope = @(t,y) d3(3 + t - y);  % slope = dy/dt = f(t,y)
Row = 1;  % start at row 1 for each column
f(1) = slope(t(1), y(1));  % initialize
V(Row,Col) = y(1);
for i = 2:length(t)
    y(i) = d3(y(i-1) + d3(f(i-1)*h));  %new estimate of y(t)
    f(i) = slope(t(i), y(i));
    %display table only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end
    
Col = 3;   % standard Euler method
slope = @(t,y) 3 + t - y;  % slope = dy/dt = f(t,y)
Row = 1;   % start at row 1 for each column
f(1) = slope(t(1), y(1));  % initialize
V(Row,Col) = y(1);
for i = 2:length(t)
    y(i) = y(i-1) + f(i-1)*h;  %new estimate of y(t)
    f(i) = slope(t(i), y(i));
    %display table only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'digits_3', 'Euler_h_05', 'Exact'}

function n3digit = d3(x)
    % num2str(x,3) has unpredictable rounding.  This
    %   code produces 3-digit precision predictably by
    %   adding 5 to the 4th sig digit, then truncating
    %   the 4th sig digit
    xstr = sprintf('%.3e',x);  % example: '4.225e-06'
    sn = sign(x);  % need to know if '-' in string
    l = length(xstr);
    ex = xstr(l-3:l);  % get exponent component, e.g. 'e-06'
    y = strcat('0.005', ex);  % create number to add to
                              % 4th sig digit, '0.005e-06'
    z = x + sn*str2double(y); % number rounded away from 0
    zstr = sprintf('%.3e',z); % put in exp form
    l = length(zstr);
    zstr = strcat(zstr(l-8:l-5), ex); % get rid of 4th sig digit
    n3digit = str2double(zstr);  % 3 digit precision
end





clear;
%Change TableTimes[], y(1) the initial value, 
%       slope=dy/dt, solution, T.Properties.VariableNames
%times to display the y values in the table
TableTimes = [0 0.1 0.2 0.3 0.4];
NumRows = length(TableTimes);
% pre-allocate memory for 4 columns in table
V = zeros(NumRows, 4); 

% populate table times (Col=1), exact values for solution (Col=4)
for i = 1:NumRows
    t = TableTimes(i);
    V(i,1) = t;
    V(i,4) = 3/4 + (3/2)*t + (1/4)*exp(2*t);
end

h = 0.05;
t = TableTimes(1):h:TableTimes(end);
% pre-allocate memory for y, f
y = zeros(length(t),1);
f = zeros(length(t),1);
y(1) = 1;   %really y0, but MATLAB not zero based

Col = 2;  % 3 digit calculations (2 decimal rounding)
slope = @(t,y) d3(d3(2*y) - d3(3*t));  % slope = dy/dt = f(t,y)
Row = 1;  % start at row 1 for each column
f(1) = slope(t(1), y(1));  % initialize
V(Row,Col) = y(1);
for i = 2:length(t)
    y(i) = d3(y(i-1) + d3(f(i-1)*h));  %new estimate of y(t)
    f(i) = slope(t(i), y(i));
    %display table only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end
    
Col = 3;   % standard Euler method
slope = @(t,y) 2*y - 3*t;  % slope = dy/dt = f(t,y)
Row = 1;   % start at row 1 for each column
f(1) = slope(t(1), y(1));  % initialize
V(Row,Col) = y(1);
for i = 2:length(t)
    y(i) = y(i-1) + f(i-1)*h;  %new estimate of y(t)
    f(i) = slope(t(i), y(i));
    %display table only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'digits_3', 'Euler_h_05', 'Exact'}

function n3digit = d3(x)
    % num2str(x,3) has unpredictable rounding.  This
    %   code produces 3-digit precision predictably by
    %   adding 5 to the 4th sig digit, then truncating
    %   the 4th sig digit
    xstr = sprintf('%.3e',x);  % example: '4.225e-06'
    sn = sign(x);  % need to know if '-' in string
    l = length(xstr);
    ex = xstr(l-3:l);  % get exponent component, e.g. 'e-06'
    y = strcat('0.005', ex);  % create number to add to
                              % 4th sig digit, '0.005e-06'
    z = x + sn*str2double(y); % number rounded away from 0
    zstr = sprintf('%.3e',z); % put in exp form
    l = length(zstr);
    zstr = strcat(zstr(l-8:l-5), ex); % get rid of 4th sig digit
    n3digit = str2double(zstr);  % 3 digit precision
end





8.2 Improvements on the Euler Method





clear
%Change TableTimes[], y0 the initial value,
%       slope=dy/dt, T.Properties.VariableNames

y0 = 1;
slope = @(t,y) 1 - t + 4*y;   % slope = dy/dt = f(t,y)
% times to display the y values in the table
TableTimes = [0, 0.1, 0.2, 0.3, 0.4, 0.5, 1.0, 1.5, 2.0];
NumRows = length(TableTimes);
%incremental time values (=h) for computing y and y'
EulerSteps = [0.01, 0.001];
ImpEulerSteps = [0.025, 0.01];
NumSteps = length(EulerSteps) + length(ImpEulerSteps);
%initialize table array: columns for times + h values + exact
V = zeros(NumRows, 2 + NumSteps);

% Populate table times (Col=1) and exact values for solution (Col=6)
for i = 1:NumRows
    t = TableTimes(i);
    V(i,1) = t;
    V(i,2+NumSteps) = -3/16 + (1/4)*t + (19/16)*exp(4*t);
end

Col = 2;   % start at Col = 2 for standard Euler method
for h = EulerSteps
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1);  % pre-allocate memory for y
    y(1) = y0;               % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    for i = 2:length(t)
        y(i) = y(i-1) + slope(t(i-1), y(i-1))*h;  %new estimate of y(t)
        % display table results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,1) = t(i);
            V(Row,Col) = y(i);
        end
    end
    Col = Col + 1;  % go to next column
end

Col = 4;  % start at Col = 4 for Improved Euler Method
for h = ImpEulerSteps
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1);  % pre-allocate memory for y
    y(1) = y0;               % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    for i = 2:length(t)
        a = slope(t(i-1), y(i-1));
        b = slope(t(i), y(i-1) + h*a);
        y(i) = y(i-1) + 0.5*(a+b)*h;  % new estimate of y(t)
        % display table results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,1) = t(i);
            V(Row,Col) = y(i);
        end
    end
    Col = Col + 1;  % go to next column
end

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Euler h = 0.01', 'Euler h = 0.001', ...
    'Imp Euler h = 0.025', 'Imp Euler h = 0.01', ...
    'Exact'}





clear
%Change TableTimes[], h, y(0) the initial value,
%       T.Properties.VariableNames, exact sol and @ functions

% times to display the y values in the table
TableTimes = [0, 0.1, 0.2, 0.3, 0.4];
NumRows = length(TableTimes);
%initialize table array: columns for times + ImpEuler + Euler + BkEuler + exact
V = zeros(NumRows, 5);

% Populate table times (Col=1) and exact values for solution (Col=5)
for i = 1:NumRows
    t = TableTimes(i);
    V(i,1) = t;
    V(i,5) = 2 + t - exp(-t);
end

h = 0.05;
t = TableTimes(1):h:TableTimes(end);
% pre-allocate memory for y values
y_im = zeros(length(t),1);
y_eu = zeros(length(t),1);
y_bk = zeros(length(t),1);
% initialize 1st entry to y(0)
y_im(1) = 1; y_eu(1) = 1; y_bk(1) = 1;
% create anonymous functions for easy coding below
fn = @(t,y) 3 + t - y;   % fn = dy/dt = f(t,y)
bk = @(t,y) (y + h*(3 + h + t))/(1+ h);  % backward

Row = 1;   %start at row 1 for each column
V(Row,2) = y_im(1);  % populate table array
V(Row,3) = y_eu(1);
V(Row,4) = y_bk(1);
for i = 2:length(t)
    y_eu(i) = y_eu(i-1) + h*fn(t(i-1), y_eu(i-1));
        a = fn(t(i-1), y_im(i-1));
    y_im(i) = y_im(i-1)+ (a + fn(t(i-1)+ h, y_im(i-1) + h*a))*h/2;
    y_bk(i) = bk(t(i-1), y_bk(i-1));
    % display table results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,2) = y_im(i);  % populate table array
        V(Row,3) = y_eu(i);
        V(Row,4) = y_bk(i);
    end
end

format long
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Improved_Euler', 'Euler', ...
                              'Bkwd_Euler', 'Exact'}



clear
%Change TableTimes[], h, y(0) the initial value,
%       T.Properties.VariableNames, exact sol and @ functions

% times to display the y values in the table
TableTimes = [0, 0.1, 0.2, 0.3, 0.4];
NumRows = length(TableTimes);
%initialize table array: columns for times + ImpEuler + Euler + BkEuler + exact
V = zeros(NumRows, 5);

% Populate table times (Col=1) and exact values for solution (Col=5)
for i = 1:NumRows
    t = TableTimes(i);
    V(i,1) = t;
    V(i,5) = 2 + t - exp(-t);
end

h = 0.025;
t = TableTimes(1):h:TableTimes(end);
% pre-allocate memory for y values
y_im = zeros(length(t),1);
y_eu = zeros(length(t),1);
y_bk = zeros(length(t),1);
% initialize 1st entry to y(0)
y_im(1) = 1; y_eu(1) = 1; y_bk(1) = 1;
% create anonymous functions for easy coding below
fn = @(t,y) 3 + t - y;   % fn = dy/dt = f(t,y)
bk = @(t,y) (y + h*(3 + h + t))/(1+ h);  % backward

Row = 1;   %start at row 1 for each column
V(Row,2) = y_im(1);  % populate table array
V(Row,3) = y_eu(1);
V(Row,4) = y_bk(1);
for i = 2:length(t)
    y_eu(i) = y_eu(i-1) + h*fn(t(i-1), y_eu(i-1));
        a = fn(t(i-1), y_im(i-1));
    y_im(i) = y_im(i-1)+ (a + fn(t(i-1)+ h, y_im(i-1) + h*a))*h/2;
    y_bk(i) = bk(t(i-1), y_bk(i-1));
    % display table results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,2) = y_im(i);  % populate table array
        V(Row,3) = y_eu(i);
        V(Row,4) = y_bk(i);
    end
end

format long
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Improved_Euler', 'Euler', ...
                              'Bkwd_Euler', 'Exact'}



clear
%Change TableTimes[], h, y(0) the initial value,
%       T.Properties.VariableNames, exact sol and @ functions

% times to display the y values in the table
TableTimes = [0, 0.1, 0.2, 0.3, 0.4];
NumRows = length(TableTimes);
%initialize table array: columns for times + ImpEuler + Euler + BkEuler + exact
V = zeros(NumRows, 5);

% Populate table times (Col=1) and exact values for solution (Col=5)
for i = 1:NumRows
    t = TableTimes(i);
    V(i,1) = t;
    V(i,5) = 2 + t - exp(-t);
end

h = 0.0125;
t = TableTimes(1):h:TableTimes(end);
% pre-allocate memory for y values
y_im = zeros(length(t),1);
y_eu = zeros(length(t),1);
y_bk = zeros(length(t),1);
% initialize 1st entry to y(0)
y_im(1) = 1; y_eu(1) = 1; y_bk(1) = 1;
% create anonymous functions for easy coding below
fn = @(t,y) 3 + t - y;   % fn = dy/dt = f(t,y)
bk = @(t,y) (y + h*(3 + h + t))/(1+ h);  % backward

Row = 1;   %start at row 1 for each column
V(Row,2) = y_im(1);  % populate table array
V(Row,3) = y_eu(1);
V(Row,4) = y_bk(1);
for i = 2:length(t)
    y_eu(i) = y_eu(i-1) + h*fn(t(i-1), y_eu(i-1));
        a = fn(t(i-1), y_im(i-1));
    y_im(i) = y_im(i-1)+ (a + fn(t(i-1)+ h, y_im(i-1) + h*a))*h/2;
    y_bk(i) = bk(t(i-1), y_bk(i-1));
    % display table results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,2) = y_im(i);  % populate table array
        V(Row,3) = y_eu(i);
        V(Row,4) = y_bk(i);
    end
end

format long
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Improved_Euler', 'Euler', ...
                              'Bkwd_Euler', 'Exact'}







clear
%Change TableTimes[], h, y(0) the initial value,
%       T.Properties.VariableNames, exact sol and @ functions

% times to display the y values in the table
TableTimes = [0, 0.1, 0.2, 0.3, 0.4];
NumRows = length(TableTimes);
%initialize table array: columns for times + ImpEuler + Euler + BkEuler + exact
V = zeros(NumRows, 5);

% Populate table times (Col=1) and exact values for solution (Col=5)
for i = 1:NumRows
    t = TableTimes(i);
    V(i,1) = t;
    V(i,5) = 3/4 + 3*t/2 + (1/4)*exp(2*t);  % Exact solution
end

for h = [0.05, 0.025, 0.0125]
    t = TableTimes(1):h:TableTimes(end);
    % pre-allocate memory for y values
    y_im = zeros(length(t),1);
    y_eu = zeros(length(t),1);
    y_bk = zeros(length(t),1);
    % initialize 1st entry to y(0)
    y_im(1) = 1; y_eu(1) = 1; y_bk(1) = 1;
    % create anonymous functions for easy coding below
    fn = @(t,y) 2*y - 3*t;   % fn = dy/dt = f(t,y)
    bk = @(t,y) (y - 3*h*(t + h))/(1 - 2*h);  % backward
    
    Row = 1;   %start at row 1 for each column
    V(Row,2) = y_im(1);  % populate table array
    V(Row,3) = y_eu(1);
    V(Row,4) = y_bk(1);
    for i = 2:length(t)
        y_eu(i) = y_eu(i-1) + h*fn(t(i-1), y_eu(i-1));
            a = fn(t(i-1), y_im(i-1));
        y_im(i) = y_im(i-1)+ (a + fn(t(i-1)+ h, y_im(i-1) + h*a))*h/2;
        y_bk(i) = bk(t(i-1), y_bk(i-1));
        % display table results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,2) = y_im(i);  % populate table array
            V(Row,3) = y_eu(i);
            V(Row,4) = y_bk(i);
        end
    end
    
    format long
    T = array2table(V);
    % label the table columms and display the table
    sprintf('Table for h = %.4f',h)
    T.Properties.VariableNames = {'t', 'Improved_Euler', 'Euler', ...
                                   'Bkwd_Euler', 'Exact'}
end







clear
%Change TableTimes[], h, y(0) the initial value,
%       T.Properties.VariableNames, exact sol and @ functions

% times to display the y values in the table
TableTimes = [0, 0.1, 0.2, 0.3, 0.4];
NumRows = length(TableTimes);
%initialize table array: columns for times + ImpEuler + Euler + BkEuler + exact
V = zeros(NumRows, 4);  % 5 columns if Exact is known

% Populate table times (Col=1) and exact values for solution (Col=5)
for i = 1:NumRows
    t = TableTimes(i);
    V(i,1) = t;
    %V(i,5) = ;  % Exact solution
end
syms x  % for backward method, using vpasolve

for h = [0.05, 0.025, 0.0125]
    t = TableTimes(1):h:TableTimes(end);
    % pre-allocate memory for y values
    y_im = zeros(length(t),1);
    y_eu = zeros(length(t),1);
    y_bk = zeros(length(t),1);
    % initialize 1st entry to y(0)
    y_im(1) = 1; y_eu(1) = 1; y_bk(1) = 1;
    % create anonymous functions for easy coding below
    fn = @(t,y) 2*t + exp(-t*y);   % fn = dy/dt = f(t,y)
    %bk = @(t,y) ;  % backward
    
    Row = 1;   %start at row 1 for each column
    V(Row,2) = y_im(1);  % populate table array
    V(Row,3) = y_eu(1);
    V(Row,4) = y_bk(1);
    for i = 2:length(t)
        y_eu(i) = y_eu(i-1) + h*fn(t(i-1), y_eu(i-1));
            a = fn(t(i-1), y_im(i-1));
        y_im(i) = y_im(i-1)+ (a + fn(t(i-1)+ h, y_im(i-1) + h*a))*h/2;
        
        %y_bk(i) = bk(t(i-1), y_bk(i-1));
        eqn = x == y_bk(i-1) + h*(2*t(i) + exp(-t(i)*x));
        % guess 10*h as an interval to look for next y
        range = [y_bk(i-1) - 5*h, y_bk(i-1) + 5*h];
        y_bk(i) = vpasolve(eqn,x,range);
        
        % display table results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,2) = y_im(i);  % populate table array
            V(Row,3) = y_eu(i);
            V(Row,4) = y_bk(i);
        end
    end
    
    format long
    T = array2table(V);
    % label the table columms and display the table
    sprintf('Table for h = %.4f',h)
    T.Properties.VariableNames = {'t', 'Improved_Euler', 'Euler', ...
                                   'Bkwd_Euler'}
end







clear
%Change TableTimes[], h, y(0) the initial value,
%       T.Properties.VariableNames, exact sol and @ functions

% times to display the y values in the table
TableTimes = [0, 0.1, 0.2, 0.3, 0.4];
NumRows = length(TableTimes);
%initialize table array: columns for times + ImpEuler + Euler + BkEuler + exact
V = zeros(NumRows, 4);  % 5 columns if Exact is known

% Populate table times (Col=1) and exact values for solution (Col=5)
for i = 1:NumRows
    t = TableTimes(i);
    V(i,1) = t;
    %V(i,5) = ;  % Exact solution
end
syms x  % for backward method, using vpasolve

for h = [0.05, 0.025, 0.0125]
    t = TableTimes(1):h:TableTimes(end);
    % pre-allocate memory for y values
    y_im = zeros(length(t),1);
    y_eu = zeros(length(t),1);
    y_bk = zeros(length(t),1);
    % initialize 1st entry to y(0)
    y_im(1) = 0.5; y_eu(1) = 0.5; y_bk(1) = 0.5;
    % create anonymous functions for easy coding below
    fn = @(t,y) (y^2 + 2*t*y)/(3 + t^2);   % fn = dy/dt = f(t,y)
    %bk = @(t,y) ;  % backward
    
    Row = 1;   %start at row 1 for each column
    V(Row,2) = y_im(1);  % populate table array
    V(Row,3) = y_eu(1);
    V(Row,4) = y_bk(1);
    for i = 2:length(t)
        y_eu(i) = y_eu(i-1) + h*fn(t(i-1), y_eu(i-1));
            a = fn(t(i-1), y_im(i-1));
        y_im(i) = y_im(i-1)+ (a + fn(t(i-1)+ h, y_im(i-1) + h*a))*h/2;
        
        %y_bk(i) = bk(t(i-1), y_bk(i-1));
        a = h/(3+t(i)^2);  % specify quadratic coefficients
        b = 2*h*t(i)/(3+t(i)^2) - 1;
        c = y_bk(i-1);
        eqn = a*x^2 + b*x + c == 0;
        % guess 10*h as an interval to look for next y
        range = [y_bk(i-1) - 5*h, y_bk(i-1) + 5*h];
        y_bk(i) = vpasolve(eqn,x,range);
        
        % display table results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,2) = y_im(i);  % populate table array
            V(Row,3) = y_eu(i);
            V(Row,4) = y_bk(i);
        end
    end
    
    format long
    T = array2table(V);
    % label the table columms and display the table
    sprintf('Table for h = %.4f',h)
    T.Properties.VariableNames = {'t', 'Improved_Euler', 'Euler', ...
                                   'Bkwd_Euler'}
end





clear
%Change TableTimes[], h, y0 the initial value,
%       T.Properties.VariableNames, exact sol and @ functions

% times to display the y values in the table
TableTimes = [0, 0.1, 0.2, 0.3, 0.4];
NumRows = length(TableTimes);
%initialize table array: columns for times + ImpEuler + Euler + BkEuler
V = zeros(NumRows, 4);

% Populate table times (Col=1) and exact values for solution (Col=5)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end
syms x  % for backward method, using vpasolve

y0 = -1;  % y(0) initial value
for h = [0.05, 0.025, 0.0125]
    t = TableTimes(1):h:TableTimes(end);
    % pre-allocate memory for y values
    y_im = zeros(length(t),1);
    y_eu = zeros(length(t),1);
    y_bk = zeros(length(t),1);
    % initialize 1st entry to y(0)
    y_im(1) = y0; y_eu(1) = y0; y_bk(1) = y0;
    % create anonymous functions for easy coding below
    fn = @(t,y) (t^2 - y^2)*sin(y);   % fn = dy/dt = f(t,y)
    
    Row = 1;   %start at row 1 for each column
    V(Row,2) = y_im(1);  % populate table array
    V(Row,3) = y_eu(1);
    V(Row,4) = y_bk(1);
    for i = 2:length(t)
        y_eu(i) = y_eu(i-1) + h*fn(t(i-1), y_eu(i-1));
            a = fn(t(i-1), y_im(i-1));
        y_im(i) = y_im(i-1)+ (a + fn(t(i-1)+ h, y_im(i-1) + h*a))*h/2;
        
        eqn = x == y_bk(i-1) + h*(t(i)^2 - x^2)*sin(x);
        % guess 10*h as an interval to look for next y
        range = [y_bk(i-1) - 5*h, y_bk(i-1) + 5*h];
        y_bk(i) = vpasolve(eqn,x,range);
        
        % display table results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,2) = y_im(i);  % populate table array
            V(Row,3) = y_eu(i);
            V(Row,4) = y_bk(i);
        end
    end
    
    format long
    T = array2table(V);
    % label the table columms and display the table
    sprintf('Table for h = %.4f',h)
    T.Properties.VariableNames = {'t', 'Improved_Euler', 'Euler', 'Bkwd_Euler'}
end



clear
%Edit TableTimes[], h = StepSizes, y0 = y(0),
%     @ function, T.Properties.VariableNames

TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
StepSizes = [0.025, 0.0125];
y0 = 1;  % y(0) initial value
% create anonymous function for easy coding below
fn = @(t,y) 0.5 - t + 2*y;   % fn = dy/dt = f(t,y)

NumRows = length(TableTimes);
%initialize table array: columns for times + StepSizes
V = zeros(NumRows, 1 + length(StepSizes));
% Populate table times (Col=1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

Col = 1;  % initialize for V(,Col)
for h = StepSizes
    Col = Col + 1;
    t = TableTimes(1):h:TableTimes(end);
    % pre-allocate memory for y values
    y = zeros(length(t),1);
    y(1) = y0;  % initialize 1st entry to y(0)
    
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);  % populate table array
    for i = 2:length(t)
        a = fn(t(i-1), y(i-1));  % for Improved Euler formula
        y(i) = y(i-1)+ (a + fn(t(i-1)+ h, y(i-1) + h*a))*h/2;
        
        % display table results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = y(i);  % populate table array
        end
    end
end

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'h = 0.025', 'h = 0.0125'}



clear
%Edit TableTimes[], h = StepSizes, y0 = y(0),
%     @ function, T.Properties.VariableNames

TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
StepSizes = [0.025, 0.0125];
y0 = 2;  % y(0) initial value
% create anonymous function for easy coding below
fn = @(t,y) 5*t - 3*sqrt(y);   % fn = dy/dt = f(t,y)

NumRows = length(TableTimes);
%initialize table array: columns for times + StepSizes
V = zeros(NumRows, 1 + length(StepSizes));
% Populate table times (Col=1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

Col = 1;  % initialize for V(,Col)
for h = StepSizes
    Col = Col + 1;
    t = TableTimes(1):h:TableTimes(end);
    % pre-allocate memory for y values
    y = zeros(length(t),1);
    y(1) = y0;  % initialize 1st entry to y(0)
    
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);  % populate table array
    for i = 2:length(t)
        a = fn(t(i-1), y(i-1));  % for Improved Euler formula
        y(i) = y(i-1)+ (a + fn(t(i-1)+ h, y(i-1) + h*a))*h/2;
        
        % display table results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = y(i);  % populate table array
        end
    end
end

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'h = 0.025', 'h = 0.0125'}



clear
%Edit TableTimes[], h = StepSizes, y0 = y(0),
%     @ function, T.Properties.VariableNames

TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
StepSizes = [0.025, 0.0125];
y0 = 3;  % y(0) initial value
% create anonymous function for easy coding below
fn = @(t,y) sqrt(t + y);   % fn = dy/dt = f(t,y)

NumRows = length(TableTimes);
%initialize table array: columns for times + StepSizes
V = zeros(NumRows, 1 + length(StepSizes));
% Populate table times (Col=1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

Col = 1;  % initialize for V(,Col)
for h = StepSizes
    Col = Col + 1;
    t = TableTimes(1):h:TableTimes(end);
    % pre-allocate memory for y values
    y = zeros(length(t),1);
    y(1) = y0;  % initialize 1st entry to y(0)
    
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);  % populate table array
    for i = 2:length(t)
        a = fn(t(i-1), y(i-1));  % for Improved Euler formula
        y(i) = y(i-1)+ (a + fn(t(i-1)+ h, y(i-1) + h*a))*h/2;
        
        % display table results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = y(i);  % populate table array
        end
    end
end

format long
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'h = 0.025', 'h = 0.0125'}



clear
%Edit TableTimes[], h = StepSizes, y0 = y(0),
%     @ function, T.Properties.VariableNames

TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
StepSizes = [0.025, 0.0125];
y0 = 1;  % y(0) initial value
% create anonymous function for easy coding below
fn = @(t,y) 2*t + exp(-t*y);   % fn = dy/dt = f(t,y)

NumRows = length(TableTimes);
%initialize table array: columns for times + StepSizes
V = zeros(NumRows, 1 + length(StepSizes));
% Populate table times (Col=1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

Col = 1;  % initialize for V(,Col)
for h = StepSizes
    Col = Col + 1;
    t = TableTimes(1):h:TableTimes(end);
    % pre-allocate memory for y values
    y = zeros(length(t),1);
    y(1) = y0;  % initialize 1st entry to y(0)
    
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);  % populate table array
    for i = 2:length(t)
        a = fn(t(i-1), y(i-1));  % for Improved Euler formula
        y(i) = y(i-1)+ (a + fn(t(i-1)+ h, y(i-1) + h*a))*h/2;
        
        % display table results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = y(i);  % populate table array
        end
    end
end

format long
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'h = 0.025', 'h = 0.0125'}



clear
%Edit TableTimes[], h = StepSizes, y0 = y(0),
%     @ function, T.Properties.VariableNames

TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
StepSizes = [0.025, 0.0125];
y0 = 0.5;  % y(0) initial value
% create anonymous function for easy coding below
fn = @(t,y) (y^2 + 2*t*y)/(3 + t^2);   % fn = dy/dt = f(t,y)

NumRows = length(TableTimes);
%initialize table array: columns for times + StepSizes
V = zeros(NumRows, 1 + length(StepSizes));
% Populate table times (Col=1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

Col = 1;  % initialize for V(,Col)
for h = StepSizes
    Col = Col + 1;
    t = TableTimes(1):h:TableTimes(end);
    % pre-allocate memory for y values
    y = zeros(length(t),1);
    y(1) = y0;  % initialize 1st entry to y(0)
    
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);  % populate table array
    for i = 2:length(t)
        a = fn(t(i-1), y(i-1));  % for Improved Euler formula
        y(i) = y(i-1)+ (a + fn(t(i-1)+ h, y(i-1) + h*a))*h/2;
        
        % display table results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = y(i);  % populate table array
        end
    end
end

format long
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'h = 0.025', 'h = 0.0125'}

















clear
fn = @(t,y) 0.5 - t + 2*y;  % f(t,y)
t0 = 0;
y0 = 1;
h = 0.1;

a = fn(t0,y0);
y_Euler = y0 + h*a
y_Improved = y0 + h/2*(a + fn(t0+h, y0+h*a))



clear
fn = @(t,y) 5*t - 3*sqrt(y);  % f(t,y)
t0 = 0;    % initial conditions
y0 = 2;
h = 0.1;

a = fn(t0,y0);
y_Euler = y0 + h*a
y_Improved = y0 + h/2*(a + fn(t0+h, y0+h*a))

e_max = 0.0025;  % specified max error
error = abs(y_Improved - y_Euler);
NewStep = h*sqrt(e_max/error)



clear
fn = @(t,y) sqrt(t + y);  % f(t,y)
t0 = 0;    % initial conditions
y0 = 3;
h = 0.1;

a = fn(t0,y0);
y_Euler = y0 + h*a
y_Improved = y0 + h/2*(a + fn(t0+h, y0+h*a))

e_max = 0.0025;  % specified max error
error = abs(y_Improved - y_Euler);
NewStep = h*sqrt(e_max/error)

clear
fn = @(t,y) (y^2 + 2*t*y)/(3 + t^2);  % f(t,y)
t0 = 0;    % initial conditions
y0 = 0.5;
h = 0.1;

a = fn(t0,y0);
y_Euler = y0 + h*a
y_Improved = y0 + h/2*(a + fn(t0+h, y0+h*a))

e_max = 0.0025;  % specified max error
error = abs(y_Improved - y_Euler);
NewStep = h*sqrt(e_max/error)











clear
%Change TableTimes[], y(0) the initial value, @ function

TableTimes = [0, 0.1, 0.2, 0.3, 0.4];  % times for y values in table
y0 = 1;
h = 0.05;
% create anonymous function for easy coding below
fn = @(t,y) 3 + t - y;   % fn = dy/dt = f(t,y)

NumRows = length(TableTimes);
%initialize table array: columns for times + ImpEuler + ModifiedEuler
V = zeros(NumRows, 3);
% Populate table times (Col = 1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

t = TableTimes(1):h:TableTimes(end);
% pre-allocate memory for y values
y_imp = zeros(length(t),1);
y_mod = zeros(length(t),1);
% initialize 1st row entry to y(0)
y_imp(1) = y0;
y_mod(1) = y0;

Row = 1;   %start at row 1 for each column
V(Row,2) = y_imp(1);  % populate 1st table row entry
V(Row,3) = y_mod(1);
for i = 2:length(t)
        a = fn(t(i-1), y_imp(i-1));  % prelim value for below
    y_imp(i) = y_imp(i-1)+ h/2*(a + fn(t(i-1)+ h, y_imp(i-1) + h*a));
        a = fn(t(i-1), y_mod(i-1));  % prelim value for below
    y_mod(i) = y_mod(i-1) + h*fn(t(i-1)+ h/2, y_mod(i-1) + h/2*a);

    % display table results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,2) = y_imp(i);  % populate table array
        V(Row,3) = y_mod(i);
    end
end

format long
T = array2table(V);
% label the table columms and display the table
sprintf('Table for h = %.4f',h)
T.Properties.VariableNames = {'t', 'Improved_Euler', 'Modified_Euler'}



clear
%Change TableTimes[], y(0) the initial value, @ function

TableTimes = [0, 0.1, 0.2, 0.3, 0.4];  % times for y values in table
y0 = 2;
h = 0.05;
% create anonymous function for easy coding below
fn = @(t,y) 5*t - 3*sqrt(y);   % fn = dy/dt = f(t,y)

NumRows = length(TableTimes);
%initialize table array: columns for times + ImpEuler + ModifiedEuler
V = zeros(NumRows, 3);
% Populate table times (Col = 1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

t = TableTimes(1):h:TableTimes(end);
% pre-allocate memory for y values
y_imp = zeros(length(t),1);
y_mod = zeros(length(t),1);
% initialize 1st row entry to y(0)
y_imp(1) = y0;
y_mod(1) = y0;

Row = 1;   %start at row 1 for each column
V(Row,2) = y_imp(1);  % populate 1st table row entry
V(Row,3) = y_mod(1);
for i = 2:length(t)
        a = fn(t(i-1), y_imp(i-1));  % prelim value for below
    y_imp(i) = y_imp(i-1)+ h/2*(a + fn(t(i-1)+ h, y_imp(i-1) + h*a));
        a = fn(t(i-1), y_mod(i-1));  % prelim value for below
    y_mod(i) = y_mod(i-1) + h*fn(t(i-1)+ h/2, y_mod(i-1) + h/2*a);

    % display table results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,2) = y_imp(i);  % populate table array
        V(Row,3) = y_mod(i);
    end
end

format long
T = array2table(V);
% label the table columms and display the table
sprintf('Table for h = %.4f',h)
T.Properties.VariableNames = {'t', 'Improved_Euler', 'Modified_Euler'}



clear
%Change TableTimes[], y(0) the initial value, @ function

TableTimes = [0, 0.1, 0.2, 0.3, 0.4];  % times for y values in table
y0 = 1;
h = 0.05;
% create anonymous function for easy coding below
fn = @(t,y) 2*y - 3*t;   % fn = dy/dt = f(t,y)

NumRows = length(TableTimes);
%initialize table array: columns for times + ImpEuler + ModifiedEuler
V = zeros(NumRows, 3);
% Populate table times (Col = 1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

t = TableTimes(1):h:TableTimes(end);
% pre-allocate memory for y values
y_imp = zeros(length(t),1);
y_mod = zeros(length(t),1);
% initialize 1st row entry to y(0)
y_imp(1) = y0;
y_mod(1) = y0;

Row = 1;   %start at row 1 for each column
V(Row,2) = y_imp(1);  % populate 1st table row entry
V(Row,3) = y_mod(1);
for i = 2:length(t)
        a = fn(t(i-1), y_imp(i-1));  % prelim value for below
    y_imp(i) = y_imp(i-1)+ h/2*(a + fn(t(i-1)+ h, y_imp(i-1) + h*a));
        a = fn(t(i-1), y_mod(i-1));  % prelim value for below
    y_mod(i) = y_mod(i-1) + h*fn(t(i-1)+ h/2, y_mod(i-1) + h/2*a);

    % display table results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,2) = y_imp(i);  % populate table array
        V(Row,3) = y_mod(i);
    end
end

format long
T = array2table(V);
% label the table columms and display the table
sprintf('Table for h = %.4f',h)
T.Properties.VariableNames = {'t', 'Improved_Euler', 'Modified_Euler'}



clear
%Change TableTimes[], y(0) the initial value, @ function

TableTimes = [0, 0.1, 0.2, 0.3, 0.4];  % times for y values in table
y0 = 1;
h = 0.05;
% create anonymous function for easy coding below
fn = @(t,y) 2*t + exp(-t*y);   % fn = dy/dt = f(t,y)

NumRows = length(TableTimes);
%initialize table array: columns for times + ImpEuler + ModifiedEuler
V = zeros(NumRows, 3);
% Populate table times (Col = 1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

t = TableTimes(1):h:TableTimes(end);
% pre-allocate memory for y values
y_imp = zeros(length(t),1);
y_mod = zeros(length(t),1);
% initialize 1st row entry to y(0)
y_imp(1) = y0;
y_mod(1) = y0;

Row = 1;   %start at row 1 for each column
V(Row,2) = y_imp(1);  % populate 1st table row entry
V(Row,3) = y_mod(1);
for i = 2:length(t)
        a = fn(t(i-1), y_imp(i-1));  % prelim value for below
    y_imp(i) = y_imp(i-1)+ h/2*(a + fn(t(i-1)+ h, y_imp(i-1) + h*a));
        a = fn(t(i-1), y_mod(i-1));  % prelim value for below
    y_mod(i) = y_mod(i-1) + h*fn(t(i-1)+ h/2, y_mod(i-1) + h/2*a);

    % display table results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,2) = y_imp(i);  % populate table array
        V(Row,3) = y_mod(i);
    end
end

format long
T = array2table(V);
% label the table columms and display the table
sprintf('Table for h = %.4f',h)
T.Properties.VariableNames = {'t', 'Improved_Euler', 'Modified_Euler'}







8.3 The Runge-Kutta Method



clear
% times to display the y values in the table
TableTimes = [0, 0.1, 0.2, 0.3, 0.4, 0.5, 1.0, 1.5, 2.0];
NumRows = length(TableTimes);
%initialize table array, 6 columns: time + ImpEuler + 3 R-K + Exact
V = zeros(NumRows, 6);

% Populate table times (Col=1) and exact values for solution (Col=6)
for i = 1:NumRows
    t = TableTimes(i);
    V(i,1) = t;
    V(i,6) = -3/16 + (1/4)*t + (19/16)*exp(4*t);
end

slope = @(t,y) 1 - t + 4*y;   % slope = dy/dt = f(t,y)

Col = 2;  % start at Col = 2 for Improved Euler Method
h = 0.025;
t = TableTimes(1):h:TableTimes(end);
y = zeros(length(t),1);  % pre-allocate memory for y
y(1) = 1;                % MATLAB not zero based
Row = 1;   %start at row 1 for each column
V(Row,Col) = y(1);
for i = 2:length(t)
    a = slope(t(i-1), y(i-1));
    b = slope(t(i), y(i-1) + h*a);
    y(i) = y(i-1) + 0.5*(a+b)*h;  % new estimate of y(t)
    % display table results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end
Col = 3;  % start of Runge-Kutta Method
for h = [0.2, 0.1, 0.05]  % step sizes for R-K
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1);  % pre-allocate memory for y
    y(1) = 1;                % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    h2 = h/2;  % shorten calcs below
    for i = 2:length(t)
        k1 = slope(t(i-1), y(i-1));
        k2 = slope(t(i-1) + h2, y(i-1) + h2*k1);
        k3 = slope(t(i-1) + h2, y(i-1) + h2*k2);
        k4 = slope(t(i-1) + h, y(i-1) + h*k3);
        y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
        % display table results only at specified times
        for Row = 1:NumRows  % find the correct Row
            if abs(t(i) - TableTimes(Row)) < 0.00001
                V(Row,Col) = y(i);
            end
        end
    end
    Col = Col + 1;  % go to next table column
end

format
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'ImpEuler h = 0.025', 'R-K h = 0.2', ...
                               'R-K h = 0.1', 'R-K h = 0.05', 'Exact'}





clear
% Change slope = @(t,y), y0, exact solution

y0 = 1;
slope = @(t,y) 3 + t - y;   % slope = dy/dt = f(t,y)

% times to display the y values in the table
TableTimes = [0, 0.1, 0.2, 0.3, 0.4];
StepSizes = [0.1, 0.05];
NumRows = length(TableTimes);
%initialize table array, 6 columns: time +  2 ImpEuler + 2 R-K + Exact
V = zeros(NumRows, 6);

% Populate table times (Col=1) and exact values for solution (Col=6)
for i = 1:NumRows
    t = TableTimes(i);
    V(i,1) = t;
    V(i,6) = 2 + t - exp(-t);
end

Col = 2;  % start at Col = 2 for Improved Euler Method
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(NumRows,1);  % pre-allocate memory for y
    y(1) = y0;             % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    for i = 2:length(t)
        a = slope(t(i-1), y(i-1));
        b = slope(t(i), y(i-1) + h*a);
        y(i) = y(i-1) + 0.5*(a+b)*h;  % new estimate of y(t)
        % display table results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = y(i);
        end
    end
    Col = Col + 1;  % go to next table column
end

Col = 4;  % start of Runge-Kutta Method
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(NumRows,1);  % pre-allocate memory for y
    y(1) = y0;             % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    h2 = h/2;  % shorten calcs below
    for i = 2:length(t)
        k1 = slope(t(i-1), y(i-1));
        k2 = slope(t(i-1) + h2, y(i-1) + h2*k1);
        k3 = slope(t(i-1) + h2, y(i-1) + h2*k2);
        k4 = slope(t(i-1) + h, y(i-1) + h*k3);
        y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
        % display table results only at specified times
        for Row = 1:NumRows  % find the correct Row
            if abs(t(i) - TableTimes(Row)) < 0.00001
                V(Row,Col) = y(i);
            end
        end
    end
    Col = Col + 1;  % go to next table column
end

format
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'ImpEuler h = 0.1', 'ImpEuler h = 0.05', ...
                                   'R-K h = 0.1', 'R-K h = 0.05', 'Exact'}



clear
% Change slope = @(t,y), y0
y0 = 2;
slope = @(t,y) 5*t - 3*sqrt(y);   % slope = dy/dt = f(t,y)

% times to display the y values in the table
TableTimes = [0, 0.1, 0.2, 0.3, 0.4];
StepSizes = [0.1, 0.05];
NumRows = length(TableTimes);
% initialize table array, 5 columns: 
%   time +  2 ImpEuler + 2 R-K
V = zeros(NumRows, 5);

% Populate table times (Col=1)
for i = 1:NumRows
    t = TableTimes(i);
    V(i,1) = t;
end

Col = 2;  % start at Col = 2 for Improved Euler Method
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1);  % pre-allocate memory for y
    y(1) = y0;               % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    for i = 2:length(t)
        a = slope(t(i-1), y(i-1));
        b = slope(t(i), y(i-1) + h*a);
        y(i) = y(i-1) + 0.5*(a+b)*h;  % new estimate of y(t)
        % display table results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = y(i);
        end
    end
    Col = Col + 1;  % go to next table column
end

Col = 4;  % start of Runge-Kutta Method
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1);  % pre-allocate memory for y
    y(1) = y0;               % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    h2 = h/2;  % shorten calcs below
    for i = 2:length(t)
        k1 = slope(t(i-1), y(i-1));
        k2 = slope(t(i-1) + h2, y(i-1) + h2*k1);
        k3 = slope(t(i-1) + h2, y(i-1) + h2*k2);
        k4 = slope(t(i-1) + h, y(i-1) + h*k3);
        y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
        % display table results only at specified times
        for Row = 1:NumRows  % find the correct Row
            if abs(t(i) - TableTimes(Row)) < 0.00001
                V(Row,Col) = y(i);
            end
        end
    end
    Col = Col + 1;  % go to next table column
end

format
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'ImpEuler h = 0.1', ...
                                   'ImpEuler h = 0.05', ...
                                   'R-K h = 0.1', ...
                                   'R-K h = 0.05'}



clear
% Change slope = @(t,y), y0
y0 = 1;
slope = @(t,y) 2*t + exp(-t*y);   % slope = dy/dt = f(t,y)

% times to display the y values in the table
TableTimes = [0, 0.1, 0.2, 0.3, 0.4];
StepSizes = [0.1, 0.05];
NumRows = length(TableTimes);
% initialize table array, 5 columns: 
%   time +  2 ImpEuler + 2 R-K
V = zeros(NumRows, 5);

% Populate table times (Col=1)
for i = 1:NumRows
    t = TableTimes(i);
    V(i,1) = t;
end

Col = 2;  % start at Col = 2 for Improved Euler Method
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1);  % pre-allocate memory for y
    y(1) = y0;               % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    for i = 2:length(t)
        a = slope(t(i-1), y(i-1));
        b = slope(t(i), y(i-1) + h*a);
        y(i) = y(i-1) + 0.5*(a+b)*h;  % new estimate of y(t)
        % display table results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = y(i);
        end
    end
    Col = Col + 1;  % go to next table column
end

Col = 4;  % start of Runge-Kutta Method
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1);  % pre-allocate memory for y
    y(1) = y0;               % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    h2 = h/2;  % shorten calcs below
    for i = 2:length(t)
        k1 = slope(t(i-1), y(i-1));
        k2 = slope(t(i-1) + h2, y(i-1) + h2*k1);
        k3 = slope(t(i-1) + h2, y(i-1) + h2*k2);
        k4 = slope(t(i-1) + h, y(i-1) + h*k3);
        y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
        % display table results only at specified times
        for Row = 1:NumRows  % find the correct Row
            if abs(t(i) - TableTimes(Row)) < 0.00001
                V(Row,Col) = y(i);
            end
        end
    end
    Col = Col + 1;  % go to next table column
end

format
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'ImpEuler h = 0.1', ...
                                   'ImpEuler h = 0.05', ...
                                   'R-K h = 0.1', ...
                                   'R-K h = 0.05'}



clear
% Change slope = @(t,y), y0
y0 = 0.5;
slope = @(t,y) (y^2 + 2*t*y)/(3+t^2);   % slope = dy/dt = f(t,y)

% times to display the y values in the table
TableTimes = [0, 0.1, 0.2, 0.3, 0.4];
StepSizes = [0.1, 0.05];
NumRows = length(TableTimes);
% initialize table array, 5 columns: 
%   time +  2 ImpEuler + 2 R-K
V = zeros(NumRows, 5);

% Populate table times (Col=1)
for i = 1:NumRows
    t = TableTimes(i);
    V(i,1) = t;
end

Col = 2;  % start at Col = 2 for Improved Euler Method
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1);  % pre-allocate memory for y
    y(1) = y0;               % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    for i = 2:length(t)
        a = slope(t(i-1), y(i-1));
        b = slope(t(i), y(i-1) + h*a);
        y(i) = y(i-1) + 0.5*(a+b)*h;  % new estimate of y(t)
        % display table results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = y(i);
        end
    end
    Col = Col + 1;  % go to next table column
end

Col = 4;  % start of Runge-Kutta Method
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1);  % pre-allocate memory for y
    y(1) = y0;               % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    h2 = h/2;  % shorten calcs below
    for i = 2:length(t)
        k1 = slope(t(i-1), y(i-1));
        k2 = slope(t(i-1) + h2, y(i-1) + h2*k1);
        k3 = slope(t(i-1) + h2, y(i-1) + h2*k2);
        k4 = slope(t(i-1) + h, y(i-1) + h*k3);
        y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
        % display table results only at specified times
        for Row = 1:NumRows  % find the correct Row
            if abs(t(i) - TableTimes(Row)) < 0.00001
                V(Row,Col) = y(i);
            end
        end
    end
    Col = Col + 1;  % go to next table column
end

format
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'ImpEuler h = 0.1', ...
                                   'ImpEuler h = 0.05', ...
                                   'R-K h = 0.1', ...
                                   'R-K h = 0.05'}



clear
% Change slope = @(t,y), y0
y0 = -1;
slope = @(t,y) (t^2 - y^2)*sin(y);   % slope = dy/dt = f(t,y)

% times to display the y values in the table
TableTimes = [0, 0.1, 0.2, 0.3, 0.4];
StepSizes = [0.1, 0.05];
NumRows = length(TableTimes);
% initialize table array, 5 columns: 
%   time +  2 ImpEuler + 2 R-K
V = zeros(NumRows, 5);

% Populate table times (Col=1)
for i = 1:NumRows
    t = TableTimes(i);
    V(i,1) = t;
end

Col = 2;  % start at Col = 2 for Improved Euler Method
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1);  % pre-allocate memory for y
    y(1) = y0;               % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    for i = 2:length(t)
        a = slope(t(i-1), y(i-1));
        b = slope(t(i), y(i-1) + h*a);
        y(i) = y(i-1) + 0.5*(a+b)*h;  % new estimate of y(t)
        % display table results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = y(i);
        end
    end
    Col = Col + 1;  % go to next table column
end

Col = 4;  % start of Runge-Kutta Method
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1);  % pre-allocate memory for y
    y(1) = y0;               % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    h2 = h/2;  % shorten calcs below
    for i = 2:length(t)
        k1 = slope(t(i-1), y(i-1));
        k2 = slope(t(i-1) + h2, y(i-1) + h2*k1);
        k3 = slope(t(i-1) + h2, y(i-1) + h2*k2);
        k4 = slope(t(i-1) + h, y(i-1) + h*k3);
        y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
        % display table results only at specified times
        for Row = 1:NumRows  % find the correct Row
            if abs(t(i) - TableTimes(Row)) < 0.00001
                V(Row,Col) = y(i);
            end
        end
    end
    Col = Col + 1;  % go to next table column
end

format
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'ImpEuler h = 0.1', ...
                                   'ImpEuler h = 0.05', ...
                                   'R-K h = 0.1', ...
                                   'R-K h = 0.05'}





clear
% Change slope = @(t,y), y(0), ? exact solution
y0 = 1;
fn = @(t,y) 0.5 - t + 2*y;   % fn = dy/dt = f(t,y)

% times to display the y values in the table
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
StepSizes = [0.1, 0.05];
NumRows = length(TableTimes);
% initialize table array, 6 columns: 
%   time +  2 ImpEuler + 2 R-K + exact
V = zeros(NumRows, 6);

% Populate table times (Col=1), exact (Col=6)
for i = 1:NumRows
    t = TableTimes(i);
    V(i,1) = t;
    V(i,6) = 0.5*t + exp(2*t);
end

% start at Col = 2 for Improved Euler Method
Col = 2;
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1);  % pre-allocate memory for y
    y(1) = y0;               % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    for i = 2:length(t)
        a = fn(t(i-1), y(i-1));
        b = fn(t(i), y(i-1) + h*a);
        % new estimate of y(t)
        y(i) = y(i-1) + 0.5*(a+b)*h;
        % display results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = y(i);
        end
    end
    Col = Col + 1;  % go to next table column
end

Col = 4;  % start of Runge-Kutta Method
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1);  % pre-allocate memory for y
    y(1) = y0;               % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    h2 = h/2;  % shorten calcs below
    for i = 2:length(t)
        k1 = fn(t(i-1), y(i-1));
        k2 = fn(t(i-1) + h2, y(i-1) + h2*k1);
        k3 = fn(t(i-1) + h2, y(i-1) + h2*k2);
        k4 = fn(t(i-1) + h, y(i-1) + h*k3);
        y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
        % display results only at specified times
        for Row = 1:NumRows  % find the correct Row
            if abs(t(i) - TableTimes(Row)) < 0.00001
                V(Row,Col) = y(i);
            end
        end
    end
    Col = Col + 1;  % go to next table column
end

format
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', ...
                              'ImpEuler h = 0.1', ...
                              'ImpEuler h = 0.05', ...
                              'R-K h = 0.1', ...
                              'R-K h = 0.05', ...
                              'Exact'}



clear
% Change slope = @(t,y), y(0), ? exact solution
y0 = 2;
fn = @(t,y) 5*t - 3*sqrt(y);   % fn = dy/dt = f(t,y)

% times to display the y values in the table
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
StepSizes = [0.1, 0.05];
NumRows = length(TableTimes);
% initialize table array, 5 columns: 
%   time +  2 ImpEuler + 2 R-K
V = zeros(NumRows, 5);

% Populate table times (Col=1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

% start at Col = 2 for Improved Euler Method
Col = 2;
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1); % pre-allocate memory
    y(1) = y0;              % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    for i = 2:length(t)
        a = fn(t(i-1), y(i-1));
        b = fn(t(i), y(i-1) + h*a);
        % new estimate of y(t)
        y(i) = y(i-1) + 0.5*(a+b)*h;
        % display results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = y(i);
        end
    end
    Col = Col + 1;  % go to next table column
end

Col = 4;  % start of Runge-Kutta Method
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1); % pre-allocate memory
    y(1) = y0;              % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    h2 = h/2;  % shorten calcs below
    for i = 2:length(t)
        k1 = fn(t(i-1), y(i-1));
        k2 = fn(t(i-1) + h2, y(i-1) + h2*k1);
        k3 = fn(t(i-1) + h2, y(i-1) + h2*k2);
        k4 = fn(t(i-1) + h, y(i-1) + h*k3);
        y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
        % display results only at specified times
        for Row = 1:NumRows  % find the correct Row
            if abs(t(i) - TableTimes(Row)) < 0.00001
                V(Row,Col) = y(i);
            end
        end
    end
    Col = Col + 1;  % go to next table column
end

format
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', ...
                              'ImpEuler h = 0.1', ...
                              'ImpEuler h = 0.05', ...
                              'R-K h = 0.1', ...
                              'R-K h = 0.05'}



clear
% Change slope = @(t,y), y(0), ? exact solution
y0 = 3;
fn = @(t,y) sqrt(t+y);   % fn = dy/dt = f(t,y)

% times to display the y values in the table
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
StepSizes = [0.1, 0.05];
NumRows = length(TableTimes);
% initialize table array, 5 columns: 
%   time +  2 ImpEuler + 2 R-K
V = zeros(NumRows, 5);

% Populate table times (Col=1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

% start at Col = 2 for Improved Euler Method
Col = 2;
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1); % pre-allocate memory
    y(1) = y0;              % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    for i = 2:length(t)
        a = fn(t(i-1), y(i-1));
        b = fn(t(i), y(i-1) + h*a);
        % new estimate of y(t)
        y(i) = y(i-1) + 0.5*(a+b)*h;
        % display results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = y(i);
        end
    end
    Col = Col + 1;  % go to next table column
end

Col = 4;  % start of Runge-Kutta Method
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1); % pre-allocate memory
    y(1) = y0;              % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    h2 = h/2;  % shorten calcs below
    for i = 2:length(t)
        k1 = fn(t(i-1), y(i-1));
        k2 = fn(t(i-1) + h2, y(i-1) + h2*k1);
        k3 = fn(t(i-1) + h2, y(i-1) + h2*k2);
        k4 = fn(t(i-1) + h, y(i-1) + h*k3);
        y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
        % display results only at specified times
        for Row = 1:NumRows  % find the correct Row
            if abs(t(i) - TableTimes(Row)) < 0.00001
                V(Row,Col) = y(i);
            end
        end
    end
    Col = Col + 1;  % go to next table column
end

format
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', ...
                              'ImpEuler h = 0.1', ...
                              'ImpEuler h = 0.05', ...
                              'R-K h = 0.1', ...
                              'R-K h = 0.05'}



clear
% Change slope = @(t,y), y(0), ? exact solution
y0 = 1;
fn = @(t,y) 2*t + exp(-t*y);   % fn = dy/dt = f(t,y)

% times to display the y values in the table
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
StepSizes = [0.1, 0.05];
NumRows = length(TableTimes);
% initialize table array, 5 columns: 
%   time +  2 ImpEuler + 2 R-K
V = zeros(NumRows, 5);

% Populate table times (Col=1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

% start at Col = 2 for Improved Euler Method
Col = 2;
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1); % pre-allocate memory
    y(1) = y0;              % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    for i = 2:length(t)
        a = fn(t(i-1), y(i-1));
        b = fn(t(i), y(i-1) + h*a);
        % new estimate of y(t)
        y(i) = y(i-1) + 0.5*(a+b)*h;
        % display results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = y(i);
        end
    end
    Col = Col + 1;  % go to next table column
end

Col = 4;  % start of Runge-Kutta Method
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1); % pre-allocate memory
    y(1) = y0;              % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    h2 = h/2;  % shorten calcs below
    for i = 2:length(t)
        k1 = fn(t(i-1), y(i-1));
        k2 = fn(t(i-1) + h2, y(i-1) + h2*k1);
        k3 = fn(t(i-1) + h2, y(i-1) + h2*k2);
        k4 = fn(t(i-1) + h, y(i-1) + h*k3);
        y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
        % display results only at specified times
        for Row = 1:NumRows  % find the correct Row
            if abs(t(i) - TableTimes(Row)) < 0.00001
                V(Row,Col) = y(i);
            end
        end
    end
    Col = Col + 1;  % go to next table column
end

format
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', ...
                              'ImpEuler h = 0.1', ...
                              'ImpEuler h = 0.05', ...
                              'R-K h = 0.1', ...
                              'R-K h = 0.05'}



clear
% Change slope = @(t,y), y(0), ? exact solution
y0 = 0.5;
fn = @(t,y) (y^2 + 2*t*y)/(3+t^2); % fn = dy/dt = f(t,y)

% times to display the y values in the table
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
StepSizes = [0.1, 0.05];
NumRows = length(TableTimes);
% initialize table array, 5 columns: 
%   time +  2 ImpEuler + 2 R-K
V = zeros(NumRows, 5);
y = zeros(NumRows,1);  % pre-allocate memory for y
y(1) = y0;             % y0, MATLAB not zero based

% Populate table times (Col=1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

% start at Col = 2 for Improved Euler Method
Col = 2;
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1); % pre-allocate memory
    y(1) = y0;              % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    for i = 2:length(t)
        a = fn(t(i-1), y(i-1));
        b = fn(t(i), y(i-1) + h*a);
        % new estimate of y(t)
        y(i) = y(i-1) + 0.5*(a+b)*h;
        % display results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = y(i);
        end
    end
    Col = Col + 1;  % go to next table column
end

Col = 4;  % start of Runge-Kutta Method
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1); % pre-allocate memory
    y(1) = y0;              % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    h2 = h/2;  % shorten calcs below
    for i = 2:length(t)
        k1 = fn(t(i-1), y(i-1));
        k2 = fn(t(i-1) + h2, y(i-1) + h2*k1);
        k3 = fn(t(i-1) + h2, y(i-1) + h2*k2);
        k4 = fn(t(i-1) + h, y(i-1) + h*k3);
        y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
        % display results only at specified times
        for Row = 1:NumRows  % find the correct Row
            if abs(t(i) - TableTimes(Row)) < 0.00001
                V(Row,Col) = y(i);
            end
        end
    end
    Col = Col + 1;  % go to next table column
end

format
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', ...
                              'ImpEuler h = 0.1', ...
                              'ImpEuler h = 0.05', ...
                              'R-K h = 0.1', ...
                              'R-K h = 0.05'}



clear,clc;
Xmin = -0.5; Xmax = 3;
Ymin = -2; Ymax = 2;
[t, y] = meshgrid(Xmin:0.2:Xmax, Ymin:0.2:Ymax);
% S = dy/dt = slope at point (t,y)
S = 3*t.^2./(3*y.^2 - 4);
L = sqrt(1 + S.^2); %length of the slope vector
% Create a unit vector (hypotenuse) from L,S
% scale by 0.5, color blue
q = quiver(t,y, 1./L, S./L, 0.5, 'b');
axis([Xmin Xmax Ymin Ymax]);
xlabel 't', ylabel 'y'
title 'Direction Field for dy/dt = 3t^2/(3y^2 - 4)'



clear
% Change slope = @(t,y), y(0)
y0 = 0;
fn = @(t,y) 3*t^2/(3*y^2 - 4); % fn = dy/dt = f(t,y)

% times to display the y values in the table
TableTimes = [0, 0.5, 1.4, 1.45, 1.46, 1.47, 1.5, 2.0];
StepSizes = [0.001, 0.0005];
NumRows = length(TableTimes);
% initialize table array, 3 columns: 
%   time +  2 R-K
V = zeros(NumRows, 3);

% Populate table times (Col=1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

Col = 2;  % start of Runge-Kutta Method
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1); % pre-allocate memory
    y(1) = y0;              % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    h2 = h/2;  % shorten calcs below
    for i = 2:length(t)
        k1 = fn(t(i-1), y(i-1));
        k2 = fn(t(i-1) + h2, y(i-1) + h2*k1);
        k3 = fn(t(i-1) + h2, y(i-1) + h2*k2);
        k4 = fn(t(i-1) + h, y(i-1) + h*k3);
        y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
        % display results only at specified times
        for Row = 1:NumRows  % find the correct Row
            if abs(t(i) - TableTimes(Row)) < 0.00001
                V(Row,Col) = y(i);
            end
        end
    end
    Col = Col + 1;  % go to next table column
end

format
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', ...
                              'h = 0.001', ...
                              'h = 0.0005'}





clear
% Change slope = @(t,y), y(0)
y0 = 1;
fn = @(t,y) 3*t^2/(3*y^2 - 4); % fn = dy/dt = f(t,y)

% times to display the y values in the table
TableTimes = [0, 0.5, 1.5, 1.8, 1.82, 1.83, 1.84, 1.86, 2.0];
StepSizes = [0.001, 0.0005];
NumRows = length(TableTimes);
% initialize table array, 3 columns: 
%   time +  2 R-K
V = zeros(NumRows, 3);

% Populate table times (Col=1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

Col = 2;  % start of Runge-Kutta Method
for h = StepSizes
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1); % pre-allocate memory
    y(1) = y0;              % MATLAB not zero based
    Row = 1;   %start at row 1 for each column
    V(Row,Col) = y(1);
    h2 = h/2;  % shorten calcs below
    for i = 2:length(t)
        k1 = fn(t(i-1), y(i-1));
        k2 = fn(t(i-1) + h2, y(i-1) + h2*k1);
        k3 = fn(t(i-1) + h2, y(i-1) + h2*k2);
        k4 = fn(t(i-1) + h, y(i-1) + h*k3);
        y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
        % display results only at specified times
        for Row = 1:NumRows  % find the correct Row
            if abs(t(i) - TableTimes(Row)) < 0.00001
                V(Row,Col) = y(i);
            end
        end
    end
    Col = Col + 1;  % go to next table column
end

format
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', ...
                              'h = 0.001', ...
                              'h = 0.0005'}



8.4 Multistep Methods



clear
% Change afn = @(t,y) f(t,y), y(0)
y0 = 1;
afn = @(t,y) 3 + t - y;  % afn = dy/dt = f(t,y)
h = 0.1;
% table display times
TableTimes = [0, 0.1, 0.2, 0.3, 0.4, 0.5];
NumRows = length(TableTimes);

%initialize table array, 4 columns: 
%   time + pre-corr + Adam-M + BkDiff
V = zeros(2, 4);  % Only show rows t = 0.4, 0.5

% Populate table times (Col = 1)
for i = 1:2  % values for rows 1,2
    V(i,1) = TableTimes(i+4);  % t = 0.4, 0.5
end

% times to compute the y values
t = TableTimes(1):h:TableTimes(end);
y = zeros(length(t),1);  % pre-allocate memory

% get initial y values frm Runge-Kutta
y(1) = y0;   % MATLAB not zero based
h2 = h/2;    % shorten calcs below
for i = 2:4  % t = 0.1, 0.2, 0.3
    k1 = afn(t(i-1), y(i-1));
    k2 = afn(t(i-1) + h2, y(i-1) + h2*k1);
    k3 = afn(t(i-1) + h2, y(i-1) + h2*k2);
    k4 = afn(t(i-1) + h, y(i-1) + h*k3);
    y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
end

Col = 2;  % Predictor-corrector
for i = 5:6
    fn0 = afn(t(i-1),y(i-1));   % f n
    fn1 = afn(t(i-2),y(i-2));   % f n-1
    fn2 = afn(t(i-3),y(i-3));   % f n-2
    fn3 = afn(t(i-4),y(i-4));   % f n-3
    % Adams-Bashforth to get y_n+1
    yn1 = y(i-1) + (h/24)*(55*fn0 - 59*fn1 + 37*fn2 - 9*fn3);
    k = afn(t(i),yn1);
    % y_n+1 now explicitly calculated/corrected
    y(i) = y(i-1) + (h/24)*(9*k + 19*fn0 - 5*fn1 + fn2);
    V(i-4,Col) = y(i);
end

Col = 3;  % Adam-M
syms k  % needed to use vpasolve to get implicit value
for i = 5:6
    fn0 = afn(t(i-1),y(i-1));   % f n
    fn1 = afn(t(i-2),y(i-2));   % f n-1
    fn2 = afn(t(i-3),y(i-3));   % f n-2
    eqn = k == y(i-1) + ...
               (h/24)*(9*afn(t(i),k) + 19*fn0 - 5*fn1 + fn2);
    y(i) = vpasolve(eqn, k);  % solve implicit equation
    V(i-4,Col) = y(i);
end

Col = 4;  % Backward-differentiation
for i = 5:6
    % use initial seeds of y from R-K to get y(5), y(6)
    eqn = k == (1/25)*(48*y(i-1) - 36*y(i-2) + 16*y(i-3) ...
                       - 3*y(i-4) + 12*h*afn(t(i),k));
    y(i) = vpasolve(eqn, k);  % solve implicit equation
    V(i-4,Col) = y(i);
end

format long
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Predictor_corrector', ...
                                   'Adam_Moulton', ...
                                   'Bkward_Differentiation'}



Col = 2;  % Predictor-corrector
for i = 5:6
    fn0 = afn(t(i-1),y(i-1));   % f n
    fn1 = afn(t(i-2),y(i-2));   % f n-1
    fn2 = afn(t(i-3),y(i-3));   % f n-2
    fn3 = afn(t(i-4),y(i-4));   % f n-3
    % Adams-Bashforth to get y_n+1
    yn1 = y(i-1) + (h/24)*(55*fn0 - 59*fn1 + 37*fn2 - 9*fn3);
    k = afn(t(i),yn1);
    % y_n+1 now explicitly calculated/corrected
    y(i) = y(i-1) + (h/24)*(9*k + 19*fn0 - 5*fn1 + fn2);
    V(i-4,Col) = y(i);
end

syms k  % needed for vpasolve to get implicit value

Col = 3;  % Adam-M
for i = 5:6
    fn0 = afn(t(i-1),y(i-1));   % f n
    fn1 = afn(t(i-2),y(i-2));   % f n-1
    fn2 = afn(t(i-3),y(i-3));   % f n-2
    eqn = k == y(i-1) + ...
               (h/24)*(9*afn(t(i),k) + 19*fn0 - 5*fn1 + fn2);
    y(i) = vpasolve(eqn, k);  % solve implicit equation
    V(i-4,Col) = y(i);
end

Col = 4;  % Backward-differentiation
for i = 5:6
    % use initial seeds of y from R-K to get y(5), y(6)
    eqn = k == (1/25)*(48*y(i-1) - 36*y(i-2) + 16*y(i-3) ...
                       - 3*y(i-4) + 12*h*afn(t(i),k));
    y(i) = vpasolve(eqn, k);  % solve implicit equation
    V(i-4,Col) = y(i);
end

format long
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Predictor_corrector', ...
                                   'Adam_Moulton', ...
                                   'Bkward_Differentiation'}

clear
% Change afn = @(t,y) f(t,y), y(0)

y0 = 2;
% afn = dy/dt = f(t,y)
afn = @(t,y) 5*t - 3*sqrt(y);
h = 0.1;
% table display times
TableTimes = [0, 0.1, 0.2, 0.3, 0.4, 0.5];
NumRows = length(TableTimes);

%initialize table array, 4 columns: 
%   time + pre-corr + Adam-M + BkDiff
V = zeros(2, 4);  % Only show rows t = 0.4, 0.5

% Populate table times (Col = 1)
for i = 1:2  % values for rows 1,2
    V(i,1) = TableTimes(i+4);  % t = 0.4, 0.5
end

% times to compute the y values
t = TableTimes(1):h:TableTimes(end);
y = zeros(length(t),1);  % pre-allocate memory

% get initial y values frm Runge-Kutta
y(1) = y0;   % MATLAB not zero based
h2 = h/2;    % shorten calcs below
for i = 2:4  % t = 0.1, 0.2, 0.3
    k1 = afn(t(i-1), y(i-1));
    k2 = afn(t(i-1) + h2, y(i-1) + h2*k1);
    k3 = afn(t(i-1) + h2, y(i-1) + h2*k2);
    k4 = afn(t(i-1) + h, y(i-1) + h*k3);
    y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
end



clear
% Change afn = @(t,y) f(t,y), y(0)

y0 = 1;
% afn = dy/dt = f(t,y)
afn = @(t,y) 2*t + exp(-t*y);
h = 0.1;
% table display times
TableTimes = [0, 0.1, 0.2, 0.3, 0.4, 0.5];
NumRows = length(TableTimes);

%initialize table array, 4 columns: 
%   time + pre-corr + Adam-M + BkDiff
V = zeros(2, 4);  % Only show rows t = 0.4, 0.5

% Populate table times (Col = 1)
for i = 1:2  % values for rows 1,2
    V(i,1) = TableTimes(i+4);  % t = 0.4, 0.5
end

% times to compute the y values
t = TableTimes(1):h:TableTimes(end);
y = zeros(length(t),1);  % pre-allocate memory

% get initial y values frm Runge-Kutta
y(1) = y0;   % MATLAB not zero based
h2 = h/2;    % shorten calcs below
for i = 2:4  % t = 0.1, 0.2, 0.3
    k1 = afn(t(i-1), y(i-1));
    k2 = afn(t(i-1) + h2, y(i-1) + h2*k1);
    k3 = afn(t(i-1) + h2, y(i-1) + h2*k2);
    k4 = afn(t(i-1) + h, y(i-1) + h*k3);
    y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
end

Col = 2;  % Predictor-corrector
for i = 5:6
    fn0 = afn(t(i-1),y(i-1));   % f n
    fn1 = afn(t(i-2),y(i-2));   % f n-1
    fn2 = afn(t(i-3),y(i-3));   % f n-2
    fn3 = afn(t(i-4),y(i-4));   % f n-3
    % Adams-Bashforth to get y_n+1
    yn1 = y(i-1) + (h/24)*(55*fn0 - 59*fn1 + 37*fn2 - 9*fn3);
    k = afn(t(i),yn1);
    % y_n+1 now explicitly calculated/corrected
    y(i) = y(i-1) + (h/24)*(9*k + 19*fn0 - 5*fn1 + fn2);
    V(i-4,Col) = y(i);
end

syms k  % needed for vpasolve to get implicit value

Col = 3;  % Adam-M
for i = 5:6
    fn0 = afn(t(i-1),y(i-1));   % f n
    fn1 = afn(t(i-2),y(i-2));   % f n-1
    fn2 = afn(t(i-3),y(i-3));   % f n-2
    eqn = k == y(i-1) + ...
               (h/24)*(9*afn(t(i),k) + 19*fn0 - 5*fn1 + fn2);
    y(i) = vpasolve(eqn, k);  % solve implicit equation
    V(i-4,Col) = y(i);
end

Col = 4;  % Backward-differentiation
for i = 5:6
    % use initial seeds of y from R-K to get y(5), y(6)
    eqn = k == (1/25)*(48*y(i-1) - 36*y(i-2) + 16*y(i-3) ...
                       - 3*y(i-4) + 12*h*afn(t(i),k));
    y(i) = vpasolve(eqn, k);  % solve implicit equation
    V(i-4,Col) = y(i);
end

format long
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Predictor_corrector', ...
                                   'Adam_Moulton', ...
                                   'Bkward_Differentiation'}



clear
% Change afn = @(t,y) f(t,y), y(0)

y0 = 0.5;
% afn = dy/dt = f(t,y)
afn = @(t,y) (y^2 + 2*t*y)/(3 + t^2);
h = 0.1;
% table display times
TableTimes = [0, 0.1, 0.2, 0.3, 0.4, 0.5];
NumRows = length(TableTimes);

%initialize table array, 4 columns: 
%   time + pre-corr + Adam-M + BkDiff
V = zeros(2, 4);  % Only show rows t = 0.4, 0.5

% Populate table times (Col = 1)
for i = 1:2  % values for rows 1,2
    V(i,1) = TableTimes(i+4);  % t = 0.4, 0.5
end

% times to compute the y values
t = TableTimes(1):h:TableTimes(end);
y = zeros(length(t),1);  % pre-allocate memory

% get initial y values frm Runge-Kutta
y(1) = y0;   % MATLAB not zero based
h2 = h/2;    % shorten calcs below
for i = 2:4  % t = 0.1, 0.2, 0.3
    k1 = afn(t(i-1), y(i-1));
    k2 = afn(t(i-1) + h2, y(i-1) + h2*k1);
    k3 = afn(t(i-1) + h2, y(i-1) + h2*k2);
    k4 = afn(t(i-1) + h, y(i-1) + h*k3);
    y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
end

Col = 2;  % Predictor-corrector
for i = 5:6
    fn0 = afn(t(i-1),y(i-1));   % f n
    fn1 = afn(t(i-2),y(i-2));   % f n-1
    fn2 = afn(t(i-3),y(i-3));   % f n-2
    fn3 = afn(t(i-4),y(i-4));   % f n-3
    % Adams-Bashforth to get y_n+1
    yn1 = y(i-1) + (h/24)*(55*fn0 - 59*fn1 + 37*fn2 - 9*fn3);
    k = afn(t(i),yn1);
    % y_n+1 now explicitly calculated/corrected
    y(i) = y(i-1) + (h/24)*(9*k + 19*fn0 - 5*fn1 + fn2);
    V(i-4,Col) = y(i);
end

syms k  % needed for vpasolve to get implicit value

Col = 3;  % Adam-M
for i = 5:6
    fn0 = afn(t(i-1),y(i-1));   % f n
    fn1 = afn(t(i-2),y(i-2));   % f n-1
    fn2 = afn(t(i-3),y(i-3));   % f n-2
    eqn = k == y(i-1) + ...
               (h/24)*(9*afn(t(i),k) + 19*fn0 - 5*fn1 + fn2);
    % guess 6*h as an interval to look for next y
    range = [y(i-1) - 3*h, y(i-1) + 3*h];
    y(i) = vpasolve(eqn,k,range);  % solve implicit equation
    V(i-4,Col) = y(i);
end

Col = 4;  % Backward-differentiation
for i = 5:6
    % use initial seeds of y from R-K to get y(5), y(6)
    eqn = k == (1/25)*(48*y(i-1) - 36*y(i-2) + 16*y(i-3) ...
                       - 3*y(i-4) + 12*h*afn(t(i),k));
    % guess 6*h as an interval to look for next y
    range = [y(i-1) - 3*h, y(i-1) + 3*h];
    y(i) = vpasolve(eqn,k,range);  % solve implicit equation
    V(i-4,Col) = y(i);
end

format long
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Predictor_corrector', ...
                                   'Adam_Moulton', ...
                                   'Bkward_Differentiation'}



clear
% Change afn = @(t,y) f(t,y), y(0)

y0 = -1;
% afn = dy/dt = f(t,y)
afn = @(t,y) (t^2 - y^2)*sin(y);
h = 0.1;
% table display times
TableTimes = [0, 0.1, 0.2, 0.3, 0.4, 0.5];
NumRows = length(TableTimes);

%initialize table array, 4 columns: 
%   time + pre-corr + Adam-M + BkDiff
V = zeros(2, 4);  % Only show rows t = 0.4, 0.5

% Populate table times (Col = 1)
for i = 1:2  % values for rows 1,2
    V(i,1) = TableTimes(i+4);  % t = 0.4, 0.5
end

% times to compute the y values
t = TableTimes(1):h:TableTimes(end);
y = zeros(length(t),1);  % pre-allocate memory

% get initial y values frm Runge-Kutta
y(1) = y0;   % MATLAB not zero based
h2 = h/2;    % shorten calcs below
for i = 2:4  % t = 0.1, 0.2, 0.3
    k1 = afn(t(i-1), y(i-1));
    k2 = afn(t(i-1) + h2, y(i-1) + h2*k1);
    k3 = afn(t(i-1) + h2, y(i-1) + h2*k2);
    k4 = afn(t(i-1) + h, y(i-1) + h*k3);
    y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
end

Col = 2;  % Predictor-corrector
for i = 5:6
    fn0 = afn(t(i-1),y(i-1));   % f n
    fn1 = afn(t(i-2),y(i-2));   % f n-1
    fn2 = afn(t(i-3),y(i-3));   % f n-2
    fn3 = afn(t(i-4),y(i-4));   % f n-3
    % Adams-Bashforth to get y_n+1
    yn1 = y(i-1) + (h/24)*(55*fn0 - 59*fn1 + 37*fn2 - 9*fn3);
    k = afn(t(i),yn1);
    % y_n+1 now explicitly calculated/corrected
    y(i) = y(i-1) + (h/24)*(9*k + 19*fn0 - 5*fn1 + fn2);
    V(i-4,Col) = y(i);
end

syms k  % needed for vpasolve to get implicit value

Col = 3;  % Adam-M
for i = 5:6
    fn0 = afn(t(i-1),y(i-1));   % f n
    fn1 = afn(t(i-2),y(i-2));   % f n-1
    fn2 = afn(t(i-3),y(i-3));   % f n-2
    eqn = k == y(i-1) + ...
               (h/24)*(9*afn(t(i),k) + 19*fn0 - 5*fn1 + fn2);
    % guess 6*h as an interval to look for next y
    range = [y(i-1) - 3*h, y(i-1) + 3*h];
    y(i) = vpasolve(eqn,k,range);  % solve implicit equation
    V(i-4,Col) = y(i);
end

Col = 4;  % Backward-differentiation
for i = 5:6
    % use initial seeds of y from R-K to get y(5), y(6)
    eqn = k == (1/25)*(48*y(i-1) - 36*y(i-2) + 16*y(i-3) ...
                       - 3*y(i-4) + 12*h*afn(t(i),k));
    % guess 6*h as an interval to look for next y
    range = [y(i-1) - 3*h, y(i-1) + 3*h];
    y(i) = vpasolve(eqn,k,range);  % solve implicit equation
    V(i-4,Col) = y(i);
end

format long
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Predictor_corrector', ...
                                   'Adam_Moulton', ...
                                   'Bkward_Differentiation'}





clear
% Change afn = @(t,y) f(t,y), y(0)

y0 = 1;
% afn = dy/dt = f(t,y)
afn = @(t,y) 0.5 - t + 2*y;
h = 0.05;
% table display times
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
NumRows = length(TableTimes);
%initialize table array, 4 columns: 
%   time + pre-corr + Adam-M + BkDiff
V = zeros(NumRows, 4);

% Populate table times (Col = 1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

% times to compute the y values
t = TableTimes(1):h:TableTimes(end);
y = zeros(length(t),1);  % pre-allocate memory

% get initial y values frm Runge-Kutta
y(1) = y0;   % MATLAB not zero based
h2 = h/2;    % shorten calcs below
for i = 2:4  % t = 0.05, 0.10, 0.15
    k1 = afn(t(i-1), y(i-1));
    k2 = afn(t(i-1) + h2, y(i-1) + h2*k1);
    k3 = afn(t(i-1) + h2, y(i-1) + h2*k2);
    k4 = afn(t(i-1) + h, y(i-1) + h*k3);
    y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
end

Col = 2;  % Predictor-corrector
Row = 1;
V(Row,Col) = y(1);
for i = 5:length(t)
    fn0 = afn(t(i-1),y(i-1));   % f n
    fn1 = afn(t(i-2),y(i-2));   % f n-1
    fn2 = afn(t(i-3),y(i-3));   % f n-2
    fn3 = afn(t(i-4),y(i-4));   % f n-3
    % Adams-Bashforth to get y_n+1
    yn1 = y(i-1) + ...
          (h/24)*(55*fn0 - 59*fn1 + 37*fn2 - 9*fn3);
    k = afn(t(i),yn1);
    % y_n+1 now explicitly calculated/corrected
    y(i) = y(i-1) + ...
           (h/24)*(9*k + 19*fn0 - 5*fn1 + fn2);
    % display results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end

syms k  % needed for vpasolve to get implicit value

Col = 3;  % Adams-Moulton
Row = 1;
V(Row,Col) = y(1);
for i = 5:length(t)
    fn0 = afn(t(i-1),y(i-1));   % f n
    fn1 = afn(t(i-2),y(i-2));   % f n-1
    fn2 = afn(t(i-3),y(i-3));   % f n-2
    eqn = k == y(i-1) + ...
               (h/24)*(9*afn(t(i),k) + 19*fn0 - 5*fn1 + fn2);
    % guess 400*h as an interval to look for next y
    range = [y(i-1) - 200*h, y(i-1) + 200*h];
    y(i) = vpasolve(eqn,k,range);  % solve implicit equation
    % display results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end

Col = 4;  % Backward-differentiation
Row = 1;
V(Row,Col) = y(1);
for i = 5:length(t)
    % use initial seeds of y from R-K to get y(5), y(6)
    eqn = k == (1/25)*(48*y(i-1) - 36*y(i-2) + 16*y(i-3) ...
                       - 3*y(i-4) + 12*h*afn(t(i),k));
    % guess 400*h as an interval to look for next y
    range = [y(i-1) - 200*h, y(i-1) + 200*h];
    y(i) = vpasolve(eqn,k,range);  % solve implicit equation
    % display results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Predictor_corrector', ...
                                   'Adams_Moulton', ...
                                   'Bkward_Differentiation'}



clear
% Change afn = @(t,y) f(t,y), y(0)

y0 = 2;
% afn = dy/dt = f(t,y)
afn = @(t,y) 5*t - 3*sqrt(y);
h = 0.05;
% table display times
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
NumRows = length(TableTimes);
%initialize table array, 4 columns: 
%   time + pre-corr + Adam-M + BkDiff
V = zeros(NumRows, 4);

% Populate table times (Col = 1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

% times to compute the y values
t = TableTimes(1):h:TableTimes(end);
y = zeros(length(t),1);  % pre-allocate memory

% get initial y values frm Runge-Kutta
y(1) = y0;   % MATLAB not zero based
h2 = h/2;    % shorten calcs below
for i = 2:4  % t = 0.05, 0.10, 0.15
    k1 = afn(t(i-1), y(i-1));
    k2 = afn(t(i-1) + h2, y(i-1) + h2*k1);
    k3 = afn(t(i-1) + h2, y(i-1) + h2*k2);
    k4 = afn(t(i-1) + h, y(i-1) + h*k3);
    y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
end

Col = 2;  % Predictor-corrector
Row = 1;
V(Row,Col) = y(1);
for i = 5:length(t)
    fn0 = afn(t(i-1),y(i-1));   % f n
    fn1 = afn(t(i-2),y(i-2));   % f n-1
    fn2 = afn(t(i-3),y(i-3));   % f n-2
    fn3 = afn(t(i-4),y(i-4));   % f n-3
    % Adams-Bashforth to get y_n+1
    yn1 = y(i-1) + ...
        (h/24)*(55*fn0 - 59*fn1 + 37*fn2 - 9*fn3);
    k = afn(t(i),yn1);
    % y_n+1 now explicitly calculated/corrected
    y(i) = y(i-1) + ...
           (h/24)*(9*k + 19*fn0 - 5*fn1 + fn2);
    % display results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end

syms k  % needed for vpasolve to get implicit value

Col = 3;  % Adams-Moulton
Row = 1;
V(Row,Col) = y(1);
for i = 5:length(t)
    fn0 = afn(t(i-1),y(i-1));   % f n
    fn1 = afn(t(i-2),y(i-2));   % f n-1
    fn2 = afn(t(i-3),y(i-3));   % f n-2
    eqn = k == y(i-1) + ...
               (h/24)*(9*afn(t(i),k) + 19*fn0 - 5*fn1 + fn2);
    % guess 400*h as an interval to look for next y
    range = [y(i-1) - 200*h, y(i-1) + 200*h];
    y(i) = vpasolve(eqn,k,range);  % solve implicit equation
    % display results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end

Col = 4;  % Backward-differentiation
Row = 1;
V(Row,Col) = y(1);
for i = 5:length(t)
    % use initial seeds of y from R-K to get y(5), y(6)
    eqn = k == (1/25)*(48*y(i-1) - 36*y(i-2) + 16*y(i-3) ...
                       - 3*y(i-4) + 12*h*afn(t(i),k));
    % guess 400*h as an interval to look for next y
    range = [y(i-1) - 200*h, y(i-1) + 200*h];
    y(i) = vpasolve(eqn,k,range);  % solve implicit equation
    % display results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end

format long
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Predictor_corrector', ...
                                   'Adams_Moulton', ...
                                   'Bkward_Differentiation'}



clear
% Change afn = @(t,y) f(t,y), y(0)

y0 = 3;
% afn = dy/dt = f(t,y)
afn = @(t,y) sqrt(t + y);
h = 0.05;
% table display times
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
NumRows = length(TableTimes);
%initialize table array, 4 columns:
%   time + pre-corr + Adam-M + BkDiff
V = zeros(NumRows, 4);

% Populate table times (Col = 1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

% times to compute the y values
t = TableTimes(1):h:TableTimes(end);
y = zeros(length(t),1);  % pre-allocate memory

% get initial y values frm Runge-Kutta
y(1) = y0;   % MATLAB not zero based
h2 = h/2;    % shorten calcs below
for i = 2:4  % t = 0.05, 0.10, 0.15
    k1 = afn(t(i-1), y(i-1));
    k2 = afn(t(i-1) + h2, y(i-1) + h2*k1);
    k3 = afn(t(i-1) + h2, y(i-1) + h2*k2);
    k4 = afn(t(i-1) + h, y(i-1) + h*k3);
    y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
end

Col = 2;  % Predictor-corrector
Row = 1;
V(Row,Col) = y(1);
for i = 5:length(t)
    fn0 = afn(t(i-1),y(i-1));   % f n
    fn1 = afn(t(i-2),y(i-2));   % f n-1
    fn2 = afn(t(i-3),y(i-3));   % f n-2
    fn3 = afn(t(i-4),y(i-4));   % f n-3
    % Adams-Bashforth to get y_n+1
    yn1 = y(i-1) + ...
        (h/24)*(55*fn0 - 59*fn1 + 37*fn2 - 9*fn3);
    k = afn(t(i),yn1);
    % y_n+1 now explicitly calculated/corrected
    y(i) = y(i-1) + ...
           (h/24)*(9*k + 19*fn0 - 5*fn1 + fn2);
    % display results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end

syms k  % needed for vpasolve to get implicit value

Col = 3;  % Adams-Moulton
Row = 1;
V(Row,Col) = y(1);
for i = 5:length(t)
    fn0 = afn(t(i-1),y(i-1));   % f n
    fn1 = afn(t(i-2),y(i-2));   % f n-1
    fn2 = afn(t(i-3),y(i-3));   % f n-2
    eqn = k == y(i-1) + ...
               (h/24)*(9*afn(t(i),k) + 19*fn0 - 5*fn1 + fn2);
    % guess 400*h as an interval to look for next y
    range = [y(i-1) - 200*h, y(i-1) + 200*h];
    y(i) = vpasolve(eqn,k,range);  % solve implicit equation
    % display results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end

Col = 4;  % Backward-differentiation
Row = 1;
V(Row,Col) = y(1);
for i = 5:length(t)
    % use initial seeds of y from R-K to get y(5), y(6)
    eqn = k == (1/25)*(48*y(i-1) - 36*y(i-2) + 16*y(i-3) ...
                       - 3*y(i-4) + 12*h*afn(t(i),k));
    % guess 400*h as an interval to look for next y
    range = [y(i-1) - 200*h, y(i-1) + 200*h];
    y(i) = vpasolve(eqn,k,range);  % solve implicit equation
    % display results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end

format long
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Predictor_corrector', ...
                                   'Adams_Moulton', ...
                                   'Bkward_Differentiation'}



clear
% Change afn = @(t,y) f(t,y), y(0)

y0 = 1;
% afn = dy/dt = f(t,y)
afn = @(t,y) 2*t + exp(-t*y);

h = 0.05;
% table display times
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
NumRows = length(TableTimes);
%initialize table array, 4 columns:
%   time + pre-corr + Adam-M + BkDiff
V = zeros(NumRows, 4);

% Populate table times (Col = 1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

% times to compute the y values
t = TableTimes(1):h:TableTimes(end);
y = zeros(length(t),1);  % pre-allocate memory

% get initial y values frm Runge-Kutta
y(1) = y0;   % MATLAB not zero based
h2 = h/2;    % shorten calcs below
for i = 2:4  % t = 0.05, 0.10, 0.15
    k1 = afn(t(i-1), y(i-1));
    k2 = afn(t(i-1) + h2, y(i-1) + h2*k1);
    k3 = afn(t(i-1) + h2, y(i-1) + h2*k2);
    k4 = afn(t(i-1) + h, y(i-1) + h*k3);
    y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
end

Col = 2;  % Predictor-corrector
Row = 1;
V(Row,Col) = y(1);
for i = 5:length(t)
    fn0 = afn(t(i-1),y(i-1));   % f n
    fn1 = afn(t(i-2),y(i-2));   % f n-1
    fn2 = afn(t(i-3),y(i-3));   % f n-2
    fn3 = afn(t(i-4),y(i-4));   % f n-3
    % Adams-Bashforth to get y_n+1
    yn1 = y(i-1) + ...
        (h/24)*(55*fn0 - 59*fn1 + 37*fn2 - 9*fn3);
    k = afn(t(i),yn1);
    % y_n+1 now explicitly calculated/corrected
    y(i) = y(i-1) + ...
           (h/24)*(9*k + 19*fn0 - 5*fn1 + fn2);
    % display results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end

syms k  % needed for vpasolve to get implicit value

Col = 3;  % Adams-Moulton
Row = 1;
V(Row,Col) = y(1);
for i = 5:length(t)
    fn0 = afn(t(i-1),y(i-1));   % f n
    fn1 = afn(t(i-2),y(i-2));   % f n-1
    fn2 = afn(t(i-3),y(i-3));   % f n-2
    eqn = k == y(i-1) + ...
               (h/24)*(9*afn(t(i),k) + 19*fn0 - 5*fn1 + fn2);
    % guess 400*h as an interval to look for next y
    range = [y(i-1) - 200*h, y(i-1) + 200*h];
    y(i) = vpasolve(eqn,k,range);  % solve implicit equation
    % display results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end

Col = 4;  % Backward-differentiation
Row = 1;
V(Row,Col) = y(1);
for i = 5:length(t)
    % use initial seeds of y from R-K to get y(5), y(6)
    eqn = k == (1/25)*(48*y(i-1) - 36*y(i-2) + 16*y(i-3) ...
                       - 3*y(i-4) + 12*h*afn(t(i),k));
    % guess 400*h as an interval to look for next y
    range = [y(i-1) - 200*h, y(i-1) + 200*h];
    y(i) = vpasolve(eqn,k,range);  % solve implicit equation
    % display results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end

format long
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Predictor_corrector', ...
                                   'Adams_Moulton', ...
                                   'Bkward_Differentiation'}



clear
% Change afn = @(t,y) f(t,y), y(0)

y0 = 0.5;
% afn = dy/dt = f(t,y)
afn = @(t,y) (y^2 + 2*t*y)/(3 + t^2);

h = 0.05;
% table display times
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
NumRows = length(TableTimes);
%initialize table array, 4 columns:
%   time + pre-corr + Adam-M + BkDiff
V = zeros(NumRows, 4);

% Populate table times (Col = 1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

% times to compute the y values
t = TableTimes(1):h:TableTimes(end);
y = zeros(length(t),1);  % pre-allocate memory

% get initial y values frm Runge-Kutta
y(1) = y0;   % MATLAB not zero based
h2 = h/2;    % shorten calcs below
for i = 2:4  % t = 0.05, 0.10, 0.15
    k1 = afn(t(i-1), y(i-1));
    k2 = afn(t(i-1) + h2, y(i-1) + h2*k1);
    k3 = afn(t(i-1) + h2, y(i-1) + h2*k2);
    k4 = afn(t(i-1) + h, y(i-1) + h*k3);
    y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
end

Col = 2;  % Predictor-corrector
Row = 1;
V(Row,Col) = y(1);
for i = 5:length(t)
    fn0 = afn(t(i-1),y(i-1));   % f n
    fn1 = afn(t(i-2),y(i-2));   % f n-1
    fn2 = afn(t(i-3),y(i-3));   % f n-2
    fn3 = afn(t(i-4),y(i-4));   % f n-3
    % Adams-Bashforth to get y_n+1
    yn1 = y(i-1) + ...
        (h/24)*(55*fn0 - 59*fn1 + 37*fn2 - 9*fn3);
    k = afn(t(i),yn1);
    % y_n+1 now explicitly calculated/corrected
    y(i) = y(i-1) + ...
           (h/24)*(9*k + 19*fn0 - 5*fn1 + fn2);
    % display results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end

syms k  % needed for vpasolve to get implicit value

Col = 3;  % Adams-Moulton
Row = 1;
V(Row,Col) = y(1);
for i = 5:length(t)
    fn0 = afn(t(i-1),y(i-1));   % f n
    fn1 = afn(t(i-2),y(i-2));   % f n-1
    fn2 = afn(t(i-3),y(i-3));   % f n-2
    eqn = k == y(i-1) + ...
               (h/24)*(9*afn(t(i),k) + 19*fn0 - 5*fn1 + fn2);
    % guess 400*h as an interval to look for next y
    range = [y(i-1) - 200*h, y(i-1) + 200*h];
    y(i) = vpasolve(eqn,k,range);  % solve implicit equation
    % display results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end

Col = 4;  % Backward-differentiation
Row = 1;
V(Row,Col) = y(1);
for i = 5:length(t)
    % use initial seeds of y from R-K to get y(5), y(6)
    eqn = k == (1/25)*(48*y(i-1) - 36*y(i-2) + 16*y(i-3) ...
                       - 3*y(i-4) + 12*h*afn(t(i),k));
    % guess 400*h as an interval to look for next y
    range = [y(i-1) - 200*h, y(i-1) + 200*h];
    y(i) = vpasolve(eqn,k,range);  % solve implicit equation
    % display results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = y(i);
    end
end

format long
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Predictor_corrector', ...
                                   'Adams_Moulton', ...
                                   'Bkward_Differentiation'}







clear
syms t tn h fn fn1 fn2
E = [ tn^2,      tn,     1;
     (tn-h)^2,   tn-h,   1;
     (tn-2*h)^2, tn-2*h, 1];
F = [fn; fn1; fn2];
x = E\F  % solve Ex = F
% x holds coefficients of the polynomial
% integrate the polynomial from tn to tn+h
int(x(1)*t^2 + x(2)*t + x(3), t, tn, tn+h)



clear
syms t tn h fp1 fn fn1
E = [(tn+h)^2,   tn+h,   1;
      tn^2,      tn,     1;
     (tn-h)^2,   tn-h,   1];
F = [fp1; fn; fn1];
x = E\F  % solve Ex = F
% x holds coefficients of the polynomial
% integrate the polynomial from tn to tn+h
int(x(1)*t^2 + x(2)*t + x(3), t, tn, tn+h)





clear
syms t tn h yp1 yn yn1 fp1
E = [(tn+h)^2,   tn+h,   1;
      tn^2,      tn,     1;
     (tn-h)^2,   tn-h,   1];
F = [yp1; yn; yn1];
x = E\F  % solve Ex = F
% x holds coefficients of the polynomial
eqn = 2*x(1)*(tn + h) + x(2) == fp1;
solve(eqn, yp1)



8.5 Systems of First-order Equations



clear
% Change fn = @(t,x,y) [f(t,x,y);g(t,x,y)], x(0), y(0)

x0 = 1;
y0 = 0;
% fn = [x' = f(t,x,y), y' = g(t,x,y)]
fn = @(t,x,y) [x + y + t, 4*x - 2*y];

% table display times
TableTimes = [0, 0.2, 0.4, 0.6, 0.8, 1.0];
NumRows = length(TableTimes);
%initialize table array, 7 columns:
%  times plus x,y for Euler, R-K h=0.2, R-K h=0.1
V = zeros(NumRows, 7);

% Populate table times (Col = 1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

% Euler Method
Col = 2;
h = 0.1;
% times to compute the X vector values
t = TableTimes(1):h:TableTimes(end);
X = zeros(length(t),2);  % pre-allocate memory
X(1,:) = [x0,y0];  % X0, MATLAB not zero based
Row = 1;
V(Row,Col:Col+1) = X(1,:);
for i = 2:length(t)
    X(i,:) = X(i-1,:) + h*fn(t(i-1),X(i-1,1),X(i-1,2));
    % display results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = X(i,1);
        V(Row,Col+1) = X(i,2);
    end    
end

% Runge-Kutta Method
Col = 4;
StepSizes = [0.2, 0.1];
for h = StepSizes
    % times to compute the X vector values
    t = TableTimes(1):h:TableTimes(end);
    X = zeros(length(t),2);  % pre-allocate memory
    X(1,:) = [x0,y0];  % X0, MATLAB not zero based
    Row = 1;
    V(Row,Col:Col+1) = X(1,:);
    for i = 2:length(t)
        h2 = h/2;    % shorten calcs below
        k1 = fn(t(i-1), X(i-1,1), X(i-1,2));
            z = X(i-1,:) + h2*k1;  % temp holder
        k2 = fn(t(i-1) + h2, z(1), z(2));
            z = X(i-1,:) + h2*k2;
        k3 = fn(t(i-1)+h2, z(1), z(2));
            z = X(i-1,:) + h*k3;
        k4 = fn(t(i-1)+h, z(1), z(2));
        X(i,:) = X(i-1,:) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
        
        % display results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = X(i,1);
            V(Row,Col+1) = X(i,2);
        end
    end
    Col = Col + 2;  % next col for next R-K step size
end

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Euler_h01_x', ...
                                   'Euler_h01_y', ...
                                   'R_K_h02_x', ...
                                   'R_K_h02_y', ...
                                   'R_K_h01_x', ...
                                   'R_K_h01_y'}



clear
% Change fn = @(t,x,y) [f(t,x,y);g(t,x,y)], x(0), y(0)

x0 = 1;
y0 = 1;
% fn = [x' = f(t,x,y), y' = g(t,x,y)]
fn = @(t,x,y) [-t*x - y - 1, x];

% table display times
TableTimes = [0, 0.2, 0.4, 0.6, 0.8, 1.0];
NumRows = length(TableTimes);
%initialize table array, 7 columns:
%  times plus x,y for Euler, R-K h=0.2, R-K h=0.1
V = zeros(NumRows, 7);

% Populate table times (Col = 1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

% Euler Method
Col = 2;
h = 0.1;
% times to compute the X vector values
t = TableTimes(1):h:TableTimes(end);
X = zeros(length(t),2);  % pre-allocate memory
X(1,:) = [x0,y0];  % X0, MATLAB not zero based
Row = 1;
V(Row,Col:Col+1) = X(1,:);
for i = 2:length(t)
    X(i,:) = X(i-1,:) + h*fn(t(i-1),X(i-1,1),X(i-1,2));
    % display results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = X(i,1);
        V(Row,Col+1) = X(i,2);
    end    
end

% Runge-Kutta Method
Col = 4;
StepSizes = [0.2, 0.1];
for h = StepSizes
    % times to compute the X vector values
    t = TableTimes(1):h:TableTimes(end);
    X = zeros(length(t),2);  % pre-allocate memory
    X(1,:) = [x0,y0];  % X0, MATLAB not zero based
    Row = 1;
    V(Row,Col:Col+1) = X(1,:);
    for i = 2:length(t)
        h2 = h/2;    % shorten calcs below
        k1 = fn(t(i-1), X(i-1,1), X(i-1,2));
            z = X(i-1,:) + h2*k1;  % temp holder
        k2 = fn(t(i-1) + h2, z(1), z(2));
            z = X(i-1,:) + h2*k2;
        k3 = fn(t(i-1)+h2, z(1), z(2));
            z = X(i-1,:) + h*k3;
        k4 = fn(t(i-1)+h, z(1), z(2));
        X(i,:) = X(i-1,:) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
        
        % display results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = X(i,1);
            V(Row,Col+1) = X(i,2);
        end
    end
    Col = Col + 2;  % next col for next R-K step size
end

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Euler_h01_x', ...
                                   'Euler_h01_y', ...
                                   'R_K_h02_x', ...
                                   'R_K_h02_y', ...
                                   'R_K_h01_x', ...
                                   'R_K_h01_y'}



clear
% Change fn = @(t,x,y) [f(t,x,y);g(t,x,y)], 
%        x(0), y(0)
x0 = 0;
y0 = 1;
% fn = [x' = f(t,x,y), y' = g(t,x,y)]
fn = @(t,x,y) [x - y + x*y, 3*x - 2*y - x*y];

% table display times
TableTimes = [0, 0.2, 0.4, 0.6, 0.8, 1.0];
NumRows = length(TableTimes);
%initialize table array, 7 columns:
%  times plus x,y for Euler, R-K h=0.2, R-K h=0.1
V = zeros(NumRows, 7);

% Populate table times (Col = 1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

% Euler Method
Col = 2;
h = 0.1;
% times to compute the X vector values
t = TableTimes(1):h:TableTimes(end);
X = zeros(length(t),2);  % pre-allocate memory
X(1,:) = [x0,y0];  % X0, MATLAB not zero based
Row = 1;
V(Row,Col:Col+1) = X(1,:);
for i = 2:length(t)
    X(i,:) = X(i-1,:) + ...
             h*fn(t(i-1),X(i-1,1),X(i-1,2));
    % display results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = X(i,1);
        V(Row,Col+1) = X(i,2);
    end    
end

% Runge-Kutta Method
Col = 4;
StepSizes = [0.2, 0.1];
for h = StepSizes
    % times to compute the X vector values
    t = TableTimes(1):h:TableTimes(end);
    X = zeros(length(t),2);  % pre-allocate memory
    X(1,:) = [x0,y0];  % X0, MATLAB not zero based
    Row = 1;
    V(Row,Col:Col+1) = X(1,:);
    for i = 2:length(t)
        h2 = h/2;    % shorten calcs below
        k1 = fn(t(i-1), X(i-1,1), X(i-1,2));
            z = X(i-1,:) + h2*k1;  % temp holder
        k2 = fn(t(i-1) + h2, z(1), z(2));
            z = X(i-1,:) + h2*k2;
        k3 = fn(t(i-1)+h2, z(1), z(2));
            z = X(i-1,:) + h*k3;
        k4 = fn(t(i-1)+h, z(1), z(2));
        X(i,:) = X(i-1,:) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
        
        % display results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = X(i,1);
            V(Row,Col+1) = X(i,2);
        end
    end
    Col = Col + 2;  % next col for next R-K step size
end

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Euler_h01_x', ...
                                   'Euler_h01_y', ...
                                   'R_K_h02_x', ...
                                   'R_K_h02_y', ...
                                   'R_K_h01_x', ...
                                   'R_K_h01_y'}



clear
% Change fn = @(t,x,y) [f(t,x,y);g(t,x,y)], 
%        x(0), y(0)
x0 = 4;
y0 = 1;
% fn = [x' = f(t,x,y), y' = g(t,x,y)]
fn = @(t,x,y) [x*(1 - 0.5*x - 0.5*y), ...
               y*(-0.25 + 0.5*x)];

% table display times
TableTimes = [0, 0.2, 0.4, 0.6, 0.8, 1.0];
NumRows = length(TableTimes);
%initialize table array, 7 columns:
%  times, x,y for Euler, R-K h=0.2, R-K h=0.1
V = zeros(NumRows, 7);

% Populate table times (Col = 1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

% Euler Method
Col = 2;
h = 0.1;
% times to compute the X vector values
t = TableTimes(1):h:TableTimes(end);
X = zeros(length(t),2);  % pre-allocate memory
X(1,:) = [x0,y0];  % X0, MATLAB not zero based
Row = 1;
V(Row,Col:Col+1) = X(1,:);
for i = 2:length(t)
    X(i,:) = X(i-1,:) + ...
             h*fn(t(i-1),X(i-1,1),X(i-1,2));
    % display results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = X(i,1);
        V(Row,Col+1) = X(i,2);
    end    
end

% Runge-Kutta Method
Col = 4;
StepSizes = [0.2, 0.1];
for h = StepSizes
    % times to compute the X vector values
    t = TableTimes(1):h:TableTimes(end);
    X = zeros(length(t),2);  % pre-allocate memory
    X(1,:) = [x0,y0];  % X0, MATLAB not zero based
    Row = 1;
    V(Row,Col:Col+1) = X(1,:);
    for i = 2:length(t)
        h2 = h/2;    % shorten calcs below
        k1 = fn(t(i-1), X(i-1,1), X(i-1,2));
            z = X(i-1,:) + h2*k1;  % temp holder
        k2 = fn(t(i-1) + h2, z(1), z(2));
            z = X(i-1,:) + h2*k2;
        k3 = fn(t(i-1)+h2, z(1), z(2));
            z = X(i-1,:) + h*k3;
        k4 = fn(t(i-1)+h, z(1), z(2));
        X(i,:) = X(i-1,:) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
        
        % display results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = X(i,1);
            V(Row,Col+1) = X(i,2);
        end
    end
    Col = Col + 2;  % next col for next R-K step size
end

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Euler_h01_x', ...
                                   'Euler_h01_y', ...
                                   'R_K_h02_x', ...
                                   'R_K_h02_y', ...
                                   'R_K_h01_x', ...
                                   'R_K_h01_y'}



clear
% Change fn = @(t,x,y) [f(t,x,y);g(t,x,y)], 
%        x(0), y(0)
x0 = 1;
y0 = 2;
% fn = [x' = f(t,x,y), y' = g(t,x,y)]
fn = @(t,x,y) [exp(-x + y) - cos(x), ...
               sin(x - 3*y)];

% table display times
TableTimes = [0, 0.2, 0.4, 0.6, 0.8, 1.0];
NumRows = length(TableTimes);
%initialize table array, 7 columns:
%  times, x,y for Euler, R-K h=0.2, R-K h=0.1
V = zeros(NumRows, 7);

% Populate table times (Col = 1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

% Euler Method
Col = 2;
h = 0.1;
% times to compute the X vector values
t = TableTimes(1):h:TableTimes(end);
X = zeros(length(t),2);  % pre-allocate memory
X(1,:) = [x0,y0];  % X0, MATLAB not zero based
Row = 1;
V(Row,Col:Col+1) = X(1,:);
for i = 2:length(t)
    X(i,:) = X(i-1,:) + ...
             h*fn(t(i-1),X(i-1,1),X(i-1,2));
    % display results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = X(i,1);
        V(Row,Col+1) = X(i,2);
    end    
end

% Runge-Kutta Method
Col = 4;
StepSizes = [0.2, 0.1];
for h = StepSizes
    % times to compute the X vector values
    t = TableTimes(1):h:TableTimes(end);
    X = zeros(length(t),2);  % pre-allocate memory
    X(1,:) = [x0,y0];  % X0, MATLAB not zero based
    Row = 1;
    V(Row,Col:Col+1) = X(1,:);
    for i = 2:length(t)
        h2 = h/2;    % shorten calcs below
        k1 = fn(t(i-1), X(i-1,1), X(i-1,2));
            z = X(i-1,:) + h2*k1;  % temp holder
        k2 = fn(t(i-1) + h2, z(1), z(2));
            z = X(i-1,:) + h2*k2;
        k3 = fn(t(i-1)+h2, z(1), z(2));
            z = X(i-1,:) + h*k3;
        k4 = fn(t(i-1)+h, z(1), z(2));
        X(i,:) = X(i-1,:) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
        
        % display results only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = X(i,1);
            V(Row,Col+1) = X(i,2);
        end
    end
    Col = Col + 2;  % next col for next R-K step size
end

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Euler_h01_x', ...
                                   'Euler_h01_y', ...
                                   'R_K_h02_x', ...
                                   'R_K_h02_y', ...
                                   'R_K_h01_x', ...
                                   'R_K_h01_y'}



For comparison, MATLAB code using "sprintf" is used, allowing control over decimal precision
(5 digits after the decimal is used here) and table headers, unavailable with "array2table".  The code is 
the same as above, and is deleted, except for the code displaying the tables.  The code shows the use of 
the \n (for new line) and \t (for tab) to align the column output.

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Euler_h01_x', ...
                                   'Euler_h01_y', ...
                                   'R_K_h02_x', ...
                                   'R_K_h02_y', ...
                                   'R_K_h01_x', ...
                                   'R_K_h01_y'}

Header1 = 'time\tEuler h=0.1\tEuler h=0.1\tR-K h=0.2\tR-K h=0.2\tR-K h=0.1\tR-K h=0.1 \n';
Header2 = '\t\t     x \t\t     y\t\t     x \t\t     y\t\t     x \t\t     y \n';
stHeader = strcat(Header1,Header2);
stFormatSpec = '%.2f\t %.5f\t %.5f\t %.5f\t %.5f\t %.5f\t %.5f\n';
stV = sprintf(stFormatSpec, V(1,:), V(2,:), V(3,:), V(4,:), V(5,:), V(6,:));
s = strcat(stHeader,stV);
sprintf(s)





clear
% Change fn = @(t,x,y) [f(t,x,y);g(t,x,y)], 
%        x(0), y(0)
x0 = 1;
y0 = 0;
% fn = [x' = f(t,x,y), y' = g(t,x,y)]
fn = @(t,x,y) [x - 4*y, -x + y];

format
xDiff = 1;  % initialize for while loop
yDiff = 1;
xLast = x0;
yLast = y0;
h = 0.2;
while (xDiff >= 0.001) && (yDiff >= 0.0001)
    % times to compute the X vector values
    t = 0:h:1;
    X = zeros(length(t),2);  % pre-allocate memory
    X(1,:) = [x0,y0];  % X0, MATLAB not zero based

    % Runge-Kutta Method
    for i = 2:length(t)
        h2 = h/2;    % shorten calcs below
        k1 = fn(t(i-1), X(i-1,1), X(i-1,2));
            z = X(i-1,:) + h2*k1;  % temp holder
        k2 = fn(t(i-1) + h2, z(1), z(2));
            z = X(i-1,:) + h2*k2;
        k3 = fn(t(i-1)+h2, z(1), z(2));
            z = X(i-1,:) + h*k3;
        k4 = fn(t(i-1)+h, z(1), z(2));
        X(i,:) = X(i-1,:) + h*(k1 + 2*k2 + 2*k3 + k4)/6;       
    end
    
    % compare current h results with last h value
    xDiff = abs(X(end,1) - xLast);
    yDiff = abs(X(end,2) - yLast);
    
    % get ready for next while loop if needed
    h  % display current step size and values
    xLast = round(X(end,1),6,'significant')
    yLast = round(X(end,2),6,"significant")
    h = h/2;  % for next while loop
end
x = round(xLast, 5, 'significant')
y = round(yLast, 5, 'significant')





clear
% Change fn = @(t,x,y) [f(t,x,y);g(t,x,y)], 
%        x(0), y(0)
x0 = 1;
y0 = 2;
% fn = [x' = f(t,x,y), y' = g(t,x,y)]
fn = @(t,x,y) [y, t - t^2*y - 3*x];

% table display times
TableTimes = [0, 0.5, 1.0];
NumRows = length(TableTimes);
%initialize table array, 3 columns:
%  times, x,y for R-K h=0.1
V = zeros(NumRows, 3);

% Populate table times (Col = 1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

% Runge-Kutta Method
h = 0.1;
Col = 2;
% times to compute the X vector values
t = TableTimes(1):h:TableTimes(end);
X = zeros(length(t),2);  % pre-allocate memory
X(1,:) = [x0,y0];  % X0, MATLAB not zero based
Row = 1;
V(Row,Col:Col+1) = X(1,:);
for i = 2:length(t)
    h2 = h/2;    % shorten calcs below
    k1 = fn(t(i-1), X(i-1,1), X(i-1,2));
    z = X(i-1,:) + h2*k1;  % temp holder
    k2 = fn(t(i-1) + h2, z(1), z(2));
    z = X(i-1,:) + h2*k2;
    k3 = fn(t(i-1)+h2, z(1), z(2));
    z = X(i-1,:) + h*k3;
    k4 = fn(t(i-1)+h, z(1), z(2));
    X(i,:) = X(i-1,:) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
    
    % display results only at specified times
    if abs(t(i) - TableTimes(Row+1)) < 0.00001
        Row = Row + 1;
        V(Row,Col) = X(i,1);
        V(Row,Col+1) = X(i,2);
    end
end

format long
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'R_K_h01_x', ...
                                   'R_K_h01_y'}

Header1 = 'time\tR-K h=0.1\tR-K h=0.1 \n';
Header2 = '\t\t     x \t\t     y \n';
stHeader = strcat(Header1,Header2);
stFormatSpec = '%.2f\t %.5f\t %9.6f\n';
stV = sprintf(stFormatSpec, V(1,:), V(2,:), V(3,:));
s = strcat(stHeader,stV);
sprintf(s)





clear
h = 0.1;
fn = @(x,y) [x - 4*y, -x + y];
x0 = 1;
y0 = 0;
X = zeros(5,2); % x,y values at t = 0, 0.1, 0.2, 0.3, 0.4
X(1,:) = [x0, y0];  % MATLAB not zero based
X(2,:) = [1.12735, -0.111255];  % from exact solution
X(3,:) = [1.32042, -0.250847];
X(4,:) = [1.60021, -0.429696];

% Adams-Bashforth to get [x5,y5]

fn1 = fn(X(1,1), X(1,2));
fn2 = fn(X(2,1), X(2,2));
fn3 = fn(X(3,1), X(3,2));
fn4 = fn(X(4,1), X(4,2));
X(5,:) = X(4,:) + h/24*(55*fn4 - 59*fn3 + 37*fn2 - 9*fn1);

% Adams-Moulton to get corrected X(5,:)

fn5 = fn(X(5,1), X(5,2));
% display all values
X(5,:) = X(4,:) + h/24*(9*fn5 + 19*fn4 - 5*fn3 + fn2)

% just display end value to 6 decimals
x = sprintf('%9.6f', X(5,1))
y = sprintf('%9.6f', X(5,2))



8.6 More on Errors; Stability















clear
% Change afn = @(t,y) f(t,y), y(0)
% afn = dy/dt = f(t,y)
afn = @(t,y) -100*y + 100*t +1;
y0 = 1;

% table display times
TableTimes = [0, 0.05, 0.1];
NumRows = length(TableTimes);
StepSize = [0.005, 0.001, 0.0005, 0.00025, 0.0001];
%initialize table array 
%   # Cols = time + exact + # Euler tries
V = zeros(NumRows, 2 + length(StepSize));

% Populate table times (Col = 1)
for i = 1:NumRows
    t = TableTimes(i);
    V(i,1) = t;
    V(i,2) = exp(-100*t) + t;  % exact solution
end

Col = 2;
for h = StepSize
    % times to compute the y values
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1);  % pre-allocate memory
    Col = Col + 1;  % column for the StepSize
    y(1) = y0;
    Row = 1;
    V(Row,Col) = y(1);
    for i =2:length(t)
        % Euler formula
        y(i) = y(i-1) + h*afn(t(i-1), y(i-1));
        
        % display result only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = y(i);
        end
    end
end

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Exact', ...
                                   'h_005', ...
                                   'h_001', ...
                                   'h_0005', ...
                                   'h_00025', ...
                                   'h_0001'}





clear
% Change afn = @(t,y) f(t,y), y(0)
% afn from solving y(n) = y(n-1) + h*f(t(n+1), y(n+1))
afn = @(h,t,y) (y + 100*h*(t + h) + h)/(1 + 100*h);
y0 = 1;

% table display times
TableTimes = [0, 0.05, 0.1];
NumRows = length(TableTimes);
StepSize = [0.005, 0.001, 0.0005, 0.00025, 0.0001];
%initialize table array 
%   # Cols = time + exact + # Euler tries
V = zeros(NumRows, 2 + length(StepSize));

% Populate table times (Col = 1)
for i = 1:NumRows
    t = TableTimes(i);
    V(i,1) = t;
    V(i,2) = exp(-100*t) + t;  % exact solution
end

Col = 2;
for h = StepSize
    % times to compute the y values
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1);  % pre-allocate memory
    Col = Col + 1;  % column for the StepSize
    y(1) = y0;
    Row = 1;
    V(Row,Col) = y(1);
    for i =2:length(t)
        % Backward Euler formula
        y(i) = afn(h, t(i-1), y(i-1));
        
        % display result only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = y(i);
        end
    end
end

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Exact', ...
                                   'h_005', ...
                                   'h_001', ...
                                   'h_0005', ...
                                   'h_00025', ...
                                   'h_0001'}



clear
% Change afn = @(t,y) f(t,y), y(0)
% afn = dy/dt = f(t,y)
afn = @(t,y) -100*y + 100*t +1;
y0 = 1;

% table display times
TableTimes = [0, 0.05, 0.1];
NumRows = length(TableTimes);
StepSize = [0.010, 0.005, 0.001];
%initialize table array 
%   # Cols = time + exact + # Euler tries
V = zeros(NumRows, 2 + length(StepSize));

% Populate table times (Col = 1)
for i = 1:NumRows
    t = TableTimes(i);
    V(i,1) = t;
    V(i,2) = exp(-100*t) + t;  % exact solution
end

Col = 2;
for h = StepSize
    h2 = h/2;    % shorten calcs below
    % times to compute the y values
    t = TableTimes(1):h:TableTimes(end);
    y = zeros(length(t),1);  % pre-allocate memory
    Col = Col + 1;  % column for the StepSize
    y(1) = y0;
    Row = 1;
    V(Row,Col) = y(1);
    for i =2:length(t)
        % Runge-Kutta method
        h2 = h/2;    % shorten calcs below
        k1 = afn(t(i-1), y(i-1));
        k2 = afn(t(i-1) + h2, y(i-1) + h2*k1);
        k3 = afn(t(i-1) + h2, y(i-1) + h2*k2);
        k4 = afn(t(i-1) + h, y(i-1) + h*k3);
        y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
        
        % display result only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = y(i);
        end
    end
end

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'Exact', ...
                                   'h_010', ...
                                   'h_005', ...
                                   'h_001'}



clear
syms y(t)
eqn = diff(y,t) == -10*y + 2.5*t^2 + 0.5*t;
cond = y(0) == 4;
y = dsolve(eqn,cond)
fplot(y,[0,5])
grid on
xlabel 't', ylabel 'y'
title 'Solution to y'' = -10y + 2.5t^2 + 0.5t'





clear
% Change afn = @(t,y) f(t,y), y(0)
% afn = dy/dt = f(t,y)
afn = @(t,y) -10*y + 2.5*t^2 + 0.5*t;
y0 = 4;

StepSize = [0.1, 0.18, 0.19, 0.20, 0.25];

for h = StepSize    
    % times to compute the y values
    th = 0:h:5;
    NumTimes = length(th);
    
    % create just 9 table row display times
    N = 9;
    % an array of N integer pointers, 
    %  to be used as th(idx())
    idx = floor(linspace(1, length(th), N));
    
    %initialize table array 
    %   # Cols = time + exact + Euler method
    V = zeros(N, 3);
    % Populate table times (Col = 1), 
    % exact solution (Col = 2)
    for Row =1:N
        t = th(idx(Row));  % time for Row
        V(Row,1) = t;
        % exact solution
        V(Row,2) = 4*exp(-10*t) + (t^2)/4;        
    end
    
    y = zeros(NumTimes,1);  % pre-allocate memory
    y(1) = y0;
    for i = 2:NumTimes  % Euler formula
        y(i) = y(i-1) + h*afn(th(i-1), y(i-1));
    end
    % populate table with Euler values in column 3
    for Row = 1:N
        V(Row,3) = y(idx(Row));
    end
    
    % Display table
    st = strcat('h = ', num2str(h));
    T = array2table(V);
    T.Properties.VariableNames = {'t', 'Exact', st}
end



clear
% Change afn = @(t,y) f(t,y), y(0)
% afn = dy/dt = f(t,y)
afn = @(t,y) -10*y + 2.5*t^2 + 0.5*t;
y0 = 4;

StepSize = [0.1, 0.20, 0.25, 0.30, 0.35];
% create just 9 table row display times
N = 9;

for h = StepSize    
    % times to compute the y values
    th = 0:h:5;
    NumTimes = length(th);
    
    % an array of N integer pointers, 
    %  to be used as th(idx())
    idx = floor(linspace(1, length(th), N));
    
    %initialize table array 
    %   # Cols = time + exact + Euler method
    V = zeros(N, 3);
    % Populate table times (Col = 1), 
    % exact solution (Col = 2)
    for Row =1:N
        t = th(idx(Row));  % time for Row
        V(Row,1) = t;
        % exact solution
        V(Row,2) = 4*exp(-10*t) + (t^2)/4;        
    end
    
    % Runge-Kutta method
    y = zeros(NumTimes,1);  % pre-allocate memory
    y(1) = y0;
    h2 = h/2;  % shorten calcs below
    for i = 2:NumTimes
        k1 = afn(th(i-1), y(i-1));
        k2 = afn(th(i-1) + h2, y(i-1) + h2*k1);
        k3 = afn(th(i-1) + h2, y(i-1) + h2*k2);
        k4 = afn(th(i-1) + h, y(i-1) + h*k3);
        y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
    end
    
    % populate table with R-K values in column 3
    for Row = 1:N
        V(Row,3) = y(idx(Row));
    end
    
    % Display table
    st = strcat('R-K h = ', num2str(h));
    T = array2table(V);
    T.Properties.VariableNames = {'t', 'Exact', st}
end











clear
% backward Euler formula for y' = -10y + 2.5t^2 + 0.5t
afn = @(y, k1, k2, k3, d) (y + k1 + k2 + k3)/d;
y0 = 4;  % initial value
phi = 4*exp(-50) + 5.0^2/4  % exact value at t = 5.0
for h = [5/20, 5/19, 5/18, 5/17, 5/16, ...
         5/15, 5/14, 5/13, 5/12, 5/11, 5/10]
    n = round(5/h);    % make an integer step
    y = zeros(n,1);  % pre-allocate memory
    y(1) = y0;
    d = 1 + 10*h;  % divisor in formula
    k1 = 2.5*h^3;
    for i = 2:n
        k2 = (5*(i-1)*h + 0.5)*h^2;
        k3 = (2.5*((i-1)*h)^2 + 0.5*(i-1)*h)*h;
        y(i) = afn(y(i-1), k1, k2, k3, d);
    end
    err = abs(phi - y(n));
    sprintf('n = %2.0f  h = %6.4f  yn = %6.4f  err = %6.4f',n,h,y(n),err)
end



clear
% afn = dy/dt = f(k,t,y)
afn = @(k,t,y) k*y + 1 - k*t;
y0 = 0;    % initial condition
h = 0.01;  % step size
h2 = h/2;  % shorten R-K calcs below
lambda = [1, 10, 20, 50];  % various values

% table display times
TableTimes = [0, 0.2, 0.4, 0.6, 0.8, 1.0];
NumRows = length(TableTimes);

% times to compute the y values
t = TableTimes(1):h:TableTimes(end);
% pre-allocate memory, y holds R-K values
y = zeros(length(t),1);
    
%initialize table array 
%   # Cols = time + # lambda values
V = zeros(NumRows, 1 + length(lambda));

% Populate table times (Col = 1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

% populate rest of table values
Col = 1;   % initialize
y(1) = y0;
for k = lambda
    Col = Col + 1;  % set display col for each k
    Row = 1;
    V(Row,Col) = y(1);
    for i =2:length(t)
        % Runge-Kutta method
        k1 = afn(k, t(i-1), y(i-1));
        k2 = afn(k, t(i-1) + h2, y(i-1) + h2*k1);
        k3 = afn(k, t(i-1) + h2, y(i-1) + h2*k2);
        k4 = afn(k, t(i-1) + h, y(i-1) + h*k3);
        y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
        
        % display result only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = y(i);
        end
    end
end

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'k_1', ...
                                   'k_10', ...
                                   'k_20', ...
                                   'k_50'}









clear
% afn = dy/dt = f(k,t,y)
afn = @(k,t,y) k*y + 2*t - k*t^2;
y0 = 0;    % initial condition
h = 0.01;  % step size
h2 = h/2;  % shorten R-K calcs below
lambda = [1, 10, 20, 50];  % various values

% table display times
TableTimes = [0, 0.2, 0.4, 0.6, 0.8, 1.0];
NumRows = length(TableTimes);

% times to compute the y values
t = TableTimes(1):h:TableTimes(end);
% pre-allocate memory, y holds R-K values
y = zeros(length(t),1);
    
%initialize table array 
%   # Cols = time + # lambda values
V = zeros(NumRows, 1 + length(lambda));

% Populate table times (Col = 1)
for i = 1:NumRows
    V(i,1) = TableTimes(i);
end

% populate rest of table values
Col = 1;   % initialize
y(1) = y0;
for k = lambda
    Col = Col + 1;  % set display col for each k
    Row = 1;
    V(Row,Col) = y(1);
    for i =2:length(t)
        % Runge-Kutta method
        k1 = afn(k, t(i-1), y(i-1));
        k2 = afn(k, t(i-1) + h2, y(i-1) + h2*k1);
        k3 = afn(k, t(i-1) + h2, y(i-1) + h2*k2);
        k4 = afn(k, t(i-1) + h, y(i-1) + h*k3);
        y(i) = y(i-1) + h*(k1 + 2*k2 + 2*k3 + k4)/6;
        
        % display result only at specified times
        if abs(t(i) - TableTimes(Row+1)) < 0.00001
            Row = Row + 1;
            V(Row,Col) = y(i);
        end
    end
end

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {'t', 'k_1', ...
                                   'k_10', ...
                                   'k_20', ...
                                   'k_50'}





clear
syms k t y h
h2 = h/2;
afn = @(k, t, y) k*y + 2*t - k*t^2;
k1 = afn(k, t, y);
k2 = afn(k, t + h2, y + h2*k1);
k3 = afn(k, t + h2, y + h2*k2);
k4 = afn(k, t + h, y + h*k3);
yn = y + h*(k1 + 2*k2 + 2*k3 + k4)/6;
collect(yn,k)
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