8.1 The Euler or Tangent Line Method
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clear;
%Change TableTimes[], StepSizes[]., y(1) the initial value,
% slope=dy/dt, solution, T.Properties.VariableNames
%times to display the y values in the table
TableTimes = [0 0.1 0.2 0.3 0.4 .5 1.0 1.5 2.0];
NumRows = length(TableTimes);
%incremental time values for computing y and y~
StepSizes = [0.01 0.001];
NumSteps = length(StepSizes);
%initialize table array: columns for h + time + exact
V= zeros(NumRows, NumSteps + 2);
V(1,1) = TableTimes(1); %may not always specifty initial value at t=0
for 1 = 1:NumRows %populate exact values for solution in last Col
t = TableTimes(i);
V(i,NumSteps+2) = -3/16 + (1/4)*t + (19/16)*exp(4*t);
end
Col

=1; % initialize column index to array V for below loop
for h =
1

StepSizes %Compute values for each time given step size h
= Col +1;
Row = 1; %start at row 1 for each column
t=TableTimes(1):h:TableTimes(end);
% slope = dy/dt = f(t,y)
slope = O(t,y) 1 - t + 4*y;
% pre-allocate memory for y, T
y = zeros(length(t),1);
T = zeros(length(t),1);
y(1) = 1; %really yO, but MATLAB not zero based
(1) = sltope(t(1l), y(1));
V(Row,Col) = y(1);
for 1 = 2:length(t)
y(1) = y(i-1) + f(i-1)*h; %new estimate of y(t)
(i) = slope(t(i), y(i));
%display table only at specified times
it abs(t(i) - TableTimes(Row+1l)) < 0.00001
Row = Row + 1;
V(Row,1) = t(i);
V(Row,Col) = y(i);
end
end
end
format short
T = array2table(V);
% Tabel the table columms and display the table
T.Properties.VariableNames = {"t", "h 01", "h 001", "Exact"}

t h_01 h_001 Exact
1 0 1 1 1
B 0.1000 1.5953 1.6076 1.6090
3 0.2000 2.4645 2.5011 2.5053
4 0.3000 3.7320 3.8207 3.8301
5 0.4000 56137 57755 57942
6 0.5000 8.3767 8.6771 8.7120
7 1.0000 60.0371 64.3826 64.8978
8 1.5000 426.4082 473.5598 479.2592

9 2.0000| 3.0293e+03| 3.4842e+03| 3.5402e+03
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clear;
%Change TableTimes[], StepSizes[], y(1) the initial value,
% slope=dy/dt, solution, T.Properties.VariableNames
%times to display the y values in the table
TableTimes = [0 0.1 0.2 0.3 0.4 .5 1.0 1.5 2.0];
NumRows = length(TableTimes);
%incremental time values for computing y and y~
StepSizes = [0.01 0.001];
NumSteps = length(StepSizes);
%initialize table array: columns for h + time + exact
V = zeros(NumRows, NumSteps + 2);
V(1,1) = TableTimes(1l); %may not always specify initial value at t=0
for 1 = 1:NumRows %populate exact values for solution in last Col
t = TableTimes(i);
V(i ,NumSteps+2) = -3/16 + (1/4)*t + (19/16)*exp(4*t);
end
Col = 1; % initialize column index to array V for below lToop
for h = StepSizes %Compute values for each time given step size h
Col = Col +1;
Row = 1; Y%start at row 1 for each column
t=TableTimes(1l) -h:TableTimes(end);

%—From—implHicit solution, get-y_next

recip = 1/(1 - 4*h); % decrease number of divisions
impSol = @Ct,y) (y + h*(1 - t))*recip;

% pre-allocate memory for y

y = zeros(length(t),1);

vy = 1; %really yO, but MATLAB not zero based

V(Row,Col) = y(1);
for 1 = 2:length(t)
y(i) = impSol(t(i), y(i-1)); )
%display table only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,1) = t(i);
V(Row,Col) = y(i);
end
end
end
format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {"t°, "h 01", "h 001", "Exact"}
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clear;
%Change TableTimes[], StepSizes[], y(1) the initial value,
% slope=dy/dt, T.Properties.VariableNames

%—times to display the y valuesin the table

TableTimes = [0 0.1 0.2 0.3 0.4];

NumRows = length(TableTimes);

%incremental time values (=h) for computing y and y*

StepSizes = [0.05, 0.025, 0.05, 0.025];

NumSteps = length(StepSizes);

%initialize table array: columns for times + h values

V = zeros(NumRows, 1 + NumSteps);

V(1,1) = TableTimes(1); %may not always specify initial value at t=0

Col = 1; % initialize column index to array V for below loop
for-h—=-StepSizes—%Compute—values—Ffor-eachtime-given-step-size-h
Col = Col +1;
Row = 1; %start at row 1 Ffor each column
t=TableTimes(1):h:TableTimes(end);
% pre-allocate memory for y
y = zeros(length(t),1);
y(1) = 2; % really yO, but MATLAB not zero based

if Col <4 % columns 2, 3 for standard Euler method
% stope = dy/dt = f(t,y)
slope = @(t,y) 5*t - 3*sqrt(y);
% pre-allocate memory for T
T = zeros(length(t),1);
(1) = slope(t(l), y(1));
V(Row,Col) = y(1);
for 1 = 2:length(t)
y(1) = y(i-1) + f(i-1)*h; %new estimate of y(t)
(i) = slope(t(i), y(i);
% display table only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row =Row + 1;
V(Row,1) = t(i);
V(Row,Col) = y(i1);
end
end
else % columns 4, 5 for backward method
V(Row,Col) = y(1);
for 1 2:length(t)
z = y(i-1) + 5*h*t(i);
X (-3*h + sqrt(9*h"2 + 4*z2))/2;
y(i) = x"2;
%—-display—table-onlyat-specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,1) = t(i);
V(Row,Col) = y(i);

end
end
end

end
format short
T = array2table(V);
% label the table columms-and display the table
T.Properties.VariableNames = {"t", "h_05", "h_025", "bk 05", "bk 025"}
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clear;
%Change TableTimes[], StepSizes[], y(1) the initial value,
% slope=dy/dt, T.Properties.VariableNames

% times to display the y values in the table

TableTimes = [0 0.1 0.2 0.3 0.4];

NumRows = length(TableTimes);

%incremental time values (=h) for computing y and y*

StepSizes = [0.05, 0.025, 0.05, 0.025];

NumSteps = length(StepSizes);

winitialize table array: columns for times + h values

V = zeros(NumRows, 1 + NumSteps);

V(1,1) = TableTimes(1l); Y%may not always specify initial value at t=0

Col = 1; % initialize column index to array V for below loop

for h = StepSizes %Compute values for each time given step size h
Col = Col +1;
Row = 1; %start at row 1 for each column
t=TableTimes(1l):h:TableTimes(end);
% pre-allocate memory for y
y = zeros(length(t),1);
y() = 1; % really y0O, but MATLAB not zero based

if Col <4 % columns 2, 3 for standard Euler method
% slope = dy/dt = T(t,y)
slope = @(t,y) 2*y - 3*t;
% pre-allocate memory for f
T = zeros(length(t),1);
(1) = slope(t(1l), y(1));:
V(Row,Col) = y(1);
for 1 = 2:length(t
y(D) =vy@-) + f-D*h; Y%new estimate of y(t)
(i) = sfope(t(i), y(i);
% display table only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,1) = t(i);
V(Row,Col) = y(i);
end
end
else % columns 4, 5 for backward method
V(Row,Col) = y(1);
% from implicit solution, get y next
recip = 1/(1 - 2*h); % decrease number of divisions
impSol = 0(t,y) (y - 3*h*t)*recip;
for i = 2:length(t)
y(i) = impSol (t(i), y(i-1));
% display table only at specified times
if absCt(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,1) = t(i);
V(Row,Col) = y(i);
end
end
end
end
format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {"t", "h 05", "h 025", "bk 05", "bk 025"}
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clear;
%Change TableTimes[], StepSizes[], y(1) the initial value,
% slope=dy/dt, T.Properties.VariableNames

% times to display the y values in the table

TableTimes = [O 0.1 0.2 0.3 0.4];

NumRows = length(TableTimes);

%incremental time values (=h) for computing y and y*

StepSizes = [0.05, 0.025, 0.05, 0.025];

NumSteps = length(StepSizes);

%initialize table array: columns for times + h values

V = zeros(NumRows, 1 + NumSteps);

V(1,1) = TableTimes(1); %may not always specify initial value at t=0

Col = 1; %—initialize column—index toarray V for below toop

for h = StepSizes % Compute values for each time given step size h
Col = Col +1;
Row = 1; %start at row 1 for each column
t=TableTimes(1l):h:TableTimes(end);
% pre-allocate memory for y
y = zeros(length(t),1);
y() = 1; % really y0, but MATLAB not zero based

if Col <4 % columns 2, 3 for standard Euler method
% slope = dy/dt = f(t,y)
slope = @(t,y) 2*t + exp(-t*y);
% pre-allocate memory for T
f = zeros(length(t),1);
f(1) = slope(t(1l), y(1));
V(Row,Col) = y(1);
for 1 = 2:length(t
y(1) = y(@=1) + f(i=1)*h; Y%new estimate of y(t)
(1) = slope(t(i), y(1)); % store latest value
%-display table -only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,1) = t(i);
V(Row,Col) = y(i);
end
end
else % columns 4, 5 for backward method
V(Row,Col) = y(1);
% get y next using vpasolve
syms X
for 1 = 2:lTength(t)
eqn = x == y(i-1) + h*(2*t(i) + exp(-t(i)*x));
y(1) = vpasolve(egn,Xx);
% display table only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,1) =t(i);
V(Row,Col) = y(i);
end
end
end
end
format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {"t", "h_ 05", "h_025", "bk 05", "bk 025"}
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clear;
%Change TableTimes[], StepSizes[], y(1) the-initial value,
% slope=dy/dt, T.Properties.VariableNames

% times to display the y values in the table

TableTimes = [0 0.1 0.2 0.3 0.4];

NumRows = length(TableTimes);

%incremental time values (=h) for computing y and y*©

StepSizes = [0.05, 0.025, 0.05, 0.025];

NumSteps = length(StepSizes);

%initialize table array: columns for times + h values

V= zeros(NumRows, 1 + NumSteps);

V(1,1) = TableTimes(1); %may not always specify initial value at t=0

Col = 1; % initialize column index to array V for below Toop
for h = StepSizes %Compute values for each time given step size h
Col = Col +1;
Row = 1; %start at row 1 for each column
t=TableTimes(1):h:TableTimes(end);
% pre-allocate memory for y
y = zeros(length(t),1);
y(1) = 0.5; % really yO, but MATLAB not zero based

if Col <4 % columns 2, 3 for standard Euler method
% slope = dy/dt = f(t,y)
slope = @(t,y) (Y"2 + 2*t*y)/(3 + t72);
% pre-allocate memory for T
T = zeros(length(t),1);
(1) = slope(t(1l), y(1)):
V(Row,Col) = y(1);
for i1 = 2:length(t)
y(i) = y(i-1) + f(i-1)*h; %new estimate of y(t)
(i) = slope(t(i), y(i)); % store latest value
% display table only at specified times
it abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row; 1) =t(i);
V(Row,Col) = y(i);
end
end
else % columns 4, 5 for backward method
V(Row,Col) = y(1);
% get y_next using roots

for i1 = 2:length(t)
a = h/3+t(1)"2); % specify quadratic coefficients
b = 2*h*t(i)/(B+t(i)™2) - 1;
¢ =y@i-1);

r roots([a b c]);

% choose root closest to y(i-1)

if abs(r(1)-y(i-1)) < abs(r(2)-y(i-1))
y@) = r();

se

y(i) = r(2);
end
% display table only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row =Row + 1;
V(Row,1) = t(i);
V(Row,Col) = y(i);
end

el

end
end
end
format short
T = array2table(V);
% label the table columms and display the table
T-Properties-VariableNames = {*t*, “h 05", “h 025", "bk 05", "bk 025"}
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clear;
%Change TableTimes[], StepSizes[], y(1) the initial value,
% slope=dy/dt, T.Properties.VariableNames

% times to display the y values in the table
TableTimes = [0 0.1 0.2 0.3 0.4];

NumRows = lTength(TableTimes);

%incremental time values (=h) for computing y and y~
StepSizes = [0.05, 0.025, 0.05, 0.025];

NumSteps = length(StepSizes);

winitialize table array: columns for times + h values
V = zeros(NumRows, 1 + NumSteps);

V(1,1) = TableTimes(1l); Y%may not always specifty initial value at t=0

Col = 1; %initialize column index to-array V for below loop
for h = StepSizes %Compute values for each time given step size h

Col = Col +1;

Row = 1; %start at row 1 for each column
t=TableTimes(1l):h:TableTimes(end);

% pre-allocate memory for y

y = zeros(length(t),1);

y(1) = -1; % really y0O, but MATLAB not zero based

if Col <4 % columns 2, 3 for standard Euler method
% slope = dy/dt = f(t,y)
slope = @(t,y) ("2 - y"2)*sin(y):
% pre-allocate memory for F
f = zeros(length(t),1);
(1) = slope(t(1l), y(1));
V(Row,Col) =vy(1);
for 1 = 2:length(t)
y(1) = y(i-1) + f(1-1)*h; %new estimate of y(t)
(1) = slope(t(i), y(i)); % store latest value
% display table only at specified times
it abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,1) = t(i);
V(Row,Col) = y(i);
end
end
else % columns 4, 5 for backward method
V(Row,Col) = y(1);
% get y next using solve
syms X
for 1 = 2:length(t)
egn = X == y(i-1) + h*t(i)2 - x"2)*sin(x);
y(1) = vpasolve(egn,x);
% display table only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,1) = t(i);
V(Row,Col) = y(i);
end
end
end
end
format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {"t", "h_05", "h_025%, bk 057,

“bk_025"}
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clear;
%Change TableTimes[], StepSizes[], y(1) the initial value,
% slope=dy/dt, T.Properties.VariableNames

% times to display the y values in the table

TableTimes = [0, 0.5, 1.0, 1.5, 2.0];

NumRows = lTength(TableTimes);

%incremental time values (=h) for computing y and y~

StepSizes = [0.025, 0.0125, 0.025, 0.0125];

NumSteps = length(StepSizes);

Y%inirtialize table-array:—columns—Ffor—times+-h-values

V = zeros(NumRows, 1 + NumSteps);

V(1,1) = TableTimes(1l); %may not always specify initial value at t=0

Col = 1; % initialize column index to array V for below loop

for h = StepSizes %Compute values for each time given step size h
Col = Col +1;
Row = 1; %start at row 1 for each column
t=TableTimes(1):h:TableTimes(end);
% pre-allocate memory for y
y = zeros(length(t),1);
y(1) = 1; % really yO, but MATLAB not zero based

iT Col <4 % columns 2, 3 for standard Euler method
% slope = dy/dt = f(t,y)
slope = @(t,y) 0.5 = t + 2*y;
% pre-allocate memory for T
f = zeros(length(t),1);
(1) = slope(t(1l), y(1));
V(Row,Col) = y(1);
for 1 = 2:length(t
y() = y(@-=-1) + f(i=-1)*h; %new estimate of y(t)
(i) = sfope(t(i), y(i));
% display table only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,1) = t(i);
V(Row,Col) = y(i);
end
end
else % columns 4, 5 for backward method
V(Row,Col) = y(1);
% from ¥mplicit solution, get y _next
recip = 1/(1 - 2*h); % decrease number of divisions
impSol = @(t,y) (y + 0.5*h = h*t)*recip;
for 1 = 2:length(t)
y(i) = impSol(t(i), y(i-1));
% display table only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,1) = t(i);
V(Row,Col) = y(i);
end
end
end
end
format short
T = array2table(V);
% label the table columms and display the table
T_Properties._VariableNames = {"t", "h_025", "h_0125", "bk 025", "bk 0125"}
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clear;
%Change TableTimes[], StepSizes[], y(1) the initial value,
% slope=dy/dt, T.Properties.VariableNames

% times to display the y values in the table

TableTimes = [0, 0.5, 1.0, 1.5, 2.0];

NumRows = length(TableTimes);

%incremental time values (=h) for computing y and y*

StepSizes = [0.025, 0.0125, 0.025, 0.0125];

NumSteps = length(StepSizes);

%initialize table array: columns for times + h values

V = zeros(NumRows, 1 + NumSteps);

V(1,1) = TableTimes(1l); %may not always specifty initial value at t=0

Col=1; %—initialize column—indextoarray V- for below toop

for h = StepSizes %Compute values for each time given step size h
Col = Col +1;
Row = 1; %start at row 1 for each column
t=TableTimes(1l):h:TableTimes(end);
% pre-allocate memory for y
y = zeros(length(t),1);
y(1) = 2; % really yO, but MATLAB not zero based

if Col <4 % columns 2, 3 for standard Euler method
% slope = dy/dt = F(t,y)
slope = @(t,y) 5*t - 3*sqrt(y);
% pre-allocate memory for F
T = zeros(length(t),1);
(1) = slope(t(l), y(1)):
V(Row,Col) = y(1);
for 1 = 2:length(t)
y(1) = y(@i-1) + F(i-1)*h; Y%new estimate of y(t)
(i) = sfope(t(i), y(i));
% display table only at specified times
it abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,1) = t(i);
V(Row,Col) = y(i);
end
end
else % columns 4, 5 for backward method
V(Row,Col) = y(1);

for 1 = 2:length(t)
z = y(i-1) + 5*h*t(i);
X = (-3*h + sqrt(9*h"2 + 4*z2))/2;

y(1) = x"2;
% display table only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,1) = t(1);
V(Row,Col) = y(i);
end
end
end
end
format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {"t", "h 025", "h 0125°, "bk 025", "bk 01257}
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clear;
%Change TableTimes[], StepSizes[], y(1) the initial value,
% slope=dy/dt, T.Properties.VariableNames

% times to display the y values in the table
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];

NumRows = length(TableTimes);

%incremental time values (=h) for computing y and y*
StepSizes = [0.025, 0.0125, 0.025, 0.0125];

NumSteps = length(StepSizes);

Yinitialize table array: columns for times + h values
V = zeros(NumRows, 1 + NumSteps);

V(1,1) = TableTimes(1l); %may not always specify initial value at t=0

Col = 1; % -initialize column index to array V for below loop

for h = StepSizes %Compute values for each time given step size h

Col = Col +1;
Row = 1; %start at row 1 for each column
t=TableTimes(1):h:TableTimes(end);
% pre-allocate memory for y
y = zeros(length(t),1);
y(1) = 1; % really y0, but MATLAB not zero based
if Col <4 % columns 2, 3 for standard Euler method
% slope = dy/dt = f(t,y)
slope = @(t,y) 2*t + exp(-t*y);
% pre-allocate memory for f
T = zeros(length(t),1);
(1) = slope(t(l), y(1));
V(Row,Col) = y(1);
for 1 = 2:length(t)

y(i) = y@-1D + fG-1D*h;  Y%new estimate of y(t)

(i) = slope(t(i), y(i):
% display table only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,1) = t(i);
V(Row,Col) = y(i);
end
end
else % columns 4, 5 for backward method
V(Row,Col) = y(1);
% get y next using vpasolve
syms X
for 1 = 2:length(t)
egn = x == y(i-1) + h*(2*t(1) + exp(-t(i)*x));
y(i) = vpasolve(egn,x);
% display table only at specified times
if absCt(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,1) = t(i);
V(Row,Col) = y(i);
end
end
end
end
format short
T = array2table(V);
% label the table columms and display the table

T.Properties.VariableNames = {"t", "h 025", "h_0125", "bk 025"

. "bk_0125"}



ﬁY‘WafJ foer/a? ym“ = ym 1 Zw [q—j"l Yn}

/?q(/(/bt/&rd /[Or’ku/o( : \//’17‘/: \/n + /\ [4' fm, ZHI]
Ft Yo
/\/0 §:'W)/é (7(///2;:% ffarmu/c, 7(0y >/m/, é/gc

MATLARS numerical l//MzSo/z/f fo solvc.

Since the tguadion for . ooks cudic, There
Wiay Le 3 voa/ soldions ov [ real and 2 cam//zx
solutions. Use 74he range option for (//ww/ﬂc 7o
reduym on// real valies closc 1o V10 The

r'{(ra}//V(/)/'O(@s § rcasozxmg/( S/’/)(( A /rS ilfmw//,

T =

h_025 h_0125 bk_025 bk_0125

0 -2.0000 -2.0000 -2.0000 -2.0000 /MﬂTZA /3

0.5000 -1.4587 -1.4532 -1.4360 -1.4419 (, y/ N YL
1.0000 -0.2175 -0.1808 -0.0682 -0.1057 oA€ ex

(L] N (X} [X} -

1.5000 1.0572 1.0590 1.0649 1.0629 / q j e .
2.0000 1.4149 1.4124 1.4058 1.4079



clear;
%Change TableTimes[], StepSizes[], y(1) the initial value,
% slope=dy/dt, T.Properties.VariableNames

% times to display the y values in the table
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];

NumRows = length(TableTimes);

%incremental time values (=h) for computing y and y~
StepSizes = [0-025, 0.0125, 0.025, 0-.0125];

NumSteps = length(StepSizes);

%initialize table array: columns for times + -h values
V = zeros(NumRows, 1 + NumSteps);

V(1,1) = TableTimes(1); %may not always specify initial value at t=0

Col = 1; % initialize column index to array V for below loop

for h = StepSizes %Compute values for each time given step size h

Col = Col +1;

Row = 1; %start at row 1 for each column
t=TableTimes(1l):h:TableTimes(end);

% pre-allocate memory for y

y = zeros(length(t),1);

y(1) = -2; % really yO, but MATLAB not zero based

if Col <4 9% columns 2, 3 for standard Euler method
% slope = dy/dt = T(t,y)
slope = @(t,y) (4 - t*y)/(1 + y"2);
% pre-allocate memory for f
T = zeros(length(t),1);
(1) = slope(t(1l), y(1)):
V(Row,Col) = y(1);
for 1 = 2:length(t)
y(i) = y(i-1) + f(i-1)*h; %new estimate of y(t)
(i) = sfope(t(i), y(i);
% display table only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,1) = t(i);
V(Row,Col) = y(i);
end
end
else % columns 4, 5 for backward method
V(Row,Col) = y(1);
% get y_next using vpasolve
syms X
for i1 = 2:length(t)
egn = x == y(i-1) + h*(4 - t(i)*)/(1 + x"2);
% guess-10*h-as an interval to look for next y
range = [y(i-1) - 5*h, y(i-1) + 5*h];
y(i) = vpasolve(egn,Xx,range);
% display table only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,1) = t(i);
V(Row,Col) = y(i);
end
end
end
end
format short
T = array2table(V);
% label the table columms and display the table
T-Properties.VartableNames = {"t*, “h_025", “h 0125, “bk 025",

"bk 0125"}
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clear;

%Change TableTimes[], StepSizes[], y(1) the initial value,
% slope=dy/dt, T.Properties.VariableNames

% times to display the y values in the table

TableTimes =

[0, 0.5, 1.0, 1.5, 2.0];

NumRows = length(TableTimes);

%incremental
StepSizes =

time values (=h) for computing y and y*
[0.025, 0.0125, 0.025, 0.0125];

NumSteps = length(StepSizes);
%initialize table array: columns for times + h values
V = zeros(NumRows, 1 + NumSteps);

V(1,1) = TableTimes(1);

Col = 1; % initialize column index to array V for below loop

for h = StepSizes

Col = Col +1;

Row = 1;

%start at row 1 for each column

t=TableTimes(1):h:TableTimes(end);

%—pre-al

locate—memory—For—y

y = zeros(length(t),1);

y(@) =0

-5; % really yO, but MATLAB not zero based

if Col <4 % columns 2, 3 for standard Euler method
%—stope—=—dy/dt—=—FCE;y)
slope = @(t,y) (Y*2 + 2*t*y)/(3 + t"2);
% pre-allocate memory for f

¥ =

zeros(length(t),1);

F(1) = slope(t(1), y(1));
V(Row,Col) = y(1);

for

end
else

i = 2:length(t)
y() = y(@i-1) + f(i-1)*h; %new estimate of y(t)
T(i) = slope(t(®), y(i));
% display table only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0-00001
Row = Row + 1;
V(Row,1) = t(i);
V(Row,Col) = y(i);
end

% columns 4, 5 for backward method

V(Row,Col) = y(1);
% get y next using vpasolve

syms X
for 1 = 2:length(t)
a = h/@@+t(i)"2); % specify quadratic coefficients
b = 2*h*t(i)/(3+t(i)"2) - 1;
c = y(i-1);
egn = a*x"2 + b*x + ¢ == 0;

end
end
end

%—guess—10*h—asan—interval—to lookfor nexty
range = [y(i-1) - 5*h, y(i-1) + 5*h];
y(i) = vpasolve(eqgn,Xx,range);
% display table only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row ="Row + 1;
V(Row,1) = t(i);
V(Row,Col) = y(i);
end

format short
T = array2table(V);

% label the

table columms and display the table

T-Properties.VariableNames = {"t", "h_025", "h_0125%, "bk_ 025",

%may not always specify initial value at t=0

%Compute values for each time given step size h

*bk_0125"}
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clear;
%Change TableTimes[], y(1) the initial value,

%
%
% t
Tab

eulert, taylorf, exact solution,
T.Properties._VariableNames
imes to display the y values in the table
leTimes = [0, 0.1, 0.2];

NumRows = length(TableTimes);

% 1
V =

nitialize table array: 4 columns for time + Euler + Taylor + exact
zeros(NumRows,4) ;

% populate times (Col=1), exact values for solution (Col=4)

for

end

h =

i = 1:NumRows

t = TableTimes(i);

V(i,1) t;

V(i,4) =3716 + (1/74)*t + (19716)*exp(4*t);

0.1; %Compute values for time step size h

t=TableTimes(1):h:TableTimes(end);

% e

ulerf = y(t) + h*f

eulerf = @(t,y) v + (1-t+4*y)*h;

% t

aylorf = y(t) + hy"(t) + (h"2/2)y"(t)

taylorf = @(t,y) y + (1-t+4*y)*h + (3-4*t+16*y)*h"2/2;

% p
ye
vyt

re-allocate memory for ye for Euler, yt for Taylor
= zeros(length(t),1);
= zeros(length(t),1);

Row = 1; %start at row 1 for each column

ye(
yt(
V(R
V(R

1) = 1; %really y0O, but MATLAB not zero based
1) 1; %really y0O, but MATLAB not zero based
ow,2) = ye(l);
ow,3) = yt(1);

for 1 = 2:length(t)

ye(i) = eulerf(t(i-1),ye(i-1)); % new estimate of ye(t)
yt(i) = taylorf(t(i-1),yt(i-1)); % new estimate of yt(t)
Row = Row +1;

V(Row,2) = ye(i);
V(Row,3) = yt(i);
end
format short
T = array2table(V);

% 1

abel the table columms and display the table

T.Properties.VariableNames = {"t", “Euler h 01", "Taylor h 01", "Exact"}
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clear;

%Change TableTimes[], y(1) the initial value,
% eulerf, taylorf, exact solution,

% T.Properties.VariableNames

% times to display the y values in the table
TableTimes = [0, 0.2, 0.4, 0.6];

NumRows = length(TableTimes);

% initialize table array: 2 columns for time + Euler

V = zeros(NumRows,?2);

h=0.2; %Compute values for time step size h
t=TableTimes(1l):h:TableTimes(end);

% eulerf = y(t) + h*f

eulerf = Q@Ct,y) y + h*cos(6*pi*t);

% pre-allocate memory for y used for computations
y-= zeros(length(t),1);

Row =1 %start at row 1 for each column

y(l) =1 %really y0O, but MATLAB not zero based
V(Row,1) = t(1);

V(Row,2) = y(1);

for 1 = 2:length(t)

y(1) = eulerf(t(i-1),y(i-1));

Row = Row + 1;

V(Row,1) = t(1);

V(Row,2) = y(i);
end

format short

T = array2table(V);

%—tabel—the table columms—and display the table
T.Properties.VariableNames = {"t", “Euler_h 02"}

(¢)

El#)= | ¢ m(@w)

% new estimate of ye(t)

y = 1 + 1/(5*pi)*sin(5*pi*t)

Mmg MATL 4/3

clear |
t = 0:0.01:1; ’

y =1+ (17(5*pi))*sin(5*pi*t); /
plot(t,y)
grid on
xlabel "t", ylabel "y~ = A
title "y = 1 + 1/(5*pi)*sin(G*pi*t) "

0.2

0.4 0.6 0.8
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y = 1 + 1/(5*pi)*sin(5*pi*t)
clear FaA
t = 0:0.01:1; AR /

115 + \ 2

y =1 + (@/7G*pi)))*sin(G*pi*t); ; \ ;

\

plot(t,y) 2 /
grid on 14— \ i

xlabel “t°, ylabel "y-

title "y =1 + 1/(5*pi)*sin(5*pi*t) " el /\ - /\ ]
t = [0, 0.2, 0.4, 0.6]; \ \\\ / \\
% values from (@) i \ K /

y = [1.0, 1.2, 1.0, 1.2]; /
hold on o5 \ /
plot(t,y, "--r") )

0.9

clear;

. %Change TableTimes[], y(1) the initial value,
(/5‘//, MA 7[#/? eulerf, taylorf, exact solution,
f& )% T-Properties.VariableNames
% times to display the y values in the table
TableTimes = [0, 0.1, 0.2, 0.3, 0:4]};
NumRows = length(TableTimes);

% initialize table array: 2 columns for time + Euler
V = zeros(NumRows,?2);

=S

‘ Sl h = 0.1; %Compute values for time step size h
1 0 1.0000 t=TableTimes(1):h:TableTimes(end);
2 0.1000 1.1000 % eulerf = y(t) + h*f
4 0.3000 1.0000 % pre-allocate memory for y used for computations
- 0.4000 10000 y-= zeros(length(t),1);
Row = 1; %start at row 1 for each column
y(1) = 1; %really yO, but MATLAB not zero based
V(Row,1) = t(1);
V(Row,2) = y(1);

for 1 = 2:length(t)
y(i) = eulerf(t(i-1),y(i-1)); % new estimate of

ye(t)
Row = Row + 1;
V(Row,1) = t(i);
V(Row,2) = y(i);
end

format short

T = array2table(V);

% Tabel the table columms and display the table
T.Properties.VariableNames = {"t", "Euler_h 01"}
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clear;

%Change TableTimes[], y(1) the initial value,

% slope=dy/dt, solution, T.Properties.VariableNames
%times to display the y values in the table

TableTimes = [0 0.1 0.2 0.3 0.4];

NumRows = length(TableTimes);

% pre-allocate memory for 4 columns in table

V = zeros(NumRows, 4);

% populate table times (Col=1), exact values for solution (Col=4)
for i = 1:NumRows
t = TableTimes(i);

V(@,1l) = t;

V(@(,4) = -3/16 + (1/4)*t + (19/16)*exp(4*t);
end
h = 0.05;
t = TableTimes(1):h:TableTimes(end);

% pre-allocate memory for y, f

y = zeros(length(t),1);

T = zeros(length(t),1);

y() = 1; %really yO, but MATLAB not zero based

Col = 2; % 3 digit calculations (2 decimal rounding)
slope = @(t,y) d3(1 - t + d3(4*y)); % slope = dy/dt = F(t,y)
Row = 1; % start at row 1 for each column
(1) = slope(t(1), y(1)); % initialize
V(Row,Col) = y(1);
for i = 2:length(t
y(i) = d3(y(i-1) + d3(f(i-1)*h)); %new estimate of y(t)
(i) = slopeCt(), y(1));
%display table only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i);
end
end

Col = 3; % standard Euler method
slope = @(t,y) 1 - t + 4*y; % slope = dy/dt = f(t,y)
Row = 1; % start at row 1 for each column
(1) = slope(t(1l), y(1)); % initialize
V(Row,Col) = y(1);
for 1 = 2:length(t)
y(1) = y(i=1) + f(i=1)*h; %new estimate of y(t)
(i) = slope(t(i), y(i):
%display table only at specified times
iT abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i);
end
end

format short

T = array2table(V);

%—tabel—thetable columms—and display the table
T.Properties.VariableNames = {"t", “digits_3°", "Euler_h_05", "Exact"}

function n3digit = d3(x)
% num2str(x,3) has unpredictable rounding. This
% code produces 3-digit precision predictably by
% adding 5 to the 4th sig digit, then truncating
%  the 4th sig digit
xstr = sprintf("%.3e",x); % example: "4_225e-06"
sn = sign(x); % need to know if "-" in string
1 = length(xstr);
ex = xstr(1-3:1); % get exponent component, e.g. "e-06"
y = strcat("0.005", ex); % create number to add to
% 4th sig digit, "0.005e-06"
z = x * sn*str2double(y); % number rounded away from O
zstr = sprintf("%.3e",z); % put in exp form
1 = length(zstr);
zstr = strcat(zstr(I-8:1-5), ex); % get rid of 4th sig digit
n3digit = str2double(zstr); % 3 digit precision
end
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clear;

%Change TableTimes[], y(1) the initial value,

% stope=dy/dt;—sotution;T-Properties:VaritableNames
%times to display the y values in the table

TableTimes = [0 0.1 0.2 0.3 0.4];

NumRows = length(TableTimes);

% pre-allocate memory for 4 columns in table

V = zeros(NumRows, 4);

% popullate table times (Col=1), exact values for solution (Col=4)
for i = 1:NumRows
t = TableTimes(i);

V(@,1) = t;
V(i,4) =2 + t - exp(-t);
end
h=0.05;
t = TableTimes(1):h:TableTimes(end);

% pre-allocate memory for y, T

y = zeros(length(t),1);

f = zeros(length(t),1);

y(@) = 1; %really yO, but MATLAB not zero based

Col = 2; % 3 digit calculations (2 decimal rounding)
slope = @(Ct,y) d3(3 + t - y); % slope = dy/dt = F(t,y)
Row = 1; % start at row 1 for each column
(1) = slope(t(1l), y(1)); % initialize
V(Row,Col) = y(1);
for 1 = 2:length(t)
y(1) = d3(y(i-1) + d3(f(i-1)*h)); %new estimate of y(t)
(i) = sfope(t(®), y(1)):
%display table only at specified times
if abs(t(i) - TableTimes(Row+1l)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i);
end
end

Col =33 %—standard-Euler-method
slope = @(t,y) 3 + t - y; % slope = dy/dt = T(t,y)
Row = 1; % start at row 1 for each column
(1) = slope(t(1), y(1)); % initialize
V(Row,Col) = y(1);
for 1 = 2:length(t)
y(1) = y(i-1) + f(i-1)*h; %new estimate of y(t)
(i) = slope(t(i), y(i):
%display table only at specified times
if abs(t(i) - TableTimes(Row+1l)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i);
end
end

format short

T = array2table(V);

% Tabel the table columms and display the table
T.Properties.VariableNames = {"t", “digits_3", "Euler_h 05", "Exact"}

function n3digit = d3(x)
% num2str(x,3) has unpredictable rounding. This
% code produces 3-digit precision predictably by
% adding 5 to the 4th sig digit, then truncating
%  the 4th sig digit
xstr =sprintf("%-3e",x); % example: "4.225e-06"
sn = sign(X); % need to know if "-" in string
1 = length(xstr);
ex = xstr(I-3:1); % get exponent component, e.g. "e-06"
y = strcat("0.005", ex); % create number to add to
% 4th sig digit, "0.005e-06"
z = x + sn*str2double(y); % number rounded away from O
zstr = sprintf("%.3e",z); % put in exp form
1 = length(zstr);
zstr = strcat(zstr(1-8:1-5), ex); % get rid of 4th sig digit
n3digit = str2double(zstr); % 3 digit precision
end
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clear;

%Change TableTimes[], y(1) the initial value,

% slope=dy/dt, solution, T.-Properties.VariableNames
%times to display the y values in the table

TableTimes = [0 0.1 0.2 0.3 0.4];

NumRows = length(TableTimes);

% pre-allocate memory for 4 columns in table

V.= zeros(NumRows, 4);

% populate table times (Col=1), exact values for solution (Col=4)
for i 1:NumRows
= TableTimes(i);
V(| 1) = t;
V(i,4) = 374 + (372)*t + (1/74)*exp(2*t);

end
h = 0.05;
t = TableTimes(1):h:TableTimes(end);

% pre-allocate memory for y, f
zeros(length(t),1);

T = zeros(length(t),1);

y(1) = 1; %really yO, but MATLAB not zero based

<
1

Col = 2; % 3 digit calculations (2 decimal rounding)
slop = @Ct,y) d3(d3(2*y) - d3(3*t)); % slope = dy/dt = T(t,y)
Row = 1; % start at row 1 for each column
(1) = slope(t(1), y(1)); % initialize
V(Row,Col) = y(1);
for 1 = 2:length(t)
y(1) = d3(y(i-1) + d3(f(i-1)*h)); %new estimate of y(t)
(i) = slope(t(i), y(i)); )
%display table only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i);
end
end

Col = 3; % standard Euler method
slope = @(t,y) 2*y - 3*t; % slope = dy/dt = f(t,y)
Row = 1; % start at row 1 for each column
(1) = slope(t(l) y(1)); % initialize
V(Row,Col) =
for i = 2: Iength(t)
y(i) y(i-1) + f(i-1)*h; %new estimate of y(t)
(i) = slope(t(i), y();
%display—table—only—at-specified—times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i);
end
end

format short

T = array2table(V);

% label the table columms and display the table
T.Properties.VariableNames = {"t", “digits_3", "Euler_h_05", "Exact"}

function n3digit = d3(x)
% num2str(x,3) has unpredictable rounding. This
% code produces 3=digit precision predictably by
% adding 5 to the 4th sig digit, then truncating
%  the 4th sig digit
xstr = sprintfF("%.3e",x); % example: "4.225e-06"
sn = sign(xX); % need to know if "-" in string
1 = length(xstr);
ex = xstr(1-3:1); % get exponent component, e.g. “e-06"
y = strcat("0.005", ex); % create number to add to
% 4th sig -digit, “0.005e-06"
z = X + sn*str2double(y); % number rounded away from O
zstr = sprintf("%.3e",z); % put in exp form
I = length(zstr);
zstr = strcat(zstr(1-8:1-5), ex); % get rid of 4th sig digit
n3digit = str2double(zstr); % 3 digit precision
end
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clear
%Change TableTimes[], yO the initial value,
% slope=dy/dt, T.Properties.VariableNames

y0 =13

slope = @(t,y) 1 - t + 4*y; % slope = dy/dt = f(t,y)

% times to display the y values in the table

TableTimes = [0, 0.1, 0.2, 0.3, 0.4, 0.5, 1.0, 1.5, 2.0];
NumRows = length(TableTimes);

%incremental time values (=h) for computing y and y*©
EulerSteps = [0.01, 0.001];

ImpEulerSteps = [0.025, 0.01];

NumSteps = length(EulerSteps) + length(ImpEulerSteps);
%initialize table array: columns for times + h values + exact
V = zeros(NumRows, 2 + NumSteps);

% Populate table times (Col=1) and exact values for solution (Col=6)
for 1 = 1:NumRows

t = TableTimes(i);

V(@D =t;

V(i,2+NumSteps) = -3/16 + (1/4)*t + (19/16)*exp(4*t);

end
Col = 2; % start at Col = 2 for standard Euler method
for-h-=EulerSteps
t = TableTimes(1):h:TableTimes(end);
y = zeros(length(t),1); % pre-allocate memory for y
y(1) = yO0; % MATLAB not zero based
Row = 1; %start at row 1 for each column
V(Row,Col) = y(1);
for i = 2:length(t)
y() = y(@(i-1) + slope(t(i-1), y(i-1))*h; %new estimate of y(t)
% display table results only at specified times
it abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,1) = t(i);
V(Row,Col) = y(i);
end
end
Col = Col + 1; % go to next column
end
Col = 4; % start at Col = 4 for Improved Euler Method
for h = ImpEulerSteps
t = TableTimes(1l):h:TableTimes(end);
y = zeros(length(t),1); % pre-allocate memory for y
y(1) = yO0; % MATLAB not zero based
Row = 1; %start at row 1 for each column
V(Row,Col) = y(1);
for 1 = 2:length(t)
a = slope(t(i-1), y(i-1));
b = slope(t(i), y(i-1) + h*a);
y(i) = y(i-1) + 0.5*(atb)*h; % new estimate of y(t)
% display table results only at specified times
if abs(t(i) = TableTimes(Row+1)) < 0-00001
Row = Row + 1;
V(Row,1) = t(i);
V(Row,Col) = y(i);
end
end
Col = Col + 1; % go to next column
end

format short
T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {"t", "Euler h = 0.01", "Euler h = 0.001",
“Imp Euler h = 0.025", "Imp Euler h = 0.01",
"Exact"}
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clear
%Change TableTimes[], h, y(0) the initial value,
% T-Properties:VariableNames, exact sol-and @ functions

% times to display the y values in the table

TableTimes = [0, 0.1, 0.2, 0.3, 0.4];

NumRows = length(TableTimes);

Winttiralize tablearray:—columns—Ffortimes+ ImpEuler + Euler + BkEuler +—exact
V = zeros(NumRows, 5);

% Populate table times (Col=1) and exact values for solution (Col=5)
for 1 = 1:NumRows
t = TableTimes(i);

V(@,1l) = t;
V(,5) =2 + t - exp(-t);
end
h—=-0.05;
t = TableTimes(1):h:TableTimes(end);

% pre-allocate memory for y values

y_im = zeros(length(t),1);

zeros(length(t),1);

zeros(length(t),1);

% initialize 1st entry to y(0)

y_im(1) = 1; y eu(l) = 1; y bk(1) = 1;

% create anonymous functions for easy coding below
fn = @Ct,y) 3+t -y; % fn = dy/dt = f(t,y)

bk =-@Ct,y) (y + h*(3 + h + 1t))/(1+ h); % backward

i

(0]

c
I

Row = 1; %start at row 1 for each column

V(Row,2) =y im(1); % populate table array
V(Row,3) =y _eu(l);
V(Row,4) =y bk(1);

for i1 = 2:length(t)
y_eu(i) =y eu(i-1) + h*fn(t(i-1), y_eu(i-1));
a = fn(e(i-1), y_im(i-1));
y_im(i) = y_im(i-1)+ (a + fn(e(i-1)+ h, y_im(i-1) + h*a))*h/2;
y_bk(#) = bk(t(i-1), y_bk(i-1));
% display table results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;

V(Row,2) =y im(i); % populate table array
V(Row,3) = y_eu(i);
V(Row,4) =y bk(i);

end
end

format fong
T = array2table(V);
% label the table columms and display the table

T.Properties._.VariableNames = {"t", "Improved Euler®, "Euler”,
"Bkwd_Euler®, "Exact"}

t Improved_Euler Euler Bkwd_Euler Exact
1 0| 1.000000000000000| 1.0000000...  1.0000000000... 1.0000000...
B 0.10000000...  1.195123437500000, 1.1975000... 1.1929705215...| 1.1951625...
3 0.20000000...  1.381198406638184  1.3854937... 1.3772975252...| 1.3812692...
4 0.30000000...  1.559085628829237  1.5649081... 1.5537846033...| 1.5591817...
5 0.40000000...  1.729563950708151 | 1.7365795...  1.7231606379... | 1.7296799...

=005
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clear

V = zeros(NumRows, 5);

for 1 = 1:NumRows
t = TableTimes(i);
V(i 1) = t;

end

h
t

0.025;

y_im

i<

D

c
Inn

fn
bk

oCt,y) 3+t -y;

V(Row,2) =
V(Row,3) = y_eu(l);
V(Row,4) =y bk(1);

for 1 = 2:length(t)

Row = Row + 1;

format long
T =—array2table(V);

1 0
2 0.10000000....
3 0.20000000....
a 0.30000000....

3 0.40000000...

V(i,5) ; 2 + t - exp(-t);

TableTimes(1):h:TableTimes(end);

% pre-allocate memory for y values
zeros(length(t),1);
zeros(length(t),1);
zeros(length(t),1);
Y%—inttialize-1st-entry to-y(0)

y_im(1) = 1; y eu(l) = 1; y _bk(1) = 1;
% create anonymous functions for easy coding below

%Change TableTimes[], h, y(0) the initial value,
% T.Properties.VariableNames, exact sol and @ functions

% times to display the y values in the table
TableTimes = [0, 0.1, 0.2, 0.3, 0.4];
NumRows = length(TableTimes);

%initialize table array: columns for times + ImpEuler + Euler + BkEuler + exact

% fn = dy/dt = F(t,y)

eCt,y) (y + h*@B + h + ©9)/(1+ h);

Row = 1; %start at row 1 for each column
y_im(1); % populate table array

V(Row,2) =y im(i);
V(Row,3) =y _eu(i);
V(Row,4) =y bk(i);
end
end

Improved_Euler
1.000000000000000
1.195152978030386
1.381251866832721
1.559158189960407
1.729651494435096

% backward

y_eu(i) = y eu(i-1) + h*fn(t(i-1), y_eu(i-1));

a = fn(e(i-1), y im(i-1));
y_im(i) = y_im(i-1)+ (a + fn(e(i-1)+ h, y_im(i-1) + h*a))*h/2;
y_bk(i) = bk(t(i-1), y_bk(i-1));
%—display table resultsonly at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001

% populate table array

% label the table columms and display the table
T.Properties.VariableNames = {"t", "Improved Euler”,

"Bkwd_Euler®, "Exact"}

Euler

1.0000000...
1.1963121...
1.3833481...
1.5620016...
1.7330798...

"Euller®, ..

Bkwd_Euler

1.0000000000...
1.1940493552...
1.3792534291...
1.5564441149...
1.7263750664...

% Populate table times (Col=1) and exact values for solution (Col=5)

Exact

1.0000000...
1.1951625...
1.3812692...
1.5591817...
1.7296799...

) =0.02§
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clear
%Change TableTimes[], h, y(0) the initial value,

% T-Properties-VariableNames, exact sol and @ functions

% times to display the y values in the table
TableTimes = [0, 0.1, 0.2, 0.3, 0.4];
NumRows = length(TableTimes);

winttialize table array: columns for times + ImpEuler + Euler + BkEuler + exact

V = zeros(NumRows, 5);

% Populate table times (Col=1) and exact values for solution (Col=5)

for 1 = 1:NumRows
t = TableTimes(i);
V(i,1) = t;
V(@a,5) =2 + t - exp(-t);

end
h—="0.0125;
t = TableTimes(1l):h:TableTimes(end);

% pre-allocate memory for y values

y_im = zeros(length(t),1);

zeros(length(t),1);

zeros(length(t),1);

% initialize 1st entry to y(0)

y_im(1) = 1; y eu(l) =1; y bk(l) = 1;

% create anonymous functions for easy coding below
fn = 0C(t,y) 3+t -vy; % fn = dy/dt = F(t,y)

bk = @(t,y) (y + h*(3 + h + t))7(A+ h); % backward

|‘<

D

c
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Row = 1; %start at row 1 for each column
V(Row,2) = y im(1); % populate table array
V(Row,3) =y eu(l);
V(Row,4) =y bk(1);
for i1 = 2:length(t)
y_eu(i) =y eu(i-1) + h*fn(r(i-1), y_eu(i-1));
a = fn(e(i-1), y_im(i-1));

y_im(i) = y_im(i-1)* (a + f(t(i-1)+ h, y_im(i-1) + h*a))*h/2;

y_bk(1) = bk(t(i-1), y_bk(i-1));
% display table results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001

Row = Row + 1;

V(Row,2) =y im(i); % populate table array
V(Row,3) = y_eu(i);
V(Row,4) =y bk(i);

end
end

format lTong
T = array2table(V);
% label the table columms and display the table

T.Properties._.VariableNames = {"t", “Improved_Euler®, “Euler”,

"Bkwd_Euler®, "Exact"}

T =
t Improved_Euler Euler Bkwd_Euler

1 0/ 1.000000000000000 1.0000000... | 1.0000000000...

B 0.10000000... | 1.195160203412267 | 1.1957326... | 1.1946015536...

3 0.20000000... | 1.381264942511069 | 1.3823006... | 1.3802536533...

4 0.30000000... | 1.559175937122469 | 1.5605811...  1.5578029313...

5 0.40000000... | 1.729672905638597 | 1.7313677... | 1.7280159272...

Exact

1.0000000...
1.1951625...
1.3812692...
1.5591817...
1.7296799...

l=0.002¢
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ans = 'Table for h = 9.0500'

T =
t Improved_Euler Euler Bkwd_Euler Exact

1 0/ 1.000000000000000 1.0000000... | 1.0000000000...  1.0000000...

2 0.10000000... | 1.205256250000000| 1.2025000... | 1.2086419753... | 1.2053506...

3 0.20000000... | 1.422725512656250| 1.4160250... | 1.4310394756...  1.4229561...

4 0.30000000... | 1.655107169091098 | 1.6428902... | 1.6704191057... | 1.6555297...

5 0.40000000... | 1.905697231139458 | 1.8858972... | 1.9307643281... | 1.9063852...

ans = 'Table for h = ©.0250'

T =
t Improved_Euler Euler Bkwd_Euler Exact

1 0| 1.000000000000000 | 1.0000000... 1.0000000000...| 1.0000000...

2 0.10000000... | 1.205326179785767 | 1.2038765... | 1.2069344157...| 1.2053506...

3 0.20000000... | 1.422896304250281 | 1.4193638... 1.4268349423...| 1.4229561...

4 0.30000000... | 1.655420016131877 | 1.6489640... | 1.6626544515...| 1.6555297...

5 0.40000000... | 1.906206614894072 1.8957186...  1.9180182952... | 1.9063852...

ans = 'Table for h = 9.0125'

T =
t Improved_Euler Euler Bkwd_Euler Exact

1 0| 1.000000000000000 | 1.0000000... 1.0000000000...| 1.0000000...

2 0.10000000... | 1.205344446216269 | 1.2046007...  1.2061280203...| 1.2053506...

3 0.20000000... | 1.422940923340480 | 1.4211264... | 1.4248574594. .| 1.4229561...

4 0.30000000... | 1.655501758835131| 1.6521814... 1.6590174879...| 1.6555297...

5 0.40000000... | 1.906339729208197 | 1.9009392...  1.9120724596... | 1.9063852...
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clear
%Change TableTimes[], h, y(0) the initial value,
% T.Properties.VariableNames, exact sol and @ functions

% times to display the y values in the table

TableTimes = [0, 0.1, 0.2, 0.3, 0.4];

NumRows = length(TableTimes);

%initialize table array: columns for times + ImpEuler + Euler + BkEuler + exact
V = zeros(NumRows, 5);

% Populate table times (Col=1) and exact values for solution (Col=5)
for 1 = 1:NumRows
t = TableTimes(i);

V(i,1) = t;

V(1,5) = 374 + 3*t/2 + (1/4)*exp(2*t); % Exact solution
end
for h [0.05, 0.025, 0.0125]

TableTimes(1):h:TableTimes(end);

% pre-allocate memory for y values

i zeros(length(t),1);

zeros(length(t),1);

zeros(length(t),1);

% initialize 1st entry to y(0)

y_im(1) =1; y eu(d) = 1; y bk(l) = 1;

% create anonymous functions for easy coding below
fn = @(t,y) 2*y - 3*t; % fn = dy/dt = f(t,y)

bk OCt,y) (y - 3*h*(t + h))/(1 - 2*h); % backward

<)
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Row = 1; %start at row 1 for each column

V(Row,2) =y im(1); % populate table array
V(Row,3) =y eu(l);
V(Row,4) =y bk(1);

for 1 = 2:length(t)
y eu(i) =y eu(i-1) + h*fn(t(i-1), y eu(i-1));
a = fn(tCi=-1), y im(i=-1));
y_im(i) = y_ im(i-1)+ (a + fn(t(i-1)+ h, y_im(i-1) + h*a))*h/2;
y_bk(i) = bk(t(i-1), y_bk(i-1));
% display table results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;

V(Row,2) =y im(i); % populate table array
V(Row,3) =y eu(i);
V(Row,4) =y bk(i);
end
end

format long
T = array2table(V);
% label the table columms and display the table
sprintf("Table for -h = %-4F";h)
T.Properties.VariableNames = {"t", “Improved Euler®, “Euler-,
"Bkwd_Euler®, “Exact™}
end
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ans = 'Table for h = @.0500"
T = 5x4 table

t Improved_Euler Euler Bkwd_Euler
1 0| 1.000000000000000| 1.0000000... | 1.0000000000..
2 0.10000000... | 1.104828922848498 | 1.1024427... 1.1071964200...
3 0.20000000... | 1.218823869462594 | 1.2142558... | 1.2233331744...
4 0.30000000... | 1.341458888912524 | 1.3348419... | 1.3479680819..
5 0.40000000... | 1.472626670489802| 1.4639918...  1.4811042567..

ans = 'Table for h = ©.0250"
T = 5x4 table

t Improved_Euler Euler Bkwd_Euler
1 0| 1.000000000000000 | 1.0000000... | 1.0000000000..
2 0.10000000... | 1.104839333541998 | 1.1036484...  1.1060258674...
3 0.20000000... | 1.218836490748672| 1.2165597...  1.2210991342...
4 0.30000000... | 1.341465302208264 | 1.3381703... | 1.3447340434..
5 0.40000000... | 1.472618923828322| 1.4683213... | 1.4768779725..

ans = 'Table for h = ©.9125"
T = 5x4 table

t Improved_Euler Euler Bkwd_Euler

1 0| 1.000000000000000, 1.0000000...  1.0000000000..
2 0.10000000... | 1.104842078602127 | 1.1042471... | 1.1054359454...
3 0.20000000... | 1.218839885414212 1.2177032... | 1.2199730556. ..
4 0.30000000... | 1.341467203856788 | 1.3398229... | 1.3431049409..
5 0.40000000... | 1.472617312810881 | 1.4704733... | 1.4747517324...

/k)/]ﬂ/f_/g (02/( o nf)(Yl/ﬂOjf




clear
%Change TableTimes[]., h, y(0) the initial value,
% T.Properties.VariableNames, exact sol and @ functions

% times to display the y values in the table

TableTimes = [0, 0.1, 0.2, 0.3, 0.4];

NumRows = ltength(TableTimes);

%initialize table array: columns for times + ImpEuler + Euler + BkEuler + exact
V-=zeros(NumRows, 4); % 5 columns 1T Exact is known

% Populate table times (Col=1) and exact values for solution (Col=5)
for 1 = 1:NumRows
t = TableTimes(i);
V(i,1) = t;
%W(i,5) = ; % Exact solution
end
syms x % Ffor backward method, using vpasolve

for h = [0.05, 0.025, 0.0125]
t = TableTimes(1l):h:TableTimes(end);
% pre-allocate memory for y values
y_im = zeros(length(t),1);
y_eu = zeros(length(t),1);
y_bk = zeros(length(t),1);

% initialize 1st entry to y(0)

y_im(1) = 1; y_eu(l) = 1; y_bk(l) =

% create anonymous functions for easy coding below
= @Ct,y) 2%t + exp(-t*y); % Tn = dy/dt = T(t,y)

%bk = @Ct,y) ; % backward

Row = 1; %start at row 1 for each column

V(Row,2) =y im(1); % populate table array
V(Row,3) =y eu(l);
V(Row,4) = vy bk(1);

for 1 2:length(t)
y_eu( ) =y eu(i-1) + h*fn(t(i-1), y eu(i-1));
a = tn(e(i-1), y_im(i-1));
y_im(i) = y_im(i-1)+ (a + fn(t(i-1)+ h, y_im(i-1) + h*a))*h/2;

%y bk(i) = bk(t(i-1), y bk(i-1));

egn = x == y_bk(i-1) + h*2*t(i) + exp(-t(i)*x));
% guess 10*h as an interval to look for next y
range = [y_bk(i-1) = 5*h, y_bk(i-1) + 5*h]};
y_bk(i) = vpasolve(eqn,x,range);

% display table results only at specified times
if abs(t(i) - TableTimes(Row+1l)) < 0.00001
Row = Row + 1;

V(Row,2) =y im(i); % populate table array
V(Row,3) =y eu(l);
V(Row,4) =y bk(i);

end

end

format long
T = array2table(V);
% label the table columms and display the table
sprintf("Table for h = %_.4Ff",h)
T.Properties.VariableNames = {"t", “Improved Euler®, “Euler”,
“Bkwd _Eulter*}
end
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ans = 'Table for h = @.e5ee'
T = 5x4 table

t Improved_Euler Euler Bkwd_Euler
1 0/ 0.500000000000000  0.5000000... | 0.5000000000...
2 0.10000000... | 0.510164405455806  0.5092391... 0.5111273151...
3 0.20000000... | 0.524125577399366  0.5221872... | 0.5261547165...
4 0.30000000... | 0.542083123398377 0.5390229...|0.5453061233...
5 0.40000000... | 0.564250888364894 0.5599363... 0.5688229487...

ans = 'Table for h = ©.8250"
T = 5x4 table

t Improved_Euler Euler Bkwd_Euler
1 0/ 0.500000000000000| 0.5000000... 0.5000000000...
2 0.10000000... | 0.510168261195135 0.5097010... | 0.5106447800...
3 0.20000000... | 0.524134923538198 0.5231547... 0.5251375940...
4 0.30000000... | 0.542099845806299 0.5405501... 0.5436900220...
5 0.40000000... | 0.564277157257266 0.5620888... 0.5665294580...

ans = 'Table for h = @.e125"'
T = 5x4 table

t Improved_Euler Euler Bkwd_Euler
1 0| 0.500000000000000, 0.5000000... | 0.5000000000...
2 0.10000000... | 0.510169189206617  0.5099344... 0.5104062548...
3 0.20000000... | 0.524137189531322 0.5236443... 0.5246356408...
4 0.30000000... | 0.542103923944729 0.5413240... | 0.5428938361...
3 0.40000000... | 0.564283594335094  0.5631816... | 0.5654015498. ..

/Mﬂ,’/’ﬁ/tt/g Fﬁ&/f o ex] /ﬂaﬁg




clear
%Change TableTimes[], h, y(0) the initial value,
% T.Properties._VariableNames, exact sol and @ functions

% times to display the y values in the table

TableTimes = [0, 0.1, 0.2, 0.3, 0.4];

NumRows = length(TableTimes);

%initialize table array: columns for times + ImpEuler + Euler + BkEuler + exact
V = zeros(NumRows, 4); % 5 columns if Exact iIs known

% Populate table times (Col=1) and exact values for solution (Col=5)
for i = 1:NumRows
t = TableTimes(i);
v(@a,1l) = t;
wv(i,5) = ; % Exact solution
end
syms x % for backward method, using vpasolve

for h [0.05, 0.025, 0.0125]
t = TableTimes(1l):-h:TableTimes(end);
% pre-allocate memory for y values

y_im = zeros(length(t),1);
y_eu = zeros(length(t),1);
y_bk = zeros(length(t),1);

% initialize 1st entry to y(0)
y_im(1) = 0.5; y eu(l) = 0.5; y bk(1l) = 0.5;
% create anonymous functions for easy coding below
= @Ct,y) (Y2 + 2*t*y)/(3 + t°2); % fn = dy/dt = f(t,y)
%bk = @(t,y) ; % backward

Row = 1; %start at row 1 for each column

V(Row,2) =y im(1); % populate table array
V(Row,3) =y eu(l);
V(Row,4) = y_bk();

for 1 = 2: Iength(t)
y_eu(i ) =y eu(i-1) + h*fn(t(l 1), y_eu(i-1));
a = fn(rt@i-1), y im@-1
y_im(i) = y_im(i-1)+ (a + fn(t(l 1+ h, y_im(i-1) + h*a))*h/2;

%y bK(i) = bk(t(i=1); y bk(i=1)):

a = h/7@B+t(i)"2); % specufy quadratic coefficients
b = 2*h*t(i)/B+t(i)"2) -

c =y bk(i-1);

egn = a*x"2 + b*x + ¢ == 0;

% guess 10*h as an interval to lTook for next y
range = [y_bk(i-1) - 5*h, y_bk(i-1) + 5*h];
y_bk(i) = vpasolve(eqgn,Xx,range);

% display table results only at specified times
it abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;

V(Row,2) =y im(i); % populate table array
V(Row,3) = y_eu(i);
V(Row,4) =y bk(i);

end
end

format long
T = array2table(V);
% Tabel the table columms and display the table
sprintf("Table for h = %.4f",h)
T.Properties.VariableNames = {"t°, “lImproved Euler®, “Euler®, ...
"Bkwd_Euler®}
end
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ans = 'Table for h = ©.0500"
T =

Improved_Euler

Euler

Bkwd_Euler

-1.0000000000000... | -1.0000000...  -1.000000000...
0.10000000...  -0.9246496575239...  -0.9204978... | -0.928058829...
0.20000000...  -0.8643379978643...  -0.8575380... | -0.870054171...
0.30000000...  -0.8166421419442...  -0.8080301... | -0.824020997...
0.40000000...  -0.7800082959795... | -0.7700377... | -0.788685901...

'Table for h = ©.0250"'
t Improved_Euler Euler Bkwd_Euler

-1.0000000000000... | -1.0000000...  -1.000000000...
0.10000000...  -0.9245497576669... | -0.9225751... | -0.926340535... MA 71 /f/z (OJC o n
0.20000000... -0.8641774157984...  -0.8609229... | -0.867163191...

/€ 7<7L (04 j(

0.30000000...  -0.8164422966826...  -0.8122997...| -0.820278744...
0.40000000...  -0.7797807583424...  -0.7749651... | -0.784275183...



ans = 'Table for h = ©.0125"

T =
t Improved_Euler Euler Bkwd_Euler

1 0/ -1.0000000000000...  -1.0000000... | -1.000000000...
2 0.10000000... | -0.9245252514521... | -0.9235619... | -0.925442784...
3 0.20000000... | -0.8641379250416... | -0.8625454... | -0.865663418...
4 0.30000000...  -0.8163930357497... | -0.8143611... | -0.818348620...
5 0.40000000...  -0.7797245486533... | -0.7773578... | -0.782011159...

clear

%Change TableTimes[], h, yO the initial value,

% T.Properties._VariableNames, exact sol and @ functions

% times to display the y values in the table

TableTimes = [0, 0.1, 0.2, 0.3, 0.4];

NumRows = length(TableTimes);

%initialize table array: columns for times + ImpEuler + Euler + BkEuler
V = zeros(NumRows, 4);

% Populate table times (Col=1) and exact values for solution (Col=5)
for i1 = 1:NumRows
V(i,1) = TableTimes(i);
end
syms x % for backward method, using vpasolve

y0o = -1; % y(0) initial value
for h = [0.05, 0.025, 0.0125]
t = TableTimes(1l):h:TableTimes(end);
% pre-allocate memory for y values

y_im = zeros(length(t),1);
y_eu = zeros(length(t),1);
y_bk = zeros(length(t),1);

% initialize 1st entry to y(0)

y_im(1) = y0; y_eu(l) = y0; y bk(1l) = yO0;
% create anonymous functions for easy coding below
fn = @Ct,y) ("2 - y*"2)*sin(y); % fn = dy/dt = f(t,y)

Row = 1; %hstart at row 1 For each column

V(Row,2) =y im(1); % populate table array
V(Row,3) =y eu(l);
V(Row,4) =y bk(1);

for i = 2:length(t)
y_eu(i) =y eu(i-1) + h*fn(t(i-1), y_eu(i-1));
a = fn(t(i-1), y_im(i-1));
y_im(i) =y im@i-1+ (a + fnCtCi-1)+ h, y im(i-1) + h*a))*h/2;

egqn = X == y_bk(i-1) + h*t(i)"2 - x"2)*sin(X);
% guess 10*h as an interval to Took Tor next y
range = [y_bk(i-1) - 5*h, y bk(i-1) + 5*h];
y_bk(1) = vpasolve(egn,x,range);

% display table results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;

V(Row,2) =y im(i); % populate table array
V(Row,3) =y eu(i);
V(Row,4) =y bk(i);

end

end

format long

T = array2table(V);

% Tabel the table columms and display the table

sprintf("Table for h = %.4f",h)

T.Properties.VariableNames = {"t", "“Improved Euler®, “Euler™, "Bkwd Euler"}
end
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1 0 1.0000
- 2 0.5000 2.9672
Veys ion 120204'- 5‘//00\/5 3 1.0000 7.8831
N 0.0 S/" / A 4 1.5000 20.8114
= 0. Column tadty
5 2.0000 55.5106
clear
%Edit TableTimes[], h = StepSizes, y0O = y(0),
% @ Function, T.Properties.VariableNames

TableTimes = [0, 0.5, 1.0, 1.5, 2.0];

StepSizes = [0.025, 0.0125];

yo = 1; % y(0) initial value

% create anonymous function for easy coding below
fn = @(t,y) 0.5 - t + 2*y; % fn = dy/dt = f(t,y)

NumRows = length(TableTimes);
%initialize table array: columns for times + StepSizes
V = zeros(NumRows, 1 + lIength(StepSizes));
% Populate table times (Col=1)
for 1 = 1:NumRows
V(i,1l) = TableTimes(i);

end
Col = 1; % initialize for V(,Col)
for h = StepSizes
Col = Col + 1;
t = TableTimes(1):h:TableTimes(end);

% pre-allocate memory for y values
y = zeros(length(t),1);
y(1) = y0; % initialize 1st entry to y(0)

Row = 1; %start at row 1 for each column
V(Row,Col) = y(1); % populate table array
for 1 = 2:length(t)
a = fn(e(i-1), y(i-1)); % for Improved Euler formula
y(i) = y(i-1)+ (a + fn(e(i-1)+ h, y(i-1) + h*a))*h/2;

% display table results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i); % populate table array
end
end
end

format short

T = array2table(V);

% label the table columms and display the table
T.Properties.VariableNames = {"t", "h = 0.025", "h = 0.0125"}

h =0.0125
1.0000
2.9680
7.8875
20.8294
55.5758
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1 0 2.0000
' 2 0.5000 0.9261
versioen %202001 3 1.0000 1.2856
4 1.5000 2.4090

= 2.0000 4.1039

clear
%Edit TableTimes[], h = StepSizes, y0 = y(0),
% @ function, T.Properties.VariableNames

TableTimes = [0, 0.5, 1.0, 1.5, 2.0];

StepSizes = [0.025, 0.0125];

yo = 2; % y(0) initial value

% create anonymous function for easy coding below
fn = @(t,y) 5*t - 3*sqrt(y); % fn = dy/dt = F(t,y)

NumRows = length(TableTimes);
%initialize table array: columns for times + StepSizes
V = zeros(NumRows, 1 + length(StepSizes));
% Populate table times (Col=1)
for 1 = 1:NumRows
V(i,1) = TableTimes(i);

end
Col = 1; % initialize for V(,Col)
for h = StepSizes
Col = Col + 1;
t = TableTimes(1):h:TableTimes(end);

% pre-allocate memory for y values
y = zeros(length(t),1);
y(1) = y0; % initialize 1st entry to y(0)

Row = 1; %start at row 1 for each column

V(Row,Col) = y(1); % populate table array

for i1 = 2:length(t)
a = fn(t(i-1), y(i-1)); % for Improved Euler formula
y() = y@-1)+ (a + fn(t(i-1)+ h, y(i-1) + h*a))*h/2;

% display table results only at specified times
it abs(Ct(i) - TableTimes(Row+1)) < 0-00001
Row = Row + 1;
V(Row,Col) = y(i); % populate table array
end
end
end

format short

T = array2table(V);

% label the table columms and display the table
T-Properties-VariableNames ={*t*, “h =0:-025", "h=-0-0125"}

h =0.0125
2.0000
0.9258
1.2853
2.4087
4.1036
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clear
%Edit TableTimes[], h = StepSizes, y0O = y(0),
% @ function, T.Properties.VariableNames

TableTimes = [0, 0.5, 1.0, 1.5, 2.0];

StepSizes = [0.025, 0.0125];

yo = 3; % y(0) initial value

% create anonymous function for easy coding below
fn = @Ct,y) sart(t +y); % fn = dy/dt = F(t,y)

NumRows = length(TableTimes);
%initialize table array: columns for times + StepSizes
V = zeros(NumRows, 1 + length(StepSizes));
%—Populate—table—times—(Col=1)
for i1 = 1:NumRows

V(i,1) = TableTimes(i);

end
Col—=1;—%inttialize for V(G Cob)
for h = StepSizes
Col = Col + 1;
t = TableTimes(1l):h:TableTimes(end);
% pre-allocate memory for y values
y-=zeros(length(t),1);
y(1) = y0; % initialize 1st entry to y(0)
Row = 1; %start at row 1 for each column
V(Row,Col) = y(1); % populate table array
for 1 = 2:length(t)
a = fn(t(i-1), y(i-1)); % for Improved Euler formula
y() = y@-1)+ (a + fn(t(i-1)+ h, y(i-1) + h*a))*h/2;
% display table results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0-00001
Row = Row + 1;
V(Row,Col) = y(i); % populate table array
end
end
end

format long

T = array2table(V);

% label the table columms and display the table
T-Properties_-VariableNames = {"t*, “h = 0:025", "h = 0-0125"}

0.50000000...
1.00000000...
1.50000000...
2.00000000...

h =0.025

3.00000000000...
3.96216712110...
5.10886638094. ..
6.43133830104...
7.92331820767...

h =0.0125

3.000000000000...
3.962181609358...
5.108893616575...
6.431377228403...
7.923368117951...
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clear
%Edit TableTimes[], h = StepSizes, y0 = y(0),
% @ function, T.Properties.VariableNames

TableTimes = [0, 0.5, 1.0, 1.5, 2.0];

StepSizes = [0.025, 0.0125];

yo = 1; % y(0) initial value

% create anonymous function for easy coding below
fn = @Ct,y) 2*t + exp(-t*y); % fn = dy/dt = T(t,y)

NumRows = length(TableTimes);
%hinttialize table array: columns Tor times + StepSizes
V = zeros(NumRows, 1 + length(StepSizes));
% Populate table times (Col=1)
for 1 = 1:NumRows
V(i,1) = TableTimes(i);

end
Col = 1; % initialize for V(,CoD
for h = StepSizes
Col = Col + 1;
t = TableTimes(1):h:TableTimes(end);

% pre-allocate memory for y values
y-= zeros(length(t),1);
y(1) = y0; % initialize 1st entry to y(0)

Row = 1; %start at row 1 for each column

V(Row,Col) = y(1); % populate table array

for i1 = 2:length(t)
a = fn(e(i-1), y(i-1)); % for Improved Euler formula
y() = y(@-1)+ (a + fn(t(i-1)+ h, y(i-1) + h*a))*h/2;

% display table results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i); % populate table array
end
end
end

format long

T = array2table(V);

% label the table columms and display the table
T.Properties.VariableNames = {"t", "h = 0.025", "h = 0.0125"}

0.50000000...
1.00000000...
1.50000000...
2.00000000...

h =0.025

1.00000000000...
1.61263136630...
2.48096653283...
3.74555736922...
5.49595259178. ..

h =0.0125

1.000000000000...
1.612624508858. ..
2.480924283753...
3.745498974732...
5.495892945186. ..
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1
2 0.50000000. ..
3 1.00000000. ..
4 1.50000000...
5 2.00000000...
clear
%Edit TableTimes[], h = StepSizes, y0 = y(0),
% @ function, T.Properties.VariableNames

TableTimes = [0, 0.5, 1.0, 1.5, 2.0];

StepSizes = [0.025, 0.0125];

y0 = 0.5; % y(0) initial value

% create anonymous function for easy coding below

fn = @Ct,y) (Y2 + 2*t*y)/(3 + t™2); % fn = dy/dt = f(t,y)

NumRows = length(TableTimes);
%initialize table array: columns for times + StepSizes
V = zeros(NumRows, 1 + length(StepSizes));
% Populate table times (Col=1)
for 1 = 1:NumRows
V(i,1l) = TableTimes(i);

end
Col = 1; % initialize for V(,Col)
for h = StepSizes
Col = Col + 1;
t = TableTimes(l):h:TableTimes(end);
% pre-allocate memory for y values
y = zeros(length(t),1);
y(1) = y0; % initialize 1Ist entry to y(0)
Row = 1; %hstart-at row-1 for each column
V(Row,Col) = y(1); % populate table array
for 1 = 2:length(t)
a = fn(e(i-1), y(i-1)); % for Improved Euler formula
y(1) = y(@-1+ (a + fn(e(i-1)+ h, y(i-1) + h*a))*h/2;
% display table results only at specified times
it abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i); % populate table array
end
end
end

format long

T = array2table(\);

% label the table columms and display the table
T.Properties._.VariableNames = {"t", "h = 0.025", "h = 0.0125"}

h =0.025

0| 0.50000000000...
0.59089655473...
0.79995006612...
1.16653147636...
1.74968914279. ..

h =0.0125

0.500000000000...
0.590905979544 ...
0.799987534668. ..
1.166632817107...
1.749922034332...
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MS/'th PATLAR,
clear
fn = @(t,y) 0.5 - t + 2*y; % F(t,y)
t0 = 0;
yo = 1;
h =0.1;

a = tn(t0,y0);
y_Euler = y0 + h*a
y_Improved = y0 + h/2*(a + fn(t0+h, yO0+h*a)) y_Improved = 1.2700

y_Euler = 1.2500

/é> /Ma/ fruncation error /'5/0/’0/07’7//'0742/ fo 4°

7[m Fuley VH{Y‘Z(‘/O/ .. €, = fAl, £ same constant
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— 1
Fov error €= 0.0025, 0.0028 _ Kb
J.0 2 k(o./>

h=ag.1700iC = g p355¢
0-02

§7[r’/ﬂ S/ZC) 7{07/ /_’_iu/?f /VITMW/, 5/@/0/4(

h=0035 f$ov € oocozs

é(wj WIATLAR,

clear

fn = @Ct,y) 5*t - 3*sgrt(y); % T(t.y)

to = 0; % initial conditions

yo = 2;

h=0.1;

a = fn(t0,y0); y_Euler = 1.5757
y_Euler = y0 + h*a y_Improved = 1.6246

y_Improved = yO + h/2*(a + fn(tO+h, y0+h*a))

e_max = 0.0025; % specified max error
error = abs(y_Improved - y Euler);
NewStep = h*sqrt(e_max/error) Newstep = @.0226

Euler © vy, = /5757 Im//am/; (246

S:/f/ $12¢ Sov Luler €<0.062C: 4 ~0.022(
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clear
= @(t,y) sqre(t + y); % T(t,y)
tO = 0; % initial conditions
y0 = 3;
h =0.1;
a = tn(t0,y0); y_Euler = 3.1732

y _Euler = y0 + h*a

y_Improved = 3.1771
y_Improved = y0 + h/72*(a + fn(tO+h, y0+h*a))

e max = 0.0025; % speciftied max error
error = abs(y_Improved - y Euler);
NewStep = h*sqrt(e_max/error) NewStep = ©.0805

C Fuler: oy = 20232

IM/WWP’/‘ >’/ =3077/

S7L€/0 5/2( 7(07/ E(,{/(V‘ G L p.002¢ : /, = ﬁOXOS/

M§/nj ﬂ%’ 7/ 418,

clear

fn = @(t y) (Y2 + 2*t*y)/(3 + t°2); % T(t,y)

t0 = 0; % initial conditions

yo = 0.5;

h =0.1;

a = tn(t0,y0);

y _Euler = yO + h*a y_Euler = 0.5083
y_Improved = y0 + h/2*(a + fn(tO+h, y0+h*a)) y_Improved = 0.5101
e_max 0-0025; % specified max-error

error = abs(y_Improved - y Euler);

NewStep = h*sqrt(e_max/error) Newst 0.1174
ewStep = @.
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ans = 'Table for h = ©.0500"

Improved_Euler Modified_Euler

0| 1.000000000000000 1.000000000000000
0.10000000... | 1.195123437500000| 1.195123437500000
0.20000000... | 1.381198406638184 | 1.381198406638184
0.30000000... | 1.559085628829237 | 1.559085628829237
0.40000000... | 1.729563950708151 | 1.729563950708151

v ~ ©w N -

The resalls of He ModSicd Fuler method ore
/‘o/(ﬂ)’[/m/ Yo V%e fm/)row/fw/(r mcf/vo/, Yo
/3//60'/1/161/4,



clear
%Change TableTimes[], y(0) the initial value, @ function

TableTimes = [0, 0.1, 0.2, 0.3, 0.4]; % times for y values in table
yo = 1;

h = 0.05;

% create anonymous function for easy coding below

fn = @(t,y) 3+t -vy; % fn = dy/dt = f(t,y)

NumRows = length(TableTimes);
Yintrtialize table-array:—columns—Ffor—times + tmpEuler + ModifiedEuler
V = zeros(NumRows, 3);
% Populate table times (Col =1)
for 1 = 1:NumRows
V(i,1) = TableTimes(i);
end

t = TableTimes(l):h:TableTimes(end);
% pre-allocate memory for y values
y_imp = zeros(length(t),1);

y_mod = zeros(length(t),1);

% initialize 1st row entry to y(0)
y_imp(1) = yO0;

y_mod(1) = yO0;

Row = 1; %start at row 1 for each column
V(Row,2) =y imp(1); % populate 1st table row entry
V(Row,3) =y _mod(1l);
for i = 2:length(t)
a=fnCe(i-1), y_imp(i-1)); % prelim value for below
y_imp(i) = y_imp(i-1)+ h/2*(a + fn(t(i-1)+ h, y_imp(i-1) + h*a));
a = fn(t(i=-1), y mod(i=-1)); % prelim value for below
y_mod(i) = y_mod(i-1) + h*fn(t(i-1)+ h/2, y mod(i-1) + h/2*a);

% display table results only at specified times
if abs(t(i) - TableTimes(Row+1l)) < 0.00001
Row = Row + 1;
V(Row,2) = vy imp(i); % populate table array
V(Row,3) =y _mod(i);
end
end

format Tong

T = array2table(V);

% tabel the table columms and display the table

sprintf("Table for h = %.4f",h)

T-Properties-VariableNames = {"t*, “Improved Euler®, “Modified Euler"}



L/;'e /%/4‘7/4/4'/3 YLO Com/ar/e MODAQC(’// W/%Z Iry]/fol/(o/ Eu/(,»
/V)@?’ZOO/;' ans = 'Table for h = ©.8500"

T =
t Improved_Euler Modified_Euler

1 0| 2.000000000000000  2.000000000000000

2 0.10000000... | 1.622831707983092 | 1.622680180372303

3 0.20000000... | 1.334604231198154 | 1.334347614870263

d 0.30000000... | 1.128203984456552 | 1.127894096427027

5 0.40000000... | 0.995445044510686 | 0.995129859049131

clear
%Change TableTimes[], y(0) the initial value, @ function

TableTimes = [0, 0.1, 0.2, 0.3, 0.4]; % times for y values in table
yo-=2;

h = 0.05;

% create anonymous function for easy coding below

fn = @(t,y) 5%t - 3*sqrt(y); % fn = dy/dt = f(t,y)

NumRows =-length(TableTimes);
%initialize table array: columns for times + ImpEuler + ModifiedEuler
V = zeros(NumRows, 3);
% Populate table times (Col = 1)
for 1 = 1:NumRows
V(i;1) = TableTimes(i);
end

t = TableTimes(1):h:TableTimes(end);
% pre-allocate memory for y values
y—imp-—=-zeros(Clength(t);1);

y_mod = zeros(length(t),1);

% initialize 1st row entry to y(0)
y_imp(1) = yO0;

y_mod(1) = yO;

Row = 1; Whstart at row 1 for each column
V(Row,2) =y imp(1); % populate 1st table row entry
V(Row,3) =y mod(1);
for 1 = 2:length(t)
a = fn(t@i-1), y_imp(i-1)); % prebim value for below
y_imp(i) = y_imp(i-1)+ h/2*(a + fn(t(i-1)+ h, y_imp(i-1) + h*a));
a = fn(t(i-1), y mod(i-1)); % prelim value for below
y_mod(i) = y mod(i-1) + h*fn(t(i-1)+ h/2, y _mod(i-1) + h/2*a);

%—displaytable results-only at specified times
it abs(t(i) - TableTimes(Row+1)) < 0.00001

Row = Row + 1;

V(Row,2) =y imp(i); % populate table array
V(Row,3) = mod(i);

<<

end
end

format long

T = array2table(V);

%—tabel—thetable columms—and-display thetable

sprintf("Table for h = %.4f",h)

T.Properties.VariableNames = {"t", "Improved Euler®, "Modified Euler"}



Use /MATLAB to (on%are /7700/1'7(/'(0/ wiTh fm/nm/ Fuley

mc YAUC/\{' ans = 'Table for h = @.e500"

T =
t Improved_Euler Modified_Euler
ﬁ esuf 7[ S art 1 0| 1.000000000000000 | 1.000000000000000
. ' 2 0.10000000... | 1.205256250000000 1.205256250000000
/O/(M ]L/Cq / f& 3 0.20000000... | 1.422725512656250 | 1.422725512656250
— / . / 4 0.30000000... | 1.655107169091098  1.655107169091098
/S ZC/ ma . 5 0.40000000... | 1.905697231139458 | 1.905697231139458

clear
%Change TableTimes[], y(0) the initial value, @ function

TableTimes = [0, 0.1, 0.2, 0.3, 0.4]; % times for y values in table
yo =13

h = 0.05;

% create anonymous function for easy coding below

fn = @(t,y) 2*y - 3*t; % fn = dy/dt = f(t,y)

NumRows = length(TableTimes);
%initialize table array: columns for times + ImpEuler + ModifiedEuler
V = zeros(NumRows, 3);
% Populate table times (Col = 1)
for 1 = 1:NumRows
V(i,1) = TableTimes(i);
end

t = TableTimes(1l):h:TableTimes(end);
% pre-allocate memory for y values
y_imp = zeros(length(t),1);

y_mod = zeros(length(t),1);

% initialize 1st row entry to y(0)
y_imp(1) = yO0;

y_mod(1) = yO0;

Row = 1; %start at row 1 for each column
V(Row, 2) y_imp(1); % populate 1st table row entry
V(Row, 3) y_mod(1);
for 1 = 2:length(t)
a = fn(eG-1), y_imp(Ci-1)); % prebim value for below
y_imp(i) = y_imp(i-1)+ h/2*(a + fn(t(i-1)+ h, y_imp(i-1) + h*a));
a = fn(t(i-1), y mod(i-1)); % prelim value for below
y_mod(i) = y mod(i-1) + h*fn(t(i-1)+ h/2, y_mod(i-1) + h/2*a);

%—display—table results—only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,2) =y imp(i); % populate table array
V(Row,3) =y mod(i);
end
end

format long

T = array2table(V);

%—ltabel—the—table—columms—and-display—the—table

sprintf("Table for h = %.4f",h)

T.Properties.VariableNames = {"t", “Improved_Euler®, “Modified Euler-}



MS'? /%/4774/2 1o co mfare ”700/1’7(/'@/ A/I'M Zl/"{/rd'/e/ /Eb( /c r
m (/.Zo O/S ' ans = 'Table for h = @.0500"

T =
t Improved_Euler Modified_Euler

1 0/ 1.000000000000000| 1.000000000000000

2 0.10000000... | 1.104828922848498| 1.104853513564417

3 0.20000000... | 1.218823869462594 | 1.218860436846571

4 0.30000000... | 1.341458888912524 | 1.341492834649174

5 0.40000000...  1.472626670489802| 1.472643426810588

clear
%Change TableTimes[], y(0) the initial value, @ function

TableTimes = [0, 0.1, 0.2, 0.3, 0.4]; % times for y values in table
yo = 1;

h = 0.05;

% create anonymous function for easy coding below

fn = @(t,y) 2*t + exp(-t*y); %—Fn—=-dy/dt=FCt,y)

NumRows = length(TableTimes);
%initialize table array: columns for times + ImpEuler + ModifiedEuler
V = zeros(NumRows, 3);
%Populate table times (Col=1)
for i = 1:NumRows
V(i,1) = TableTimes(i);
end

t = TableTimes(1l):h:TableTimes(end);
% pre-allocate memory for y values
y_imp = zeros(length(t),1);

y_mod = zeros(length(t),1);

% initialize 1st row entry to y(0)
y_imp(1) = yO0;

y_mod(1) = yO0;

Row = 1; %start at row 1 for each column
V(Row, 2) y_imp(1); % populate 1st table row entry
V(Row,3) y_mod(1);
for i1 = 2:length(t)
a = fn(t(i-1), y_ imp(i-1)); % prelim value for below
y_imp(i) = y_imp(i-1)+ h/2*(a + fn(t(i-1)+ h, y_imp(i-1) + h*a));
a = fn(e(i-1), y_mod(i-1)); % prelim value for below
y_mod(i) =y mod(Ci=1) + h*fn(t(Ci=1)+ h/72, y_mod(i=1) + h/2*a);

% display table results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,2) y_imp(i1); % populate table array
V(Row, 3) y_mod(i);

end
end

format fong

T = array2table(V);

% Babel the table columms and display the table

sprintf("Table for h = %.4f",h)

T.Properties.VariableNames = {"t", "Improved_Euler®, "Modified Euler"}
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8.3 The Runge-Kutta Method

WATLAL code | next feger s wsed do Filloud the
fabfe. Usc s made of en anoumyimous Funelion
%Ay/«"p/mm/ as @ (ty) (41 8y, vsed for Lot
the impraved Euler mthod andd Lunge-fatte. me thod
020304 /s wscd il ollows strings o be wsed as
Falle colommn beadbrs in the T fogertics Votiod fe Mames
statement. Note the Lipst stop sz h=02 s
/cwg(r than the inidial fall Aimes (51.020304,05)

/ncryem ey Y/S.

T =
t ImpEuler h = 0.025 R-Kh=0.2 R-Kh=0.1 R-K h =0.05 Exact
1 0 1 1 1 1 1
2 0.1000 1.6079 0 1.6089 1.6090 1.6090
3 0.2000 2.5021 25016 2.5050 2.5053 2.5053
4 0.3000 3.8228 0 3.8294 3.8301 3.8301
5 0.4000 5.7797 57776 5.7928 5.7941 5.7942
6 0.5000 8.6849 0 8.7093 8.7118 8.7120
7 1.0000 64.4979 64.4416 64.8581 64.8949 64.8978
8 1.5000 474.8340 0 478.8193 479.2267 479.2592
9 2.0000 3.4967e+03 3.4906e+03 3.5359e+03 3.56399e+03| 3.5402e+03



clear

% times to display the y values in the table

TableTimes = [0, 0.1, 0.2, 0.3, 0.4, 0.5, 1.0, 1.5, 2.0];

NumRows = length(TableTimes);

%inittralize table array, 6 columns: time + ImpEuler + 3 R-K + Exact
V = zeros(NumRows, 6);

% Populate table times (Col=1) and exact values for solution (Col=6)
for 1 = 1:NumRows

= TableTimes(i);
V(@i,1) = t;
V(i,6) = -3/16 + (1/74)*t + (19/16)*exp(4*t);

end

slope = @(t,y) 1 - t + 4*y; % slope = dy/dt = f(t,y)

h .025;
t TableTimes(1):h:TableTimes(end);
= zeros(length(t) 1); % pre-allocate memory for y
(1) % MATLAB not zero based
Row = 1' %start at row 1 for each column
V(Row,Col) = y(1);

O

Col = 2; % start at Col = 2 for Improved Euler Method

for 1 = 2:length(t)
a = slope(t(i-1), y(i-1));
b-—=-slope(Ct(i), y(i-1) + h*a);

y(1) = y(i-1) + 0.5*(a+tb)*h; % new estimate of y(t)
%-display table results only at specified times
it abs(t(i) - TableTimes(Row+1l)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i);
end
end
Col

= 3; % start of Runge-Kutta Method
for h
t

[0.2, 0.1, 0.05] % step sizes for R-K
TableTimes(1):h:TableTimes(end);
y zeros(length(t) 1); % pre-allocate memory for y
y(1) = % MATLAB not zero based
Row = 1; %hstart at row 1 for each column
V(Row,Col) = y(1);
h2—="h72; % shorten calcs below
for 1 = 2:length(t)
k1 slope(t(Ci-1), y(i-1));
k2 = slope(t(i-1) + h2, y(i-1) + h2*kl);
k3 = slope(t(i-1) + h2, y(i-1) + h2*k2);
k4 = slope(t(i-1) + h, y(i-1) + h*k3);
y(i) = y(@-=-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;
% display table results only at specified times
for Row = 1:NumRows % find the correct Row

if abs(t(i) - TableTimes(Row)) < 0.00001

V(Row,Col) = y(i);
end

I w

end
end
Col = Col + 1; % go to next table column
end

format

T = array2table(V);

%tabelthe table columms—and display the table
T.Properties._VariableNames = {"t", "ImpEuler h

= 0.025", "R-K h = 0.27,
*R-K-h-=0-1", "R-K-h

= O 05", "Exact"}



/:/%&cVL §o/a{/'¢Vl . Z/(ycal) : §cj4féf—) 767-’567{1‘/1‘6#-6}1'6
A
>/= 2t7 7ce’f, y(03>/=7 c=-/. .. y(z’%Zr/—C’f
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MQ@- /747—2/7[/2 (ZZOZO(:), (oo/f on m{xfforjf,

T =
t ImpEuler h = 0.1 ImpEuler h = 0.056 R-Kh=0.1 R-Kh=0.05 Exact

1 0 1.0000 1.0000 1.0000 1.0000 1.0000

2 0.1000 1.1950 1.1951 1.1952 1.1952 1.1952

3 0.2000 1.3810 1.3812 1.3813 1.3813 1.3813

4 0.3000 1.5588 1.5591 1.56592 1.5592 1.5592

5 0.4000 1.7292 1.7296 1.7297 1.7297 1.7297



clear
% Change slope = @(t,y), y0, exact solution

y0 = 1;
slope = @(t,y) 3+t - vy; % slope = dy/dt = f(t,y)

% times to display the y values in the table
TableTimes = [0, 01, 0.2, 0.3, 0.4];
StepSizes = [0.1, 0.05];

NumRows = length(TableTimes);

%initialize table array, 6 columns: time + 2 ImpEuler + 2 R-K + Exact

V = zeros(NumRows, 6);

% Populate table times (Col=1) and exact values for solution (Col=6)

for 1 = 1:NumRows

t = TableTimes(i);

V(@i,1l) = t;

V(i,6) =2+t - exp(-t);
end

Col =
for h StepSizes
t = TableTimes(l):h:TableTimes(end);

N

y
y(1) = y0; % MATLAB not zero based
Row = 1; %start at row 1 for each column
V(Row,Col) = y(1);
for i 2:tength(t)

a = slope(t(i-1), y(i-1));

b = slope(t(i), y(i-1) + h*a);

; % start at Col = 2 for Improved Euler Method

zeros(NumRows,1); % pre-allocate memory for y

y(i) = y(i-1) + 0.5*%(atb)*h; % new estimate of y(t)

% display table results only at specified times

if abs(t(i) = TableTimes(Row+1)) < 0-00001
Row = Row + 1;
V(Row,Col) = y(i);

end

(@]
(o)}
-0

=Col + 1; % go to next table column
end

Col

= 4; Y% start of Runge-Kutta Method
for h
T

StepSizes
TableTimes(1):-h:TableTimes(end);

b

Yy
y(1) = yO0; % MATLAB not zero based
Row = 1; %start at row 1 for each column
V(Row,Col) = y(1);
h2="h72; % shorten calcs below
for i1 = 2:length(t)
k1 slope(t(i-1), y(@(i-1));
k2 = slope(t(i-1) + h2, y(i-1) + h2*kl);
k3 slope(t(i-1) + h2, y(i-1) + h2*k2);
k4 = slope(t(i-1) + h, y(i=1) + h*k3);
y(i) = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;

% display table results only at specified times

for Row = 1:NumRows % find the correct Row
if abs(t(i) - TableTimes(Row)) < 0.00001
V(Row,Col) = y(i);
end
end
end
Col = Col + 1; % go to next table column
end

format
T = array2table(V);
% label the table columms and display the table

T_Properties_VariableNames = {"t*, “ImpEuler h =0.1",

zeros(NumRows,1); % pre-allocate memory for y

“tmpEuler h—=0:05",

"R-K h = 0.17, "R-K h = 0.05", "Exact"}
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T =
t ImpEuler h = 0.1

1 0 2.0000

.2 0.1000 1.6246

.3 0.2000 1.3379

.4 0.3000 1.1327

.5 0.4000 1.0008

clear

% Change slope = @(t,y), yO
yo = 2;

stope = @(t,y) 5*t = 3*sqrt(y); % stope = dy/dt = f(t,y)
% times to display the y values in the table
TableTimes = [0, 0.1, 0.2, 0.3, 0.4];

StepSizes = [0.1, 0.05];

NumRows = length(TableTimes);

% initialize table array, 5 columns:

% time + 2 ImpEuler + 2 R-K

V. = zeros(NumRows, 5);

% Populate table times (Col=1)
Ffor—#=-1:NumRows

t = TableTimes(i);

V(@i,1) = t;

end

Col
for

% start at Col = 2 for Improved Euler Method

StepSizes
TableTimes(1):h:TableTimes(end);
zeros(length(t),1); % pre-allocate memory for y
y(1) = yO0; % MATLAB not zero based
Row = 1; %start at row 1 for each column
V(Row,Col) = y(1);
for i 2:length(t)

a = slope(t(i-1), y(i-1));

stope(t(i), y(i-1) + h*a);

<=l
nmnmN

b
y(i) = y(i-1) + 0.5*(a+b)*h;
% display table results only at specified times
iT abs(t(i) - TableTimes(Row+1)) < 0.00001

Row = Row + 1;

V(Row,Col) = y(i);
end

(RN
(o))
-0

= Col + 1; % go to next table column

end

Col
for

%—start-of Runge=Kutta Method
StepSizes
TableTimes(1):h:TableTimes(end);
zeros(length(t),1); % pre-allocate memory for y
y(1) = yO0; % MATLAB not zero based
Row = 1; %start at row 1 for each column
V(Row,Col) = y(1);
h2 = h/2; % shorten calcs below
for 1 = 2:length(t)
k1 slope(t(i-1), y(i-1));
k2 = slope(t(i-1) + h2, y(i-1) + h2*kl);
k3 slope(t(i-1) + h2, y(i-1) + h2*k2);
k4 = slope(t(i-1) + h, y(i-1) + h*k3);
y(i) = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;
% display table results only at specified times
for Row = 1:NumRows % find the correct Row
if abs(t(i) - TableTimes(Row)) < 0.00001
V(Row,Col) = y(i);

< el
no s

end
end
end
Col = Col + 1; % go to next table column

end

format
T = array2table(V);
% label the table columms and display the table

T.Properties.VariableNames = {"t", "ImpEuler h = 0.17,
'ImpEuIer h =10.05",
"R-K h = 0.17, .
"R-K h = 0.05"}
ImpEuler h = 0.05 R-Kh=0.1 R-K h = 0.05

2.0000 2.0000 2.0000

1.6228 1.6223 1.6223

1.3346 1.3336 1.3336

1.1282 1.1269 1.1268

0.9938

0.9954 0.9938

% new estimate of y(t)



clear

% Change slope = @(t,y), yO

yo = 1;

slope = @(t,y) 2*t + exp(-t*y); % slope = dy/dt = f(t,y)

% times to display the y values in the table
TableTimes = [0, 0.1, 0:2, 0.3, 0.4];
StepSizes = [0.1, 0.05];

NumRows = length(TableTimes);

% initialize table array, 5 columns:

%  time + 2 ImpEuler + 2 R-K

V = zeros(NumRows, 5);

! 7 % Populate table times (Col=1)
MS/ /163 /77/72/ Zﬂ—/g) for i = 1:NumRows
t = TableTimes(i);
V(i,1) = t;
end

Col
for StepSizes

TableTimes(1):h:TableTimes(end);
= zeros(length(t),1); % pre-allocate memory for y
y(1) = yO0; % MATLAB not zero based
Row = 1; %start at row 1 for each column

V(Row,Col) = y(1);

/E:M /{ ; m (V"AO/ for é 2:length(t)

slope(t(i-1), y(i-1));
slope(t(i), y(i-1) +-h*a);
y(i) = y(i-1) + 0.5*(a+b)*h; % new estimate of y(t)
% display table results only at specified times
if abs(t(i) = TableTimes(Row+1)) < 0.00001
Row = Row + 1;

7CU Yy (‘[fhﬂ/a /\/'So N . V(Row,Col) = y(i);

2; % start at Col = 2 for Improved Euler Method

(/S{’Vlj /'M/ f‘o(/(c/

end
end

@)
o
-

= Col + 1; % go to next table column
end

Col
for

%-start of Runge-Kutta Method
StepSizes
TableTimes(1):h:TableTimes(end);
y = zeros(length(t),1); % pre=allocate memory for vy
y(1) = yO0; % MATLAB not zero based
Row = 1; %start at row 1 for each column
V(Row,Col) = y(1);
h2 = h/2; % shorten calcs below
for 1 = 2:length(t)

>l
nonp

k1l = slope(t(i-1), y(i-1));

k2 = slope(t(i-1) + h2, y(i-1) + h2*kl);
k3 = slope(t(i-1) + h2, y(i-1) + h2*k2);
k4 = slope(t(i-1) + h, y(i-1) + h*k3);

y(i) = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;
%—-display—table—results—only-at-specified-times
for Row = 1:NumRows % find the correct Row
if abs(t(i) - TableTimes(Row)) < 0.00001
V(Row,Col) = y(i);

end
end
end
Col = Col + 1; % go to next table column
end
format

T = array2table(V);

% label the table columms and display the table

T.Properties.VariableNames = {"t", "ImpEuler h
“tmpEulterh

T =
t ImpEuler h =0.1 ImpEuler h = 0.05 R-Kh=0.1 R-K h =0.05

1 0 1.0000 1.0000 1.0000 1.0000

2 0.1000 1.1048 1.1048 1.1048 1.1048

3 0.2000 1.2188 1.2188 1.2188 1.2188

4 0.3000 1.3414 1.3415 1.3415 1.3415

5 0.4000 1.4727 1.4726 1.4726 1.4726



clear
% Change slope = @(t,y), y0
y0 = 0.5;

slope = @(Ct,y) (Y2 + 2*t*y)/(3+t"2); % slope = dy/dt = f(t,y)

% times to display the y values in the table
TableTimes = [0, 0.1, 0.2, 0.3, 0.4];
StepSizes = [0.1, 0.05];

NumRows = length(TableTimes);

% initialize table array, 5 columns:

%  time + 2 ImpEuler + 2 R-K

V.= zeros(NumRows, 5);

. —
% Populate table times (Col=1
A/s/nj MA—/ Z'4-/g) for Fi)uz l:NumRowsI ¢ )
t = TableTimes(i);

V(@,1l) = t;
end

Col
for

% start at Col = 2 for Improved Euler Method
StepSizes
TableTimes(1):h:TableTimes(end);
zeros(length(t),1); % pre-allocate memory for y
y(1) = yO0; % MATLAB not zero based
Row = 1; Y%start at row 1 for each column
V(Row,Col)=vy(1);

//: / V,,A / for i = 2:length(t)
a = slope(t(i-1), y(i-1));
—ulty m< o b = slope(t(i), y(i-1) + h*a):
y(i) = y(i-1) + 0.5%Catb)*h; % new estimate of y(t)
% display table results only at specified times
1T abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;

’FU Y (’WV]/Q f‘/'SC N . V(Row,Col) = y(i);

o innN

< =l

(//S{,Vlj /'M/ rch/

end
end
Col = Col + 1; % go to next table column
end

Col = % start of Runge=Kutta Method
for h StepSizes
t = TableTimes(1l):h:TableTimes(end);
y = zeros(length(t),1); % pre-allocate memory for y
y(1) = yO0; % MATLAB not zero based
Row = 1; Y%start at row 1 for each column
V(Row,Col) = y(1);
h2 = h/2; % shorten calcs below
for i = 2:length(t)

i ns

k1l = slope(t(i-1), y(i-1));

k2 = slope(t(i-1) + h2, y(i-1) + h2*kl);
k3 = slope(t(i-1) + h2, y(i-1) + h2*k2);
k4 = slope(t(i-1) + h, y(i-1) + h*k3);

y(i) = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;
% display table results only at specified times
for Row = 1:NumRows % find the correct Row
if abs(t(i) - TableTimes(Row)) < 0.00001
V(Row,Col) = y(i);

end
end
end
Col = Col + 1; % go to next table column
end
format

T = array2table(V);
% label the table columms and display the table

T.Properties.VariableNames = {"t", “ImpEuler h = 0.1°
“ImpEuler h = 0.05",
"R-K h = 0.1%, .
"R-K h = 0.05"}
T =
t ImpEuler h = 0.1 ImpEuler h = 0.05 R-Kh=0.1 R-K h = 0.05
1 0 0.5000 0.5000 0.5000 0.5000
2 0.1000 0.5101 0.5102 0.5102 0.5102
3 0.2000 0.5241 0.5241 0.5241 0.5241
4 0.3000 0.5420 0.5421 0.5421 0.5421
5 0.4000 0.5641 0.5643 0.5643 0.5643



Msz'ni ”747—1/71/2)
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T =
t ImpEuler h = 0.1

11 0 -1.0000

2 0.1000 -0.9251

3 0.2000 -0.8650

4 0.3000 -0.8175

's 0.4000 -0.7809

clear

% Change slope = @(t,y), yO

y0 = -1;

stope = @(t,y) (72 = y*2)*sin(y); % stope = dy/dt = F(t,y)

% times to display the y values in the table
TableTimes = [0, 0.1, 0.2, 0.3, 0.4];
StepSizes = [0.1, 0.05];

NumRows = length(TableTimes);

% initialize table array, 5 columns:

%  time + 2 ImpEuler + 2 R-K

V_= zeros(NumRows, 5);

% Populate table times (Col=1)
for—i—=-1:NumRows

t = TableTimes(i);

V(@i,l) = t;
end

Col
for StepSizes
TableTimes(1):h:TableTimes(end);
zeros(length(t),1); % pre-allocate memory for y
y(1) = yO0; % MATLAB not zero based
Row = 1; Y%start at row 1 for each column
V(Row,Col) = y(1);
for i 2:length(t)
a = slope(t(i-1), y(i-1));
b stope(t(i), y(i=1) + h*a);
y(i) = y(i-1) + 0.5%Catb)*h; % new estimate of y(t)
% display table results only at specified times
ifT abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i);
end

2; % start at Col = 2 for Improved Euler Method

< =l

end
Col = Col + 1; % go to next table column
end

Col

=4;—% start of Runge-Kutta Method
for h
T

StepSizes
TableTimes(1):h:TableTimes(end);
y = zeros(length(t),1); % pre-allocate memory for y
y(1) = yO0; % MATLAB not zero based
Row = 1; Y%start at row 1 for each column
V(Row,Col) = y(1);
h2 = h/2; % shorten calcs below
for i1 = 2:length(t)
k1 slope(t(i-1), y(i-1));
k2 = slope(t(i-1) + h2, y(i-1) + h2*kl);
k3 = slope(t(i-1) + h2, y(i-1) + h2*k2):
k4 = slope(t(i-1) + h, y(i-1) + h*k3);
y(i) = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;
% display table results only at specified times
for Row = 1:NumRows % find the correct Row
if abs(t(i) - TableTimes(Row)) < 0.00001
V(Row,Col) = y(i);

s

end
end
end
Col = Col + 1; % go to next table column
end

format

T = array2table(V);

% label the table columms and display the table

T.Properties.VariableNames = {"t", “ImpEuler h
“ImpEuler h

"R-K h = 0.
"R-K h = 0.
ImpEuler h = 0.05 R-Kh=0.1 R-K h =0.05

-1.0000 -1.0000 -LOODO:
-0.9246 -0.9245 -0.9245
-0.8643 -0.8641 -0.8641 .
-0.8166 -0.8164 —0.8164;
-0.7800 -0.7797 -0.7797 E
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t ImpEuler h =0.1 ImpEuler h = 0.05 R-Kh=0.1 R-K h=0.05
1 0 1.0000 1.0000 1.0000 1.0000
2 0.5000 2.9527 2.9641 2.9683 2.9683
3 1.0000 7.8046 7.8662 7.8889 7.8890
4 1.5000 20.4923 20.7426 20.8349 20.8355
5 2.0000 54.3576 55.2614 55.5957 55.5980

('00/( on mmf/aj(,

Exact
1.0000
2.9683
7.8891

20.8355
55.5982



clear

% Change slope = @(t,y), y(0), ? exact solution

y0-=-1;

fn = @(t,y) 0.5 - t + 2*y; % fn = dy/dt = F(t,y)

% times to display the y values in the table
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
StepSizes = [0.1, 0.05];

NumRows

= length(TableTimes);

% initialize table array, 6 columns:
%  time + 2 ImpEuler + 2 R-K + exact
V = zeros(NumRows, 6);

%-Populate table times (Col=1), exact (Col=6)

for i =

end

% start
Col =
for h =
t =

N

1:NumRows
TableTimes(i);

t;
0.5*t + exp(2*t);

(2R
o/
11

at Col = 2 for Improved Euler Method

StepSizes
TableTimes(1):h:TableTimes(end);

y = zeros(length(t),1); % pre-allocate memory for y
y(1) = yO0; % MATLAB not zero based

Row = 1; %start at row 1 for each column
V(Row;Col)=y(1);

for i = 2:length(t)

end

a = fn(t(i-1), y(i-1));

b = fn(t(i), y(i-1) + h*a);

% new estimate of y(t)

y(@) = y(i-1) + 0.5*(atb)*h;

% display results only at specified times

if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i);

end

Col = Col + 1; % go to next table column

end

Col =
for h
T

nomnd

% start of Runge-Kutta Method
StepSizes
TableTimes(1):h:TableTimes(end);
zeros(length(t),1); % pre-allocate memory for y

y

y(1) = yO0; % MATLAB not zero based
Row = 1; %start at row 1 for each column
V(Row,Col) = y(1);

h2 = h/2; % shorten calcs below

for 1 = 2:length(t)

end

ki = fn(t(i-1), y(i-1));

k2 = fn(t(i-1) + h2, y(i-1) + h2*k1);
k3 = fn(t(i-1) + h2, y(i-1) + h2*k2);
k4 = fn(t(i-1) + h, y(i-1) + h*k3);

y(i) = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;
% display results only at specified times
for Row = 1:NumRows % find the correct Row
if abs(t(i) - TableTimes(Row)) < 0.00001
V(Row,Col) = y(i);
end
end

Col=Col+1; % go to next table column

end

format

T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {"t", .

“ImpEuler h = 0.1%, ...
“ImpEuler h = 0.05",
"R-K h 0.1%, ...

"R-K h = 0.05",

"Exact"}



Mgfms MNATLA,

T =
t ImpEuler h = 0.1 ImpEuler h =0.05 R-Kh=0.1 R-K h=0.05

1 0 2.0000 2.0000 2.0000 2.0000
2 0.5000 0.9334 0.9275 0.9257 0.9257
3 1.0000 1.2927 1.2869 1.2852 1.2851
4 1.5000 24152 2.4102 2.4086 2.4086
5 2.0000 4.1096 4.1050 4.1035 4.1035

clear

3002ag?e slope = @(t,y), y(0), ? exact solution

fn = @(t,y) 5*t - 3*sqart(y); % fn = dy/dt = T(t,y)
%—times—to display theyvalues—in—thetable
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];

StepSizes = [0.1, 0.05];

NumRows = length(TableTimes);

% initialize table array, 5 columns:

% time + 2 ImpEuler + 2 R-K

V = zeros(NumRows, 5);

% Populate table times (Col=1)
for 1 = 1:NumRows

V(i,1) = TableTimes(i);
end

% start at Col = 2 for Improved Euler Method
Col = 2;
for h = StepSizes

t = TableTimes(1):h:TableTimes(end);

N

y = zeros(length(t),1); % pre-allocate memory
y(1) = y0; % MATLAB not zero based
Row = 1 %start at row 1 for each column

V(Row,Col) = y(1);

for 1 = 2:length(t)
a-=faCt(i-1), y(i-1));
b = fn(t(i), y(i-1) + h*a);

% new estimate of y(t)
y(1) = y(@=1) + 0.5*(at+b)*h;
% display results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i);
end
end
Col = Col + 1; % go to next table column
end

Col =
for h
T

; % start of Runge-Kutta Method

StepSizes

TableTimes(1):h:TableTimes(end);

y = zeros(length(t),1); % pre-allocate memory
y(1) =vy0; %MATLABhnotzero based
Row = 1; %start at row 1 for each column
V(Row,Col) = y(1);

h2="h72; % shorten calcs below

for 1 = 2:length(t)

s

kl = fn(t(i-1), y(i-1));

k2 = fn(t(i-1) + h2, y(i-1) + h2*kl);
k3 = fn(t(i-1) + h2, y(i-1) + h2*k2):
k4 = fn(t(i-1) + h, y(i-1) + h*k3);

y(i) = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;
% display results only at specified times
for Row = 1:NumRows % find the correct Row
if abs(t(i) - TableTimes(Row)) < 0.00001
V(Row,Col) = y(i);

end
end
end
Col = Col + 1; % go to next table column
end
format

T = array2table(V);

% label the table columms and display the table

T.Properties.VariableNames = {"t", ...
"ImpEuler h
“tmpEuler—h
"R-K h = 0.17, ...
"R-K h = 0.05"}

0.1%, ...
0-05";



é/w@ MAT LAR.

T =
t ImpEuler h =0.1 ImpEuler h = 0.05 R-Kh=0.1 R-K h =0.05

1 0 3.0000 3.0000 3.0000 3.0000
2 0.5000 3.9619 3.9621 3.9622 3.9622
3 1.0000 5.1083 5.1088 5.1089 5.1089
4 1.5000 6.4306 6.4312 6.4314 6.4314
5 2.0000 7.9223 7.9231 7.9234 7.9234

clear

% Change slope = @(t,y), y(0), ? exact solution

y0-=

fn = @(t,y) sqre(t+y); % fn = dy/dt = F(t,y)

% times to display the y values in the table
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
StepSizes = [0.1, 0.05];

NumRows = length(TableTimes);

% initialize table array, 5 columns:

% time + 2 ImpEuler + 2 R-K

V = zeros(NumRows, 5);

% Populate table times (Col=1)
for 1 = 1:NumRows

V(i,1) = TableTimes(i);
end

% start at Col = 2 for Improved Euler Method
Col =
for h

t

I\J

StepSlzes
TableTimes(1):h:TableTimes(end);
zeros(length(t),1); % pre-allocate memory
y(1) = y0; % MATLAB not zero based
Row Y%start-at row-1 for each-column
V(Row,Col) = y(1);
for 2:length(t)
fn(t(i-1), y(i-1));
= fn(t(i), y(i-1) + h*a);
% new estimate of y(t)
y(@) = y(i-1) + 0.5%(a+tb)*h;
% display results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i);

m-'E I
Inn OI—‘

end
end
Col = Col + 1; % go to next table column

end

Col =
for h
t

; % start of Runge-Kutta Method

StepSizes

TableTimes(1):h:TableTimes(end);
zeros(length(t) 1); % pre-allocate memory
y(1) = yO0; % MATLAB not zero based
Row = 1; Y%start at row 1 for each column
V(Row,Col) =vy(1);

h2 = h/2; % shorten calcs below

nmns

for 1 = 2:length(t)
kL =fn(t(i-1), y(i-1));
k2 = fn(t(i-1) + h2, y(i-1) + h2*k1);
k3 = fn(t(i-1) + h2, y(i-1) + h2*k2);
k4 = fn(t(i-1) + h, y(i-1) + h*k3);

y(i) = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;
% display results only at specified times
for Row = 1:NumRows % find the correct Row
if abs(t(i) - TableTimes(Row)) < 0.00001
V(Row,Col) = y(i);

end
end
end
Col = Col + 1; % go to next table column
end
format

T = array2table(V);

% label the table columms and display the table
T.Properties.VariableNames = {"t", ..
'lmpEuIer h
"ImpEuler h
"R-K h = 0.1%, ...
*R=K—h—=-0:05"}

0.1%,
0. 05'



/0

VATLALS

T =
t ImpEuler h = 0.1 ImpEuler h = 0.05 R-K h =0.1 R-K h = 0.05

1 0 1.0000 1.0000 1.0000 1.0000
2 0.5000 1.6128 1.6127 1.6126 1.6126
3 1.0000 24818 2.4811 2.4809 2.4809
4 1.5000 3.7467 3.7458 3.7455 3.7455
5 2.0000 5.4971 5.4962 5.4959 5.4959

clear

% Change slope = @(t,y), y(0), ? exact solution

¥2 = B(t.y) 2°t + exp(-t*y); % n = dy/dt = F(t,y)

%—timesto-display the y values—in the table
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
StepSizes = [0.1, 0.05];

NumRows = length(TableTimes);

% initialize table array, 5 columns:

% time + 2 ImpEuler + 2 R-K

V = zeros(NumRows, 5);

% Populate table times (Col=1)
for i = 1:NumRows

V(i,1l) = TableTimes(i);
end

% start at Col =

Col = 2;

for h
T

2 for Improved Euler Method

StepSizes

TableTimes(1):h:TableTimes(end);

y = zeros(length(t),1); % pre-allocate memory
y(1) = yO0; % MATLAB not zero based
Row = 1; %start at row 1 for each column
V(Row,Col) = y(1);

for i = 2:length(t)
a = fn(t(i-1), y(i-1));
b = fn(t(i), y(i-1) + h*a);

% new estimate of y(t)
y() = y(@-1) + 0-5*(a+tb)*h;
% display results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i);
end
end
Col = Col + 1;
end

% go to next table column

Col = 4; % start of Runge-Kutta Method
= StepSizes
t = TableTimes(1):h:TableTimes(end);
y:
y(1) = yO0;
Row = 1;
V(Row,Col) = y(1);
h2 = h/2; % shorten calcs below
for 1 = 2:length(t)
kKl = fn(t(i-1), y(i-1));
k2
k3
k4

zeros(length(t),1); % pre-allocate memory
% MATLAB not zero based
Y%start at row 1 for each column

fn(t(i=1) + h2, y(i=1) + h2*kl);
fn(t(i-1) + h2, y(i-1) + h2*k2);
fn(t(i-1) + h, y(i-1) + h*k3);

y() = y(-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;
% display results only at specified times

for Row = 1:NumRows

% find the correct Row

if abs(t(i) - TableTimes(Row)) < 0.00001

V(Row,Col) = y(i);
end
end
end
Col = Col + 1;
end

format

T = array2table(V);

% label the table columms and display the

T.Properties.VariableNames = {"t", ...
“ImpEuler h
" ImpEuler_h

%-go—tonext table—column

table

0.1+,

= 0.05%,

"R-K h = 0.1%, ...
"R-K h = 0.05"}
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T =
t ImpEuler h = 0.1
1 0 0.5000
2 0.5000 0.5907
3 1.0000 0.7992
4 1.5000 1.1645
5 2.0000 1.7451
clear
% Change slope = @(t,y), y(0), ? exact solution
Fn = By) (A2 + 2RERY)/EHEA2); 6 = dy/dt = ()

% times to display the y values in the table
TableTimes = [0, 0.5, 1.0, 1.5, 2.0];
StepSizes = [0.1, 0.05];

NumRows = length(TableTimes);

% initialize table array, 5 columns:

%  time + 2 ImpEuler + 2 R-K

V = zeros(NumRows, 5);
= zeros(NumRows,1); % pre-allocate memory for y
y(1) = y0; % y0, MATLAB not zero based
% Populate table times (Col=1)
for 1 = 1:NumRows
V(i,1) = TableTimes(i);
end

% start at Col
Col =
for h = StepSlzes
t = TableTimes(1l):h:TableTimes(end);
=zeros(length(t),1); % pre-allocate memory
y(l) = y0; % MATLAB not zero based
Row = 1; Y%start at row 1 for each column
V(Row Col) y(1);
for i 2:length(t)
a = fn(t(i-1), y(i-1));
b = fn(t(i), y(i-1) + h*a);
% new estimate of y(t)
y(i) = y(@-=1) + 0.5*(a+b)*h;
% display results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row—=-Row—+-13;
V(Row,Col) = y(i);

= 2 for Improved Euler Method

I\)

end
end
Col = Col + 1; % go to next table column

end

ImpEuler h = 0.05

R-K h=0.1 R-K h =0.05
0.5000 0.5000 0.5000
0.5909 0.5909 0.5909
0.7998 0.8000 0.8000
1.1661 1.1667 1.1667
1.7488 1.7500 1.7500
Col = 4; % start of Runge-Kutta Method
for h = StepSizes
t = TableTimes(1):h:TableTimes(end);
= zeros(length(t) 1); % pre-allocate memory
y(1) = yO0; % MATLAB not zero based
Row = 1; %start at row 1 for each column
V(Row,CoI) = y();
h2 = h/72; % shorten calcs below

for 1 = 2:tength(t)

kl = fn(t(i-1), y(i-1));

k2 = fn(t(i-1) + h2, y(i-1) + h2*k1);
k3 = fn(t(i-1) + h2, y(i-1) + h2*k2);
k4 = fn(t(i-1) + h, y(i-1) + h*k3);

y(i) = y(@(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;
% display results only at specified times
for Row = 1:NumRows % find the correct Row
if abs(t(i) - TableTimes(Row)) < 0.00001
V(Row,Col) = y(i);

end
end
end
Col = Col + 1; % go to next table column
end
format

T = array2table(V);
% label the table columms and display the table
T.Properties.VariableNames = {°t"°

'ImpEuIer h=0.1",
“ImpEuler h = 0.05",
“R-K—-h—="0-1"5—==
"R-K h = 0.05"%}
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() %smlg WATLHB,

clear,clc;
Xmin = -0.5; Xmax = 3;
Ymin = -2; Ymax = 2;

[t, y] = meshgrid(Xmin:0.2:Xmax, Ymin:0.2:Ymax);

% S = dy/dt = slope at point (t,y)

S = 3*t."2./(3*y."2 - 4);

L = sgrt(1 + S.~2); %length of the slope vector

% Create a unit vector (hypotenuse) from L,S

% scale by 0.5, color blue

q = quiver(t,y, 1./L, S./L, 0.5, "b");

axis([Xmin Xmax Ymin Ymax]);

xlabel "t°, ylabel "“y*

title “Direction Field for-dy/dt =3t22/(3y*2—4)"

Direction Field for dy/dt = 3t%/(3y? - 4)
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of //‘scomf/m,‘viy : /(/ﬂ nol getined at

A1>14, as 1 4/;/”04;%& Ay Arom the [<ft.
() Usc MATLAR. chsing trial-and-creor 1o frud

/_ILM Yo 37’1’dfftf/)fec/.8['oy), //1/7: /i_{

T = clear
% Change slope = @(t,y), y(0)
t h = 0.001 h = 0.0005 y0 = 0;
] 0 0 0 n = @Ct,y) 3*t"2/(B*y™2 - 4); % fn = dy/dt = T(t,y)
N N % times to display the y values in the table
2 05000 0.0313 0.0313 TableTimes = [0, 0.5, 1.4, 1.45, 1.46, 1.47, 1.5, 2.0];
3 1.4000 -0.8278 -0.8278 StepSizes = [0.001, 0.0005];
NumRows = length(TableTimes);
4 1.4500 -1.0594 -1.0594 % initialize table array, 3 columns:
% time + 2 R-K
5 1.4600 1.1768 1.0070 V = zeros(NumRows, 3):
6 1.4700 -0.9912 -1.1063
9 i =
7 1.5000 0.4108 -0.9349 éoio‘i)“laﬁ,\lﬁg(')@st'mes (Cot=1)
8 2.0000 -0.1580 -2.8367 g V(i,1) = TableTimes(i);
en
Col = 2; % start of Runge-Kutta Method
for h = StepSizes
t = TableTimes(1):h:TableTimes(end);
y-= zeros(length(t),1); % pre-allocate memory
é// . XL y(1) = yO0; % MATLAB not zero based
Row = 1; %start at row 1 for each column
a [/{{S aVC ('O MS/S f ( n V(Row,Col) =vy(1);
h2 = h/2; % shorten calcs below
for 1 = 2:length(t)
KL = fn(t(i-1), y(i-1));
- / S/ k2 = fn(t(i-1) + h2, y(i-1) + h2*k1);
L{ Cj - - . dﬁz’y~ k3 = fn(e(i-1) + h2, y(i-1) + h2*k2);
k4 = fn(t(i-1) + h, y(i-1) + h*k3);
y(i) = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;
% display results only at specified times
/{ v{ // 6//;' for Row = 1:NumRows % find the correct Row
if abs(t(i) - TableTimes(Row < 0.00001
7 a ) VQ? Ur S /V// < %;7 Véﬁ%m)zy@x (RowD)
end
end

end
Col = Col + 1; % go to next table column

format
T = array2table(V);

57/(/05 SI‘Z(S o¥ 1/:‘;// Sﬂ/m// end

% label the table columms and display the table

}I = 0' 0 0/ ﬂﬂO/ A = 0000 S/ ] T.Properties.VariableNames = {::]:', 0001

*h 0.0005"}



) Values foe > L0 have o 5 ignificance for the
sofution for y(a):a. Lvomn Fhe ofirection,
et all y Values scem o 4 Sowndes
47 the line )/z—,—/,/ This valuc is
a//rwc/zo/ under continuous conditions.
The ‘;w,'jm,'n@”’ 4//@061 of rang e Lt
does not work beyord The intepnl of condinaily
 The calewlatid values “5/'”3 /wn3<-kafv%
shouldd hove o signlicance, since o caleulatin
o At ih> At shoulo] heve mo Meaning.

(@) /mi45 sing )//o) = wnd dircction field
&/smjX MATLAIS 7] —

1 0 1.0000 1.0000
/-7 - // 8,2 : 2 0.5000 0.9026 0.9026
m — - UuUsy/ ’7‘3 3 1.5000 -0.0940 -0.0940
4 1.8000 -0.8761 -0.8761

/? 5 1.8200 1.0316 1.0316
“un S ¢~ [M 717[-5'( 3 1.8300 -1.1268 -0.9453

7 1.8400 -1.4110 -1.0432

8 1.8600 -1.2594 -0.3724

9 2.0000 -3.1750 -1.0032

CaO/é’ N(X?L/Oqﬁg,



clear

% Change slope = @(t,y), y(0)

yO =1;

fn = @Ct,y) 3*t"2/(3*y"2 - 4); % fn = dy/dt = F(t,y)

% times to display the y values in the table

TableTimes = [0, 0.5, 1.5, 1.8, 1.82, 1.83, 1.84, 1.86, 2.0];
StepSizes = [0.001, 0.0005];

NumRows = length(TableTimes);

% initialize table array, 3 columns:

% time + 2 R-K

V = zeros(NumRows, 3);

%—Populate—table—times(Col=1)
for 1 = 1:NumRows

V(i,1) = TableTimes(i);
end

Col =
for h StepSizes

t = TableTimes(1):h:TableTimes(end);
y = zeros(length(t),1); % pre-allocate memory
y(1) = vyO0; % MATLAB not zero based
Row = 1; %start at row 1 for each column
V(Row,Col) = y(1);
h2 = h/2; % shorten calcs below
for i1 = 2:length(t)

kl = fn(t(i-1), y(i-1));
fn(t(i-1) + h2, y(i-1) + h2*kl);
fn(e(i-1) + h2, y(i-1) + h2*k2);
fn(t(i-1) + h, y(i-1) + h*k3);
y(i) = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;
% display results only at specified times
for Row = 1:NumRows % find the correct Row

if abs(t(i) - TableTimes(Row)) < 0.00001

V(Row,Col) = y(i);
end

2; % start of Runge-Kutta Method

NI

end
end
Col = Col + 1; % go to next table column
end

format

T = array2table(V);

%—tabel—thetable columms—and display thetable

T.Properties._VariableNames = {"t", ...
*h = 0.001%, ._.

0.0005"}

"h

Ms/m3 mry smal] sy/(/ s/2¢S, h=0.001 andf h=0.0008
(/5(/1463 Cans/g/mi/ u/ Vlo /£ /7[7( r 71441%, (a/Cw/aYZ/rdw
ﬁVL ]l/, + 2/4 = %/n 7/‘6/0/5 /(///O/ %“k l/a/(/(cs.



8.4 Multistep Methods
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are combimed ints ove talle.



T =
t Predictor_corrector
1 0.40000000. .. 1.729680081756054
2 0.50000000. .. 1.893469731589717
clear
% Change afn = @(t,y) F(t,y), y(0)
yo = 1;
afn = @(t,y) 3+ t -vy; % afn = dy/dt = f(t,y)
h =0.1;
% table display times
TableTimes = [0, 0.1, 0.2, 0.3, 0.4, 0.5];
NumRows = length(TableTimes);

%initialize table array, 4 columns:
%  time + pre-corr + Adam-M + BkDiff
V = zeros(2, 4); % Only show rows t = 0.4, 0.5
% Populate table times (Col = 1)
for 1 = 1:2 % values for rows 1,2

V(i,1) = TableTimes(i+4); % t = 0.4, 0.5
end

% times to compute the y values
t = TableTimes(1):h:TableTimes(end);
y = zeros(length(t),1); % pre-allocate memory

% get initial y values frm Runge-Kutta

y(1) = yO0; % MATLAB not zero based
h2 = h/2; % shorten calcs below
for i = 2:4 % t =0.1, 0.2, 0.3
k1 = afn(t(i-1), y(i-1));
k2 = afn(t(i-1) + h2, y(i-1) + h2*k1);
k3 = afn(t(i-1) + h2, y(i-1) + h2*k2);
k4 = afn(t(i-1) + h, y(i-1) + h*k3);
y() = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;
end

Adam_Moulton
1.72967996678. ..
1.89346952390. ..

Col
for

Bkward_Differentiation
1.729680465441545
1.893471130180784

= 2; % Predictor-corrector

i =5:6

fn0 = afn(t(i-1),y(i-1)); % fn
fnl = afn(t(i-2),y(i-2)); % f n-1
fn2 = afn(t(i-3),y(i-3)); % f n-2
fn3 = afn(t(i-4),y(i-4)); % T n-3

% Adams-Bashforth to get y n+1

ynl = y(i-1) + (h/24)*(55*fn0 - 59*fnl + 37*fn2 - 9*fn3);
k =afn(t(i),ynl);

% y_n+1 now explicitly calculated/corrected

y(i) = y(i-1) + (h/24)*(9*k + 19*fn0 - 5*fnl + fn2);
V(i-4,Col) = y(i);

end
Col = 3; % Adam-M
syms k % needed to use vpasolve to get implicit value
for 1 = 5:6
fno = afn(t(i-1),y(i-1)); % fn
fnl = afn(t(i-2),y(i-2)); % f n-1
fn2 = afn(t(i=3),y({i=3)); % T n=2
egn = k == y(i-1) + .

end

Col
for

end

(h/28)*(9*afn(t(i),k) + 19*fn0 - 5*fnl + fn2):
y(i) = vpasolve(eqn, k); % solve implicit equation
V(i-4,Col) = y(i);

= 4; % Backward-differentiation

i =5:6

% use initial seeds of y from R-K to get y(5), y(6)

eqn = k == (1/25)*(48*y(i-1) - 36*y(i-2) + 16*y(i-3) ...
—3*y(i-4)+-12*h*afn(Ct(i); k));

y(i) = vpasolve(eqn, k); % solve implicit equation

V(i-4,Col) = y(i);

format long

T =

array2table(V);

% label the table columms and display the table

T.Properties.VariableNames =

"Predictor_corrector”,
"Adam_Moulton*,
"Bkward_Differentiation}

{tee,



t Predictor_corrector

1 0.40000000...
2 0.50000000...

clear

% Change afn = @(t,y) f(t,y), y(0)
y0 = 2;
% afn = dy/dt = f(t,y)

afn = @(t,y) 5%t - 3*sqrt(y);

h =0.1;

% table display times

TableTimes = [0, 0.1, 0.2, 0.3, 0.4, 0.5];
NumRows = length(TableTimes);

%initialize table array, 4 columns:
%  time + pre-corr + Adam-M + BkDiff
V-=-zeros(2, 4); % Only show rowst =0-4,-0.5

% Populate table times (Col = 1)
for i = 1:2 % values for rows 1,2

V(i,1) = TableTimes(i+4); % t = 0.4, 0.5
end

% times to compute the y values
t = TableTimes(1):h:TableTimes(end);
y = zeros(length(t),1); % pre-allocate memory

% get initial y values frm Runge-Kutta
y(1) = yO0; % MATLAB not zero based
h2 = h/2; % shorten calcs below
for i =2:4 % t=0:1, 0.2, 03

k1 afn(t(i-1), y(i-1));

k2 - afn(t(i-1) + h2, y(i-1) + h2*kl);
k3 = afn(t(i-1) + h2, y(i-1) + h2*k2);
k4 = afn(t(i-1) + h, y(i-1) + h*k3);

y(i) = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;
end

Adam_Moulton

0.993851994061415 | 0.99384662206..
0.925763539158337 | 0.92574646644..

Bkward_Differentiation
0.993869290303869
0.925837011284843

= 2; % Predictor-corrector

i =5:6

fno-=-afnCtCi-1),y(i-1)); Y%—Fn
fnl = afn(t(i-2),y(i-2)); % f n-1
fn2 = afn(t(i-3),y(i-3)); % T n-2
fn3 = afn(t(i-4),y(i-4)); % T n-3

% Adams-Bashforth to get y_n+1

ynl = y(i-1) + (h/24)*(55*fn0 - 59*fnl + 37*fn2 - 9*fn3);
k = afn(t(i),ynl);

% y_n+l1 now explicitly calculated/corrected

y() = y(i-1) + (h/24)*(9*k + 19*fn0 - 5*fnl + fn2);
V(i-4,Col) = y(i);

end
syms k % needed for vpasolve to get implicit value
Col =35 % Adam=M
for i = 5:6
n0 = afn(t(i-1),y(i-1)); % Fn
fnl = afn(t(i-2),y(i-2)); % f n-1
fn2 = afn(t(i-3),y(i-3)); % T n-2
eqn = = y(@-1) + ...

end

Col
for

end

(h/24)*(9*éfn(t(i),k) + 19*fn0 - 5*fnl + fn2);
y(i) = vpasolve(eqn, k); % solve implicit equation
V(i-4,Col) = y(i);

4;— Y% Backward=differentiation

= 5:6

use initial seeds of y from R-K to get y(5), y(6)

eqn = k == (1/25)*(48*y(i-1) - 36*y(i-2) + 16*y(i-3) ...
- 3*y(i-4) + 12*h*afn(t(i),k));

y(i) = vpasolve(eqn, kK); % solve implicit equation

V(i-4,Col) = y(i);

=R o]

format long

T =

array2table(V);

%—tabel—the—table—columms—and-display—the—table

T.Properties.VariableNames = {"t~,

"Predictor_corrector”,
“Adam_Moulton®, ...
“Bkward_Differentiation"}



t Predictor_corrector Adam_Moulton Bkward_Differentiation
1 0.40000000... 1.472617296809064 | 1.47261713293... 1.472619917661099
2 0.50000000... 1.612621521710783 | 1.61262138734... 1.612625562132374
clear Col

= 2; % Predictor-corrector
% Change afn = @(t,y) f(t,y), y(0) for i1 =

5:6

fno = afn(t(i-1),yG-1)); % fn
yo = 1; fnl = afn(t(i-2),y(i-2)); % T n-1
% afn = dy/dt = F(t,y) fn2 = afn(e(i-3),y(i-3)); % T n-2
afn = @(t,y) 2*t + exp(-t*y); n3 = afn(t(i-4),y(i-4)); % ¥ n=3
h =0.1; % Adams-Bashforth to get y_n+1
% table display times ynl = y(i-1) + (h/24)*(55*fn0 - 59*fnl + 37*fn2 - 9*fn3);
TableTimes = [0, 0.1, 0.2, 0.3, 0.4, 0.5]; k = afn(t(i),ynl);
NumRows = length(TableTimes); % y n+l now explicitly calculated/corrected

y@() = y@-1) + (h/24)*(9*k + 19*fn0 - 5*fnl + fn2);
%initialize table array, 4 columns: V(i-4,Col) = y(i);
%  time + pre-corr + Adam-M + BKDiff end

V.= zeros(2, 4); % Only show rows t = 0.4, 0.5
syms k % needed for vpasolve to get implicit value
% Populate table times (Col = 1)

for—i =1:2 % values for rows 1,2 Col=3; % Adam=M
V(i,1) = TableTimes(i+4); % t = 0.4, 0.5 for 1 = 5:6
end fn0 = afn(t(i-1),y(i-1)); % fn

I o;

fnl = afn(t(i-2),y(i-2)); % T n-1
% times to compute the y values n2 afn(t(i-3),y(i-3)); % F n-2
t = TableTimes(1):h:TableTimes(end); eqgn = y(i-1) + ...
y = zeros(length(t),1); % pre-allocate memory (h724)*(9*afn(t(i),k) + 19*fn0 - 5*fnl + fn2);
y(i) = vpasolve(egn, k); % solve implicit equation
% get initial y values frm Runge-Kutta V(i-4,Col) = y(i);
y(1) = yO0; % MATLAB not zero based end
h2 = h/2; % shorten calcs below
for + =2:4 %t =0:1,0-2,0:3 Col=-4; % Backward-differentiation
k1l = afn(t(i-1), y(i-1)); for 1 = 5:6
k2 = afn(t(i-1) + h2, y(i-1) + h2*kl); % use initial seeds of y from R-K to get y(5), y(6)
k3 = afn(t(i-1) + h2, y(i-1) + h2*k2); eqn = k == (1725)*(48*y(i-1) - 36*y(i-2) + 16*y(i-3) ...
k4 = afn(t(i-1) + h, y(i-1) + h*k3); - 3*y(i-4) + 12*h*afn(t(i),k));
y(i) = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6; y(i) = vpasolve(eqn, k); % solve implicit equation
end V(i-4,Col) = y(i);

end

format long

T = array2table(V);

% label the table columms-and-display the table

T.Properties.VariableNames = {"t", "Predictor_corrector”,
"Adam_Moulton*,
*Bkward_Differentiation"}



t Predictor_corrector
1 0.40000000... 0.564285771227386
- 0.50000000... 0.590909178807777
clear
% Change afn = @(t,y) f(t,y), y(0)
y0 = 0.5;

% afn = dy/dt = f(t,y)

afn = 6(t,y) (v°2 + 2°ty)/(3 + t°2);

h =0.1;

% table display times

TableTimes = [0, 0.1, 0.2, 0.3, 0.4, 0.5];
NumRows = length(TableTimes);

%initialize table array, 4 columns:
% time + pre-corr + Adam-M + BkDiff
V.= zeros(2, 4); % Only show rows t = 0.4, 0.5

D
%—values—Forrows—1,2
% t = 0.4, 0.5

% Populate table times (Col =
for 1 =1:2

V(i,1) = TableTimes(i+4);
end

% times to compute the y values
TableTimes(1):h:TableTimes(end);
zeros(length(t),1); % pre-allocate memory

~+
Inn

% get initial y values frm Runge-Kutta
y(1) = yO0; % MATLAB not zero based
h2 = h/2; % shorten calcs below
for i = 2:4 % t =0.1, 0.2, 0.3

k1l = afn(e(i-1), y(i-1));

k2 = afn(t(i-1) + h2, y(i-1) + h2*kl);

k3 =afn(t(i-1) + h2, y(i-1) + h2*k2);

k4 = afn(t(i-1) + h, y(i-1) + h*k3);

y(i) = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;

end

Note wse of “famﬁc'“
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Adam_Moulton
0.56428578181...
0.590909203089...

Bkward_Differentiation
0.564285877514270
0.590909522019650

Col = 2; % Predictor-corrector
for 1 = 5:6
fno = afn(t@-1),y@-1)); % Fn
fnl = afn(t(i-2),y(i-2)); % f n-1
fn2 = afn(t(i-3),y(i-3)); % f n-2
n3 = afn(t(i=4),y(i=4)); % f n=3
% Adams-Bashforth to get y n+1
ynl = y(i-1) + (h/24)*(55*fn0 - 59*fnl + 37*fn2 - 9*fn3);
k = afn(t(i),ynl);
% y_n+1 now explicitly calculated/corrected
y(i) = y(i-1) + (h/24)*(9*k + 19*fn0 - 5*fnl + fn2);
V(i-4,Col) = y(i):
end
syms k % needed for vpasolve to get implicit value
Col = 3; % Adam=M
for 1 = 5:6
o = afn(t(i-1),y(i-1)); % fn
nl = afn(t(i-2),y(i-2)); % T n-1
fn2 = afn(t(i-3),y(i-3)); % f n-2
egn = k == y(i-1) + ...
(h/724)*(9*afn(t(i),k) + 19*fn0 - 5*fnl + fn2);
% guess 6*h as an interval to look for next y
range = [y(i-1) - 3*h, y(i-1) + 3*h];
y(i) = vpasolve(eqn,k,range); % solve implicit equation
V(i-4,Col) = y(i);
end
Col = 4; % Backward-differentiation
for 1 = 5:6
% use initial seeds of y from R-K to get y(5), y(6)
egn = k == (1/25)*(48*y(i-1) - 36*y(i-2) + 16*y(i-3) ...
- 3*y(i-4) + 12*h*afn(t(i),k));
% guess 6*h as an interval to look for next y
range = [y(i-1) - 3*h, y(i-1) + 3*h];
y(i) = vpasolve(eqgn,k,range); % solve implicit equation
V(i-4,Col) = y(i):
end

format long

T =

array2table(V);

% label the table columms and display the table

T.Properties.VariableNames = {"t~,

"Predictor_corrector”,
“Adam_Moulton™,
"Bkward_Differentiation"}
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T =
t Predictor_corrector Adam_Moulton Bkward_Differentiation
1 0.40000000... -0.779693259811017 | -0.77970024903. .. -0.779679679558112
2 0.50000000... -0.753134541140855| -0.75314421203... -0.753089253164558
clear Col = 2; % Predictor-corrector
% Change afn = @(t,y) f(t.y). y(0) for i = 5:6
o = afn(t@Gi-1),y@(-1)); % fn
yo = -1; fnl = afn(t(i-2),y(i-2)); % f n-1
% afn = dy/dt = f(t,y) n2 = afn(t(i-3),y(i-3)); % f n-2
n3 = afn(t(i-4),y(i-4)); % Fn-3

afn = @Ct,y) ("2 - y"2)*sin(y);
h =0.1;

% table display times
TableTimes = [0, 0.1, 0.2, 0.3, 0.4, 0.5];
NumRows = length(TableTimes);

%initialize table array, 4 columns:
%  time + pre-corr + Adam-M + BkDiff
V = zeros(2, 4); % Only show rows t = 0.4, 0.5
% Populate table times (Col = 1)
for i = 1:2 % values for rows 1,2

V(i,1l) = TableTimes(i+4); % t = 0.4, 0.5
end
% times to compute the y values
t = TableTimes(1):h:TableTimes(end);
y-=-zeros(length(t),1); % pre-allocate memory

% get initial y values frm Runge-Kutta

y(1) = y0; % MATLAB not zero based

h2 = h/2; % shorten calcs below

for 1 =2:4 % t=0.1, 0.2, 0.3
k1 = afn(t(i-1), y(i-1));
k2 = afn(t(i-1) + h2, y(i-1) + h2*kl);
k3 = afn(t(i-1) + h2, y(i-1) + h2*k2);
k4 = afn(t(i-1) + h, y(i-1) + h*k3);

y(i) = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;

end
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% Adams-Bashforth to get y n+1
ynl = y(i-1) + (h/24)*(55*fn0 -
k =—afn(e(i),ynl);

% y_n+1l now explicitly calculated/corrected

y(i) = y(i-1) + (h/24)*(9*k + 19*fn0 - 5*fnl + fn2);
V(i-4,Col) = y(i);

59*fnl + 37*fn2 - 9*fn3);

end
syms k % needed for vpasolve to get implicit value
Col = 3; % Adam-M
for 1 = 5:6
o = afn(t(i-1),y(i-1)); % fn
fnl =afn(t(i=2),y(i-2)); % F n=-1
fn2 = afn(t(i-3),y(i-3)); % T n-2
egn = k == y(i-1) + ..

(h724)*(9*afn(t(i),k) + 19*fn0 - 5*fnl + n2);
% guess 6*h as an interval to look for next y

range = [y(i-1) - 3*h, y(i-1) + 3*h];

y(i) = vpasolve(eqn,k,range); % solve implicit equation
V(i-4,Col) = y(i);

end
Col = 4; % Backward-differentiation
for 1 = 5:6
% use initial seeds of y from R-K to get y(5), y(6)
gn = k == (1/25)*(48*y(i-1) - 36*y(i-2) + 16*y(i-3) ...

= 3*y(i-4) + 12*h*afn(t(i),k));
% guess 6*h as an interval to look for next y
range = [y(i-1) - 3*h, y(i-1) + 3*h];
y(i) = vpasolve(eqgn,k,range); % solve implicit equation
V(i-4,Col) = y(i);
end

format long

T = array2table(V);

% label the table columms and display the table

T.Properties.VariableNames = {"t", "Predictor_corrector”,
*Adam_Moultton™,
"Bkward_Differentiation"}
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T =
t Predictor_corrector Adams_Moulton Bkward_Differentiation

1 0 1.0000 1.0000 1.0000

2 0.5000 2.9683 2.9683 2.9683

3 1.0000 7.8891 7.8891 7.8893

4 1.5000 20.8356 20.8357 20.8364

5 2.0000 55.5984 55.5986 55.6015

—_— .

/ A( e)(aéVl QQ/MYZ/W/ F/am #7 o; SCCY[/VV] 5}3 /S !c/a&/.
T =

t ImpEuler h =0.1 ImpEuler h =0.05 R-Kh=0.1 R-K h=0.05 Exact

1 0 1.0000 1.0000 1.0000 1.0000 1.0000

2 0.5000 29527 2.9641 2.9683 2.9683 2.9683

3 1.0000 7.8046 7.8662 7.8889 7.8890 7.8891

4 1.5000 20.4923 20.7426 20.8349 20.8355 20.8355

5 2.0000 54.3576 55.2614 55.5957 55.5980 55.5982
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clear Col 2; % Predictor-corrector

% Change afn = @(t,y) f(t,y), y(0) Row = 1;
V(Row,Col) = y(1);

yo = 1; for i = 5:length(t)
% afn = dy/dt = f(t,y) fn0 = afn(t(i-1),y(-1)); % fn
afn = @Ct,y) 0.5 - t + 2%y; fnl = afn(e(i-2),y(i-2)); % f n-1
h = 0.05; ) fn2 = afn(t(i-3),y(i-3)); % T n-2
% table display times fn3 = afn(t(i-4),y(i-4)); % £ n=3
TableTimes = [0, 0.5, 1.0, 1.5, 2.0]; % Adams-Bashforth to get y n+1
NumRows = length(TableTimes); ynl = y(i-1) + ...
%initialize table array, 4 columns: (h/24)*(55*fn0 - 59*fnl + 37*fn2 - 9*fn3);
%  time + pre-corr + Adam-M + BkDiff k = afn(t(i),ynl);
V = zeros(NumRows, 4); % y_n+1 now explicitly calculated/corrected
0 : y(i) = y(i-1) + ...
% Populate table times (Col = 1) (h/724)*(9*k + 19*fn0 - 5*fnl + fn2);
for 1 = 1:NumRows _ % display results only at specified times

V(i,1) = TableTimes(i); if abs(t(i) - TableTimes(Row+1)) < 0.00001
end Row = Row + 1;

V(Row,Col) = y(i);

% times to compute the y values end
t = TableTimes(1):h:TableTimes(end); end

y = zeros(length(t),1); % pre-allocate memory

o syms k % needed for vpasolve to get implicit value
% get initial y values frm Runge-Kutta

y(1) = y0; % MATLAB not zero based ol =37 % Adams=Moulton
h2 = h/2; % shorten calcs below Row = 1;
for 1 = 2:4 % t =0.05, 0.10, 0.15 V(Row,Col) = y(1);
kL ="afn(t(i-1), y(i-1)); for i = 5:length(t)
k2 = afn(t(i-1) + h2, y(i-1) + h2*kl); no = afn(t(i-1),y(i-1)); % fn
k3 = afn(t(i-1) + h2, y(i-1) + h2*k2); fnl = afn(t(i-2),y(i-2)); % f n-1
k4 = afn(t(i-1) + h, y(i-1) + h*k3); n2 = afn(t(i-3),y(i-3)); % f n-2
y(i) = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6; egn = k == y(i-1) + ...
end (h/24)*(9*afn(t(i), k) + 19*fn0 - 5*fnl + fn2);

% guess 400*h as an interval to look for next y

range = [y(i-1) - 200*h, y(i-1) + 200*h];

y(i1) = vpasolve(eqn,k,range); % solve implicit equation
% display results only at specified times

if abs(t(i) - TableTimes(Row+1)) < 0.00001

Row = Row + 1;

V(Row,Col) = y(i);
end

(/—AG \‘faV)jcll 0/} i[/'m/) s end

Col 4; % Backward-differentiation

c/ ' VRow,Col) = y(1)
V(Row, Co =y(@);
;/)C( c b(/ fﬂ Ms/h for 1 = 5:length(t)
% use initial seeds of y from R-K to get y(5), y(6)
eqn = k == (1/25)*(48*y(i-1) - 36*y(i-2) + 16*y(i-3) ...
V1 / = 3*y(i-4) + 12*h*afn(t(i),k));
'/ d/ / 7& // % guess AEO?*h §s an inﬁerv?l t;) look fﬁ; next y
range = [y(i-1) - 200*h, y(i-1) + 200*h];
= S Ve ds ! W/ y(i) = vpasolve(eqn,k,range); % solve implicit equation
% display results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;

Som ¢ ’//"")(S yl‘(/o/ M e - V(Row,Col) = y(i);

end

format short

VPZ / yl , 7L T = array2table(V);
G % label the table columms and display the table
v V}’) © SO U /OVZ 2 T.Properties.VariableNames = {"t", "Predictor_corrector™,
“Adams_Moulton®™, ...
"Bkward_Differentiation"}
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6{3/7}@ MMATLAB, :

Predictor_corrector

Adams_Moulton Bkward_Differentiation

1 0 2.000000000000000| 2.000000000000... 2.000000000000000
2 0.50000000... 0.925713321960374 | 0.925712481065... 0.925724837115900
3 1.00000000... 1.285148752976239| 1.285148126086... 1.2851568096635591
4 1.50000000... 2.408595063482623 | 2.408595005911... 2.408594108237475
5 2.00000000... 4.103494758917420| 4.103494765812... 4.103492843740390

clear syms k% needed for vpasolve to get implicit value

% Change afn = @(t,y) F(t,y), y(0)

Col = 3; % Adams-Moulton

yo = 2; Row—=-1;

% afn = dy/dt = f(t,y) V(Row,Col) = y(1);

afn = @(t,y) 5*t - 3*sqrt(y); for i = 5:length(t)

h ="0.05;" ) no = afn(t(i-1),y(i-1)); % fn

% table display times fnl = afn(t(i-2),y(i-2)); % f n-1

TableTimes = [0, 0.5, 1.0, 1.5, 2.0]; fn2 = afn(t(i-3),y(i-3)); % T n-2

NumRows = length(TableTimes); eqn = k == y(i-1) + ...

%initialize table array, 4 columns:
% time + pre-corr + Adam-M + BkDiff
V = zeros(NumRows, 4);

%-Populate table times (Col =
for i1 = 1:NumRows
V(i,1) = TableTimes(i);

D

end

% times to compute the y values

t = TableTimes(1):h:TableTimes(end);

y = zeros(length(t),1); % pre-allocate memory

% get initial y values frm Runge-Kutta

y(1) = yO0; % MATLAB not zero based

h2 = h/2; % shorten calcs below

for i = 2:4 % t = 0.05, 0.10, 0.15
k1 = afn(t(i-1), y(i-1));
k2 = afn(t(i-1) + h2, y(i-1) + h2*kl);
k3 = afn(t(i-1) + h2, y(i-1) + h2*k2);
k4 = afn(t(i-1) + h, y(i-1) + h*k3);
y(i) = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)7/6;

end

Col = 2; % Predictor-corrector

Row = 1;

V(Row,Col) = y(1);

for 1 = 5:length(t)
no = afn(t(i-1),y(i-1)); % Fn
fnl = afn(e(i-2),y(-2)); % F n-1
fn2 = afn(t(i-3),y(i-3)); % T n-2
n3 = afn(t(i-4),y(i-4)); % T n-3
%-Adams=Bashforth to get y_n+1
ynl = y(i-1) + ...

(h/724)*(55*fn0 - 59*fnl + 37*fn2 - 9*fn3);

k = afn(t(i),ynl);

% y_n+1 now explicitly calculated/corrected
y() =y@d-1) + ...
(h/724)*(9*k + 19*fn0 - 5*fnl + fn2);

% display results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001

Row = Row + 1;

V(Row,Col) = y(i);
end

end

(h724)*(9*afn(t(i).k) + 19*fn0 - 5*fnl + fn2);

% guess 400*h _as an interval to look for next y
range = [y(i-1) - 200*h, y(i-1) + 200*h];
y(i) = vpasolve(eqn,k,range); % solve implicit equation
% display results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001

Row = Row + 1;

V(Row,Col) = y(i);

% use initial seeds of y from R-K to get y(5), y(6)
egn = k == (1/25)*(48*y(i-1) - 36*y(i-2) + 16*y(i-3) ...
- 3*y(i-4) + 12*h*afn(t(i),k));
Y%guess—400*h—as—an—interval—totook—Ffor nextvy
range = [y(i-1) - 200*h, y(i-1) + 200*h];
y(i) = vpasolve(eqn,k,range); % solve implicit equation
% display results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i);
end
end

format long

T-=-array2table(\V);

% label the table columms and display the table

T.Properties.VariableNames = {"t", "Predictor_corrector”,
“Adams_Moulton*™,
"Bkward_Differentiation"}



MSI'VIK /W/%TZ/%/Z, o ‘

Predictor_corrector

Adams_Moulton Bkward_Differentiation

1 0 3.000000000000000| 3.000000000000... 3.000000000000000
2 0.50000000... 3.962186453059349 | 3.962186452469... 3.962186399603712
3 1.00000000... 5.108902720227190 | 5.108902719227 ... 5.108902620655727
4 1.50000000... 6.431390239342711| 6.431390238107... 6.431390111505507
5 2.00000000... 7.923384799036640 | 7.923384797628... 7.923384650275389
clear syms—k—% needed for vpasolve to get-imphicit value
% Change afn = @(t,y) F(t,y), y(0)
. Col = 3; % Adams-Moulton
yO-=-3; Row = 1;
% afn = dy/dt = f(t,y) V(Row,Col) = y(1);
afn = @(t,y) sqrt(t + y); for i = 5:length(t)
h'=0.05; i 0 = afn(t(i-1),y(i-1)); % f n
% table display times ) fnl = afn(t(i-2),y(i-2)); % F n-1
TableTimes = [0, 0.5, 1.0, 1.5, 2.0]; n2 = afn(t(i-3),y(i-3)); % f n-2
NumRows = length(TableTimes); egn = k == y(i-1) + ...
%initialize table array, 4 columns: (h/724)*(9*afn(t(i),k) + 19*fn0 - 5*fnl + fn2);
%  time + pre-corr + Adam-M + BKDiff % guess 400*h as an interval to look for next y
V = zeros(NumRows, 4); range = [y(i-1) - 200*h, y(i-1) + 200*h];
. R y(i) = vpasolve(eqn,k,range); % solve implicit equation
% Populate table times (Col-=-1) % display results only at specified times
for i = 1:NumRows ) if abs(t(i) - TableTimes(Row+1)) < 0.00001
V(i,1) = TableTimes(i); Row = Row + 1
end V(Row,Col) = y(i);
- end
% times to compute the y values end
t = TableTimes(1):h:TableTimes(end);
y = zeros(length(t),1); % pre-allocate memory Col = 4; % Backward-differentiation
Row =-1;

% get initial y values frm Runge-Kutta

V(Row,Col) = y(1);
5:1ength(t)
% use initial seeds of y from R=K to get y(5), y(6)
eqn = k == (1/25)*(48*y(i-1) - 36*y(i-2) + 16*y(i-3) ...
- 3*y(i-4) + 12*h*afn(t(i),k));
% guess 400*h as an interval to Took for next y
range = [y(i-1) - 200*h, y(i-1) + 200*h];
y(i) = vpasolve(eqn,k,range); % solve implicit equation
% display results only at specified times
if abs(t(i) - TableTimes(Row+1l)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i);
end

format long
T = array2table(V);
% label the table columms and display the table

y(1) = y0; % MATLAB not zero based for i =
h2 = h/2; %-shorten-calcs below
for i = 2:4 % t = 0.05, 0.10, 0.15
k1 = afn(t(i-1), y(i-1));
k2 =-afn(t(i-1) + h2, y(i-1) + h2*kl);
k3 = afn(t(i-1) + h2, y(i-1) + h2*k2);
k4 = afn(t(i-1) + h, y(i-1) + h*k3);
y(i) = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;
end
Col = 2; % Predictor-corrector
Row = 1;
V(Row,Col) = y(1); end
for 1 = 5:length(t)
fno = afn(t(i-1),y(i-1)); % fn
fnl = afn(t(i-2),y(i-2)); % f n-1
fn2 = afn(t(i-3),y(i-3)); % T n-2
n3 = afn(t(i-4),y(i-4)); % f n-3

% Adams-Bashforth to get y_n+1
ynl = y(i-1) + ...

(h/724)*(55*fn0 - 59*fnl + 37*fn2 - 9*fn3);
k = afn(t(i),ynl);
% y_n+1 now explicitly calculated/corrected
y(@) = y(-1) + ...

(h/724)*(9*k + 19*fn0 - 5*fnl + fn2);

% display results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001

Row = Row + 1;

V(Row,Col) = y(i);
end

end

T.Properties.VariableNames = {"t", "Predictor_corrector”,
"Adams_Moulton*,
"Bkward_Differentiation®}



(/s/ﬁ3 MATLAL, t

Predictor_corrector Adams_Moulton Bkward_Differentiation

1 0 1.000000000000000| 1.000000000000... 1.000000000000000
2 0.50000000... 1.612622311083164 | 1.612622306101... 1.612623072598190
3 1.00000000... 2.480909358465159 | 2.480909387720... 2.480904658372030
4 1.50000000... 3.745478650414062 | 3.745478681716... 3.745473370023594
5 2.00000000... 5.495872433667518 | 5495872464846, . 5.49586894 1540706
clear syms k % needed for vpasolve to get implicit value
% Change afn = @(t,y) F(t,y), y(0)
Col = 3; % Adams-Moulton
yo = 1; Row = 1;
% afn = dy/dt = f(t,y) V(Row,Col) = y(1);
afn = @(t,y) 2*t + exp(-t*y); for i = 5:length(t)
no = afn(CtCi-1),y(i-1)); %—F-n
h =0.05; ) fnl = afn(e(i-2),y(i-2)); % f n-1
% table display times fn2 = afn(t(i-3),y(i-3)); % T n-2
TableTimes = [0, 0.5, 1.0, 1.5, 2.0]; eqn = k == y(i-1) + .-

NumRows = length(TableTimes);
%initialize table array, 4 columns:

% time + pre=corr + Adam=M+ BkDiff
V = zeros(NumRows, 4);

% Populate table times (Col = 1)
for i = 1:NumRows

V(i,1) = TableTimes(i);
end

R end
% timesto compute the y values
t = TableTimes(1):h:TableTimes(end); col
y = zeros(length(t),1); % pre-allocate memory Row

(h/724)*(9*afn(t(i),k) + 19*fn0 - 5*fnl + fn2);
% guess 400*h as an interval to look for next y
range = [y(i-1) - 200*h, y(i-1) + 200*h];
y(i) = vpasolve(eqgn,k,range); % solve implicit equation
% display results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i);
end

% Backward-differentiation

4-
1

V(Row,Col) = y(1D);

% get initial y values frm Runge-Kutta for

y(1) = yO0; % MATLAB not zero based
h2 = h/2; % shorten calcs below
for 1 = 2:4 % t =0.05, 0.10, 0.15
k1l = afn(t(i-1), y(i-1));
k2 = afn(t(i-1) + h2, y(i-1) + h2*kl);
k3 = afn(t(i-1) + h2, y(i-1) + h2*k2);
k4 = afn(t(i=1) + h, y(i-1) + h*k3);
y(i) = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;
end
Col = 2; % Predictor-corrector
Row = 1; end
V(Row,Col) = y(1);
for 1 = 5:length(t)
o = afn(t(i-1),y(i-1)); % f n T =
fnl = afn(t(i-2),y(i-2)); % T n-1
fn2 = afn(t(i-3),y(i-3)); % T n-2
fn3 = afn(t(i-4),y(-4)); % f n-3

% Adams-Bashforth to get y n+1
ynl = y(i-1) + ...
(h/24)*(55*fn0 - 59*fnl + 37*Ffn2 - 9*fn3);
k = afn(t(i),ynl);
% y_n+1 now explicitly calculated/corrected
y(@ =y@-1) +
(h724)*(9*k + 19*fn0 - 5*fnl + fn2);
% display results only at specified times
iT abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i);

end
end

T.Properties.VariableNames =

i = 5:length(t)
% use initial seeds of y from R-K to get y(5), y(6)
egn = k == (1/25)*(48*y(i-1) - 36*y(i-2) + 16*y(i-3) ...
- 3*y(i-4) + 12*h*afn(t(i),k));
% guess 400*h _as an interval to look for next y
range = [y(i-1) - 200*h, y(i-1) + 200*h];
y(i) = vpasolve(eqgn,k,range); % solve implicit equation
%—displtay results-only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i);
end

format long

array2table(V);

% label the table columms and display the table

"Predictor_corrector”,
"Adams_Moulton®,
"Bkward_Differentiation"}

{t,



/0.

Mi/.nd} /W47Z/f'/z., " t

Predictor_corrector Adams_Moulton Bkward_Differentiation

0 0.500000000000000 | 0.500000000000... 0.500000000000000

2 0.50000000... 0.590909099320276 | 0.590909100590... 0.590909150549036
3 1.00000000... 0.800000029860729 | 0.800000036206... 0.800000246052543
4 1.50000000... 1.166666746111970| 1.166666766388... 1.166667360045700
5 2.00000000... 1.750000193965070 | 1.750000249356. .. 1.750001748401531
clear syms k % needed for vpasolve to get implicit value
% Change afn = @(t.y) T(t.y)., y(0)
Col = 3; % Adams-Moulton
y0 = 0.5; Row = 1;
% afn = dy/dt = f(t,y) V(Row,Col) = y(1);
afn = @(t,y) (y"2 + 2*t*y)/(3 + t"2); for i = 5:length(t)
fno-=-afn(t(i-1),y(i-1)); % Fn
h = 0.05; i fnl = afn(t(i-2),y(i-2)); % T n-1
% table display times fn2 = afn(t(i-3),y(i-3)); % F n-2
TableTimes = [0, 0.5, 1.0, 1.5, 2.0]; eqn = k == y(i-1) + ...
NumRows = length(TableTimes); (h724)*(9*afn(t(i) . k) + 19*fn0 - 5*fnl + fn2);
%initialize table array, 4 columns: % guess 400*h as an interval to look for next y
% — time + pre-corr + Adam-M + BKDifT range = [y(i-1) - 200*h, y(i-1) + 200*h];
V = zeros(NumRows, 4); y(i) = vpasolve(eqgn,k,range); % solve implicit equation
. % display results only at specified times
% Populate table times (Col = 1) if abs(t(i) - TableTimes(Row+1)) < 0.00001
for 1 = 1:NumRows Row = Row + 1;
V(i,1) = TableTimes(i); V(Row,;Col) = y(i):
end end
end
%—times—tocomputetheyvalues
t = TableTimes(1):h:TableTimes(end); col

y = zeros(length(t),1); % pre-allocate memory

% get initial y values frm Runge-Kutta

y(1) = yO0; % MATLAB not zero based

h2 = h/2; % shorten calcs below

for i = 2:4 % t = 0.05, 0.10, 0.15
kl = afn(t(i-1), y(i-1));
k2 = afn(t(i-1) + h2, y(i-1) + h2*k1);
k3 = afn(t(i-1) + h2, y(i-1) + h2*k2);
k4 = afn(t(i-1) + h, y(i-1) + h*k3);
y(i) = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;

end

Col = 2; % Predictor-corrector

Row = 1;

V(Row,Col) = y(1);

for 1 = 5:length(t)
fno = afn(t(i-1),y(-1)); % fn
fnl = afn(t(i-2),y(i-2)); % f n-1
n2 = afn(t(i-3),y(i-3)); % F n-2
fn3 = afn(t(i-4),y(i-4)); % F n-3

% Adams-Bashforth to get y_n+1
ynl = y(i-1) + ...

(h724)*(55*fn0 = 59*fnl + 37*fn2 = 9*fn3);
k = afn(t(i),ynl);
% y_n+l now explicitly calculated/corrected
y@) = y@-1) + ...

(h/724)*(9*k + 19*fn0 - 5*fnl + fn2);

% display results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001

Row = Row + 1;

V(Row,Col) = y(i);
end

end

4; % Backward-differentiation
Row 1;
V(Row,Col) = y(1);
for 1 = 5:length(t)
% use initial seeds of y from R-K to get y(5)., y(6)
egn = k == (1/25)*(48*y(i-1) - 36*y(i-2) + 16*y(i-3) ...
- 3*y(i-4) + 12*h*afn(t(i),k));
%-guess-400*h-as-an—interval to look for -next vy
range = [y(i-1) - 200*h, y(i-1) + 200*h];
y(i) = vpasolve(eqn,k,range); % solve implicit equation
%-display resutts—ontyat specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i);
end
end

format long

T = array2table(V);

% label the table columms and display the table

T.Properties.VariableNames = {"t", "Predictor_corrector”,
“~Adams—Moulton™;
"Bkward_Differentiation®}
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clear
syms t tn h fn fnl fn2
E =1 tn™2, tn, 1;

(tn-h)"2, tn-h, 1;
(tn-2*h)"2, tn-2*h, 1];
F = [fn; fnl; n2];
X = EN\F % solve Ex = F
% x holds coefficients of the polynomial
% @ntegrate the polynomial from tn to tn+h
int(x())*"2 + x(2)*t + x(3), t, tn, tn+h)

fn — 2 fn; + fn,

2 h?
3fnh—4tnh+fn,h—2fhtm+4fn,tn —2fn, tn
2 h?
2fnh? +fntn® — 2fn; tn® +fn,tn’> — 3fnhtn+ 4 fn, htn — fn, A tn
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clear ~
syms t tn h fpl fn fnl Us< /7?/1*1 ’"/7‘,,, 'f‘[.
E = [(tn+h)"2, tn+h, 1;

tn"2, tn, 1; = /7: /l

(tn-h)"2, tn-h, 1]; -
F = [fpl; fn; fnl];
X = EN\F % solve Ex = F
% x holds coefficients of the polynomial
% integrate the polynomial from tn to tn+h
int(x()*t"2 + x(2)*t + x(3), t, tn, tn+h)

fn, — 2 fn + fp, x ()= /4 7(/0( = 7Cn¢/

2 K2

fnhA—fpyh—4thtn4+2fn, tn +21p; tn x(’)_w = /g 'Fﬂ = ;:

2 h? - n

2fnh? — 2 fntn? + fn; tn? + fp, tn® + fn; Atn — fp; A tn Vv /3} = C 7Cn _ {
2 h? = n-~1{
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h (8th —fn, +51p,)
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clear
syms t tn h ypl yn ynl fpl
E = [(tn+h)"2, tn+h, 1;
T2, tn, 1;
(tn-h)"2, tn-h, 11;
F = [ypl; yn; yni];
X E\F—% solve Ex=F
% x holds coefficients of the polynomial
egn = 2*x(L)*(tn + h) + x(2) == fpl;
solve(eqn, ypl)

X
ymi—29n -+ ypy xG) = A
20
hyn, —hyp, —4tyn+2tnyn, +2tnyp, )(/2> = ﬂJ
2K
2h%yn—2m?yn+tn’yn, +tn’yp; + htnyn; — htnyp, X(3) =C
20
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8.5 Systems of First-order Equations

Use MATIAS, cod make use of an amnymous
function that redurns a x2 veclor. Display
resulis of (), C0) and ©) /iy one table

Ix2 yectsrs wsed mstead of (x2 veclars since Phe
9//70/7 talle s (’om/ogfo/ o} Colums ¥ 1%2 vectsrs.
Tn the code, Femparary Vector holdder Z o' wsed
the @k method to make codling more suscinct

Euler_h01_x Euler_ho01_y R_K_h02_x R_K_ho02_y R_K_h01_x R_K_h01_y

0 1.0000 0 1.0000 0 1.0000 0

2 0.2000 1.2600 0.7600 1.3249 0.7589 1.3249 0.7595
3 0.4000 1.7714 1.4824 1.9368 1.5792 1.9369 1.5800
4 0.6000 2.5899 2.3703 2.9341 2.6610 2.9346 2.6620
0.8000 3.8237 3.6041 4.4832 4.2264 4.4842 4.2278

1.0000 5.6425 5.3888 6.8424 6.5645 6.8444 6.5668

M//Tl //Zﬁ/g fOO/C on) m(XY/ /Qjc.



clear
% Change fn = @(t,x,y) [F(t,x,y):;g(t,.x,y)1, x(0), y(0)

X0 = 1;
y0 = 0;
% fn = [x" = T(T.X,y), vy~ = g(t.x,y)]
fn = (L, x,y) [Xx +y + t, 4*x - 2*y];

% table display times

TableTimes = [0, 0.2, 0.4, 0.6, 0.8, 1.0];
NumRows = length(TableTimes);

%initialize table array, 7 columns:

% times plus x,y for Euler, R-K h=0.2, R-K h=0.1
V = zeros(NumRows, 7);

% Populate table times (Col = 1)
for 1 = 1:NumRows

V(i,1) = TableTimes(i);
end

% Euler Method
Col = 2;
h =0.1;
% times to compute the X vector values
t = TableTimes(l):h:TableTimes(end);
X = zeros(length(t),2); % pre-allocate memory
X(1,:) = [x0,y0]; % XO, MATLAB not zero based
Row =13
V(Row,Col:Col+1) = X(1,:);
for 1 = 2:length(t)
X(1,2) = X(-1,7) + h*fn(e(i-1),X(1-1,1),X(i-1,2));
% display results only at specified times
if abs(t(i) - TableTimes(Row+1l)) < 0.00001
Row = Row + 1;
V(Row,Col) = X(i,1);
V(Row,Col+1) = X(i,2);
end
end

% Runge-Kutta Method
Col = 4;
StepSizes = [0.2, 0.1];
for h = StepSizes
% times to compute the X vector values
t = TableTimes(1):h:TableTimes(end);
X = zeros(length(t),2); % pre-allocate memory
X(1,:) = [x0,y0]; % X0, MATLAB not zero based
Row = 1;
V(Row,Col:Col+1) = X(1,:);
for 1 = 2:length(t)
h2 = h/2; % shorten calcs below
k1l = fn(t(i-1), X(-1,1), X(i-1,2));
z = X(i=1,7) + h2*kl; % temp holder
k2 = fn(t(i-1) + h2, z(1), z(2));
z = X(i-1,:) + h2*k2;
k3 = fn(t(i-1)+h2, z(1), z(2));
z = X(i-1,:) + h*k3;
k4 = fn(t(i-1)+h, z(1), z(2));
X(1,:) = X(i-1,:) + h*(k1 + 2*k2 + 2*k3 + k4)/6;

%-display results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = X(i,1);
V(Row,Col+1) = X(i,2);
end
end
Col = Col + 2; % next col for next R-K step size
end

format short

T = array2table(V);

% label the table columms and display the table

T.Properties.VariableNames = {"t", "Euler_hO01_x~,
“"Euler_hol_y*,
"R_K_h02_x*",
"R_K_h02_y*",
“R_K_h0o1_x*,
"R_K_hol_y"}



W AT LAR useo/) mo/f 4/04/.

T =
t Euler_h01_x Euler_h01_y

1 0 1.0000 1.0000
2 0.2000 0.5820 1.1800
3 0.4000 0.1180 1.2734
4 0.6000 -0.3369 1.2738
5 0.8000 -0.7300 1.1857
6 1.0000 -1.0213 1.0237

clear

% Change fn =

X0 =
Y0 =
%—Fn x—=Ff(t,x,y),

= y =g(t,x;n1]
n = @(t,x,y) [-t*x - ;

y-1,x]

% table display times

TableTimes = [0, 0.2, 0.4, 0.6, 0.8, 1.0];
NumRows = length(TableTimes);

%initialize table array, 7 columns:

% times plus x,y for Euler, R-K h=0.2, R-K h=0.1

V.= zeros(NumRows, 7);

% Populate table times (Col = 1)
for 1 = 1:NumRows

V(i,1) = TableTimes(i);
end

% Euler Method

Col = 2;

h =0.1;

% times to compute the X vector values
t = TableTimes(1):h:TableTimes(end);

X = zeros(length(t),2); % pre-allocate memory
X(1,:) = [x0,y0]; % XO, MATLAB not zero based
Row-=-1;

V(Row,Col:Col+1) = X(1,:);
for 1 = 2:length(t)

@Ct,x,y) [F(t,x,y);g(t,x,y)1, x(0), y(0)

XCi, 1) = X(i-1,7) + h*fn(t(i-1),X(i-1,1),X(i-1,2));

% display results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = X(i,1);
V(Row,Col+1) = X(i,2);
end
end

R_K_h02_x R_K_h02_y R_K_h01_x R_K_h01_y

1.0000 1.0000 1.0000 1.0000
0.5685 1.1677 0.5684 1.15678
0.1098 1.2256 0.1098 1.2256
-0.3221 1.2035 -0.3221 1.2035
-0.6813 1.1016 -0.6813 1.1016
-0.9379 0.9379 -0.9378 0.9378

% Runge-Kutta Method

Col = 4;

StepSizes = [0-2, 0:1];

for h = StepSizes

% times to compute the X vector values

Tt =
X =

X(1,

TableTimes(1) -h:TableTimes(end);
zeros(length(t),2); % pre-allocate memory
) = [x0,y0]; % XO, MATLAB not zero based

Row = 1;
V(Row,Col:Col+1) = X(1,:);

for

end
Col
end

i = 2:length(t)
h2 = h/2; % shorten calcs below
k1l = fn(t(i-1), X(-1,1), X(i-1,2));
z = X(i-1,:) + h2*k1l; % temp holder
k2 = fn(t(i-1) + h2, z(1), z(2));
z = X(i-1,:) + h2*k2;
k3 = fn(eCi=1)+h2, z(1), z(2));
z = X(i-1,:) + h*k3;
k4 = fn(t(i-1)+h, z(1), z(2));
X(@,2) = X(1-1,:) + h*(k1 + 2*k2 + 2*k3 + k4)/6;

% display results only at specified times
ifT abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = X(i,1);
V(Row,Col+1) = X(i,2);
end

= Col + 2; % next col for next R-K step size

format short

T =
% label

T.Properties.VariableNames = {"t~,

array2table(V);

the table columms and display the table
"Euler_h01_x", ...
“Euler hO1 y*, ___
"R_K_h02_x*",
"R_K_ho2_y",
"RK-hOI X" ==
"R_K_hol_y"}



MSI'V!i MATLAL,

T =
t Euler_h01_x Euler_h01_y R_K_h02_x R_K_h02_y R_K_h01_x R_K_h01_y

1 0 0 1.0000 0 1.0000 0 1.0000
2 0.2000 -0.1980 0.6180 -0.1969 0.6309 -0.1969 0.6309
3 0.4000 -0.3788 0.2833 -0.3726 0.2989 -0.3727 0.2989
< 0.6000 -0.5193 -0.0321 -0.5013 -0.0111 -0.5013 -0.0112
5 0.8000 -0.5943 -0.3268 -0.5613 -0.2889 -0.5613 -0.2891
6 1.0000 -0.5883 -0.5755 -0.5471 -0.5083 -0.5470 -0.5084

clear [ -

% Change fn = @(t,x,y) [Ff(t,x,y);9(t,x,y)], éoﬁuzgi;Kutta Viethod

4 — A- x(0). y(Q) StepSizes = [0-2, 0:1];

X0 = 0; for h = StepSizes

y0 =15 % times to compute the X vector values

%—Fn=fx" = FCt; %) Y=gt %))
fn = OC(L,X,y) [X - Yy + X*y, 3*X - 2*y - x*y];

% table display times

TableTimes = [0, 0.2, 0.4, 0.6, 0.8, 1.0];
NumRows = length(TableTimes);

%initialize table array, 7 columns:

% times plus x,y for Euler, R-K h=0.2, R-K h=0.1

V = zeros(NumRows, 7);

% Populate table times (Col = 1)
for i = 1:NumRows

V(i,1l) = TableTimes(i);
end

% Euler Method
Col = 2;
h =0.1;
% times to compute the X vector values
t = TableTimes(1):h:TableTimes(end);
X = zeros(length(t),2); % pre-allocate memory
X(1,:) = [x0,y0]; % XO, MATLAB not zero based
Row = 1;
V(Row,Col:Col+1) = X(1,:);
for 1 = 2:length(t)
X(i,2) = X(-1,2) + ...
h*fn(t(i-1),X(i-1,1),X(i-1,2));
% display results only at specified times
if abs(t(i) = TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = X(i,1);
V(Row,Col+1) = X(i,2);
end
end

t = TableTimes(1):h:TableTimes(end);
X = zeros(length(t),2); % pre-allocate memory
X(1,:) = [x0,y0]; % XO, MATLAB not zero based
Row = 1;
V(Row,Col:Col+1) = X(1,:);
for 1 = 2:length(t)

h2 h/72; % shorten calcs below
fn(t(i-1), X(-1,1), X(i-1,2));
z = X(i-1,:) + h2*kl; % temp holder
k2 = fn(t(i-1) + h2, z(D), z(2));

z = X(i-1,:) + h2*k2;
k3 =fn(t(i-1)+h2, z(1), z(2));

z = X(i-1,:) + h*k3;
k4 = fn(t(i-1)+h, z(1), z(2));
X(,2) = X(i-1,:) + h*(k1 + 2*k2 + 2*k3 + k4)/6;

k1

% display results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;

V(Row,Col) = X(i,1);
V(Row,Col+1) = X(i,2);
end
end
Col = Col + 2; % next col for next R-K step size
end

format short

T = array2table(V);

% label the table columms and display the table

T.Properties.VariableNames = {"t", "Euler_hO01_x",
"Fuler h01 y*, ___
"R_K_h02_x",
"R_K_h02_y-*,
*R—K-h01—x";
"R_K_h01_y"}



s "MS MATLAS

T =
t Euler_h01_x Euler_h01_y

1 0 4.0000 1.0000
2 0.2000 2.9623 1.3454
3 0.4000 2.3412 1.6712
4 0.6000 1.9024 1.9716
5 0.8000 1.5660 2.2390
6 1.0000 1.2977 2.4673

clear

% Change fn = @(t,x,y) [F(t,x,y);g(t,x,y)]1,
% x(0), y(0)

X0 = 4;

yo = 13

%—Fn—=x"—=FCE X y)5y—=g(txy)]

fn = @Ct,x,y) [xX*(1 - 0.5*x - 0.5*%y),
y*(-0.25 + 0.5*x)];

% table display times

TableTimes = [0, 0.2, 0.4, 0.6, 0.8, 1.0];
NumRows = lIength(TableTimes);

%initialize table array, 7 columns:

% times, X,y for Euler, R-K h=0.2, R-K h=0.1
V = zeros(NumRows, 7);

% Populate table times (Col =1)
for i = 1:NumRows

V(i,1) = TableTimes(i);
end

% Euler Method
Col = 2;
h =0.1;
% times to compute the X vector values
t = TableTimes(1l):h:TableTimes(end);
X = zeros(length(t),2); % pre-allocate memory
X(1,:) = [x0,y0]; % X0, MATLAB not zero based
Row = 1;
V(Row,Col:Col+1) = X(1,:);
for 1 = 2:length(t)
X(@,2) = X(-1,2) + ...
h*fn(t(i-1),X(i-1,1),X(i-1,2));
% display resultts onlty at specified times
it abs(t(i) - TableTimes(Row+1l)) < 0.00001
Row = Row + 1;
V(Row,Col) = X(i,1);
V(Row,Col+1) = X(i,2);
end
end

R_K_h02_x R_K_h02_y R_K_h01_x R_K_ho1_y
4.0000 1.0000 4.0000 1.0000
3.0634 1.3486 3.0631 1.3490
2.4450 1.6864 2.4446 1.6870
1.9911 2.0004 1.9908 2.0011
1.6382 2.2798 1.6378 2.2806
1.3555 2.5175 1.3551 2.5183

% Runge-Kutta Method

Col = 4;
StepSizes = [0.2, 0.1];
for h = StepSizes
% times to compute the X vector values
t = TableTimes(1):h:TableTimes(end);
X = zeros(length(t),2); % pre-allocate memory
X(1,:) = [x0,y0]; % XO, MATLAB not zero based
Row =13
V(Row,Col:Col+1) = X(1,:);
for 1 = 2:length(t)
h2 = h/72; % shorten calcs below
k1l = fn(t(i-1), X(-1,1), X(i-1,2));
z = X(i-1,:) + h2*k1; % temp holder
k2 = fn(t(i-1) + h2, z(1), z(2));
z = X(i-1,:) + h2*k2;
k3 = fn(t(i-1)+h2, z(1), z(2));
z = X(i-1,:) + h*k3;
k4 = fn(t(i-1)+h, z(1), z(2));
X, ) = X(@=1,:) + h*(kl + 2*k2 + 2*k3 + k4)7/6;
% display results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = X(i,1);
V(Row,Col+1) = X(i,2);
end
end
Col = Col + 2; % next col for next R-K step size
end

format short

T =

array2table(V);

% Tabel the table columms and display the table

T.Properties.VariableNames = {"t~,

"Euler_h01_x",
"Euler_hO1l_y-,
"R_K_h02_x",
"R_K_h02_y*",
"R_K _h01_x=,
"R_K_hO1_y"}



Mg/me) MATLALS

T =
t Euler_h01_x
1 0 1.0000
2 0.2000 1.4239
3 0.4000 1.8223
4 0.6000 2.2173
5 0.8000 26112
6 1.0000 29955
clear
% Change fn = @(t,x,y) [f(t,x,y);g(t,x,y)],
% x(0),-y(0)
X0 = 1;
y0 = 2;
Y%—F—=]x"=—FCEt )5y —=gCto6y)]
fn = @Ct,x,y) [exp(-x + y) - cos(X),

sin(x - 3*y)];

% table display times

TableTimes = [0, 0.2, 0.4, 0.6, 0.8, 1.0];

NumRows = length(TableTimes);

%initialize table array, 7 columns:

% times, X,y for Euler, R-K h=0.2, R-K h=0.1

V = zeros(NumRows, 7);

% Populate table times (Col = 1)
for i = 1:NumRows

V(i,1) = TableTimes(i);
end

% Euler Method
Col = 2;
h =0.1;

% times to compute the X vector values
t = TableTimes(1):h:TableTimes(end);

X = zeros(length(t),2); % pre-allocate memory
X(1,:) = [x0,y0}; % XO, MATLAB not zero based

Row = 1;
V(Row,Col:Col+1) = X(1,:);
for i = 2:length(t)

X(i,:) = X(i-1,:) + ..

h*Fn(t(i-1),X(i-1,1),X(i-1,2));
% display results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001

Row = Row + 1;
V(Row,Col) = X(i,1);
V(Row,Col+1) = X(i,2);
end
end

Euler_ho01_y

2.0000
2.1896
2.3679
2.5333
2.6876
2.8335

R_K_h02_x R_K_h02_y R_K_h01_x R_K_ho1_y
1.0000 2.0000 1.0000 2.0000
1.4151 2.1870 1.4151 2.1870
1.8121 2.3623 1.8121 2.3623
2.2064 2.5258 2.2064 2.5258
2.5983 2.6794 2.5983 2.6794
29781 2.8249 29781 2.8249

% Runge-Kutta Method

Col

= 4;

StepSizes = [0.2, 0.1];

for

end

h = StepSizes
% times to compute the X vector values
t = TableTimes(1):-h:TableTimes(end);
X = zeros(length(t),2); % pre-allocate memory
X(1,:) = [x0,y0]; % XO, MATLAB not zero based
Row = 1;
V(Row,Col:Col+1) = X(1,:);
for i = 2:length(t)

h2 h/72; % shorten calcs below
fn(e(i-1), X(@i-1,1), X(-1,2));
z = X(i=1,:) + h2*kl; % temp holder
k2 = fn(t(i-1) + h2, z(1), z(2));

z = X(i-1,:) + h2*k2;
k3 = fn(t(Ci-1)+h2, z(1), z(2));

z = X(i-1,:) + h*k3;
k4 = fn(t(i-1)+h, z(1), z(2));

k1l

X(i,7) = X(i-1,7) + h*(KL + 2*k2 + 2*k3 + k4)7/6;

% display results only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = X(i,1);
V(Row,Col+1) = X(i,2);
end
end
Col = Col + 2; % next col for next R-K step size

format short

T =

array2table(V);

% label the table columms and display the table
T.Properties.VariableNames = {"t", "Euler_h01_x~,

"Euler_h0l_y",
"R_K_h02_x",
"R_K_h02_y",
*R_K_-h01_x",
"R_K_hO1 y*}



For comparison, MATLAB code using "sprintf" is used, allowing control over decimal precision

(5 digits after the decimal is used here) and table headers, unavailable with "array2table". The code is
the same as above, and is deleted, except for the code displaying the tables. The code shows the use of
the \n (for new line) and \t (for tab) to align the column output.

format short

T = array2table(V);

%—tabel—the—tablecolumms—and display thetable

T.Properties.VariableNames = {"t", "Euler_hOl1_x", ...
'Euler ho1 y y -
"R_K_h02_x~ -
"R_K_ho2_y~, ...
"R_K_hO1 x", ...
"R_K_ho1_y-~ }

Headerl "time\tEuler h=0.1\tEuler h=0.1\tR-K h=0.2\tR-K h=0.2\tR-K h=0.1\tR-K h=0.1 \n";
Header2 “\t\t X \t\t y\t\t X \t\t y\t\t X \t\t y \n%;

stHeader = strcat(Headerl,Header2);

stFormatSpec = "%.2F\t %.5A\t %.5A\t %.5A\t %.5A\t %.5A\t %.5F\n";

stV = sprintf(stFormatSpec, V(1,:), V(2,:), V(3E,:), V(4,:), V(@,:), V(6,));

s = strcat(stHeader,stV);

sprintf(s)
T =
t Euler_h01_x Euler_h01_y R_K_h02_x R_K_h02_y R_K_h01_x R_K_h01_y
1 0 1.0000 2.0000 1.0000 2.0000 1.0000 2.0000
2 0.2000 1.4239 2.1896 1.4151 2.1870 1.4151 2.1870
3 0.4000 1.8223 2.3679 1.8121 2.3623 1.8121 2.3623
4 0.6000 22173 25333 2.2064 2.5258 2.2064 2.5258
5 0.8000 26112 2.6876 2.5983 2.6794 2.5983 2.6794
6 1.0000 2.9955 2.8335 2.9781 2.8249 2.9781 2.8249
ans =
"time Euler h=0.1 Euler h=0.1 R-K h=8.2 R-K h=0.2 R-K h=0.1 R-K h=08.1
X y X y X y
9.00 1.00000 2.00000 1.00000 2.00000 1.00000 2.00000
9.20 1.42386 2.18957 1.41513 2.18699 1.41513 2.18699
0.40 1.82234 2.36791 1.81208 2.36233 1.81209 2.36233
9.60 2.21728 2.53329% 2.208635 2.52580 2.20635 2.52581
9.80 2.61118 2.68763 2.59826 2.67940 2.59826 2.67941
1.0 2.9955@e 2.83354 2.97806 2.82487 2.97806 2.82488'

MSC UIC “érfr0>/2faz!/c/' /'S macl eaS/Eﬂ
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clear
% Change fn = @(t,x,y) [F(t.x,y):g9(t.x,y)].

% x(0), y(0)

x0 = 1;

y0 = 0O;

% fn = [x" = F(L,x,y), y" = g(t,x,y)]
fn = 0Ct,x,y) [X - 4%y, -X + y];
format

xDiff = 1; % initialize for while loop
yDiff = 1;

XLast = x0;

yLast = y0;

h =0.2;

while (xDiff >= 0.001) && (yDiff >= 0.0001)
% times to compute the X vector values
t = 0:h:il;
X zeros(length(t),2); % pre-allocate memory
X(1,:) = [x0,y0]; % XO, MATLAB not zero based

% Runge-Kutta Method
for 1 = 2:length(t)
h2 h/72; % shorten calcs below
fn(e(i-1), X(i-1,1), X(i-1,2));
z = X(i-1,:) + h2*k1; % temp holder
k2 = fn(t(i-1) + h2, z(1D), z(2));
z = X(i-1,:) + h2*k2;
k3 = fn(t(i-1)+h2, z(1), z(2));
z = X(i-1,:) + h*k3;
k4 =fn(t(i=-1)+h, z(1), z(2));
X(i,:) = X(i-1,:) + h*(kl + 2*k2 + 2*k3 + k4)/6;

k1

end

% compare current h results with last h value
xDiff = abs(X(end,1) - xLast);
yDiff = abs(X(end,2) - ylast);

% get ready for next while loop if needed
h % display current step size and values
xLast = round(X(end,1),6, "significant®)
yLast = round(X(end,?2),6," significant™)

h = h/2; % for next while loop

round(xLast, 5, “significant”)
round(yLast, 5, “significant™)

< X 0
>
I Q
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T =

R_K_h01_x R_K_h01_y
1 0| 1.000000000... 2.000000000...
2 0.50000000...  1.543003281...| 0.070750258...
3 1.00000000... | 1.147433241...| -1.38850129...

ans =
"time R-K h=8.1 R-K h=08.1
X y

0.00 1.00000 2.000000
9.50 1.54300 ©.070750
1.00 1.14743 -1.388501"

[Oﬂ/( on VKX?[/)&“_S{'




clear
%-Change—Ffn =0t )[R Gy)590tx5) ]S

% x(0), y(0)
x0 = 1;
y0 = 2;

% fn = [x" = F(Ex,y), ¥y = g(t,x,]
= @(t,x, y) [y, t - t°2*y - 3*x];

% table display times

TableTimes = [0, 0.5, 1.0];

NumRows = length(TableTimes);
%initialize table array, 3 columns:
% times, X,y for R-K h=0.1

V = zeros(NumRows, 3);

% Populate table times (Col = 1)
for 1 = 1:NumRows

V(i,1) = TableTimes(i);
end

% Runge-Kutta Method
h=0.1;
Col = 2;
% times to compute the X vector values
t = TableTimes(1):h:TableTimes(end);
X = zeros(length(t),2); % pre-allocate memory
X(1,:) = [x0,y0]; % XO, MATLAB not zero based
Row = 1;
V(Row, Col Col+1l) = X(1,:);
for 1 = 2:length(t)
h2 = h/2; % shorten calcs below
k1l =-fnCeCi-1), X(i-1,1), X(i-1,2));
z = X(i-1,:) + h2*kl; % temp holder
k2 = fn(t(i—l) + h2, z(1), z(2));
z = X(i-1,:) + h2*k2;
k3 = fn(t(l 1)+h2 z(l) z(2));
z=X(Ci-1;2)+
k4 = fn(t(l 1)+h z(l) z(2));
X(@,:) = X(i-1,:) + h*(kl1 + 2*k2 + 2*k3 + k4)/6;

% display results only at specified times
ifT absCt(i) - TableTimes(Row+1)) < 0-00001
Row = Row + 1;
V(Row,Col) = X(i,1);
V(Row,Col+1) = X(1,2);
end
end

format long

T = array2table(V);

% label the table columms and display the table
T-Properties-VariableNames = {"t", "R_K_hO01 x*,

"R_K hO1_y"}
Headerl = "time\tR-K h=0.1\tR-K h=0.1 \n";
Header2 = "\t\t X \t\t y \n";

stHeader = strcat(Headerl,Header2);

stFormatSpec = "%.2F\t %.5F\t %9.6F\n";

stV = sprintf(stFormatSpec, V(1,:), V(2,:), V(@3,:));
s = strcat(stHeader,stV);

sprintf(s)
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clear

h=0.1;
fn = 0(x,y) [Xx - 4%y, -x + yl;
X0 =1;
y0 = 0;

X = zeros(5,2); % x,y values at t = 0, 0.1, 0.2, 0.3, 0.4
X(1,:) = [x0, y0]; % MATLAB not zero based

X(2,:) [1.12735, -0.111255]; % from exact solution
X(@3, ) [1.32042, -0.250847];

X4,:) [1.60021, -0.429696];

% Adams-Bashforth to get [x5,y5]

fnl = fn(X(1,1), X(1.2)):
2 = fn(X(2.1), X(2.2)):
3 = f(X(3.1), X(3.2)):
4 = fn(X(4,1), X(4.2)):

X(5,:1) = X(4,:) + h/24*(55*fn4 - 59*fn3 + 37*fn2 - 9*fnl);
% Adams-Moulton to get corrected X(5,:)

Tm5 = Tn(X(5,1), X(5,2));
% display all values
X(5,:) = X(4,:) + h/24*(9*fn5 + 19*fn4 - 5*fn3 + fn2)

% just display end value to 6 decimals
X = sprintf(C%9.6F", X(5,1))
y = sprintf("%9.6T", X(5,2))

X =
1.0000 (%]
1.1274 -9.1113
1.3204 -0.2508
1.6002 -9.4297
1.9952 -0.6624
x = ' 1.995204"'

y = '-0.662442"



8.6 More on Errors; Stability
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T =

Exact h_005 h_001 h_0005 h_00025 h_0001

0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
E 0.0500 0.0567 0.0510 0.0552 0.0559 0.0563 0.0566
3 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000

/—/w evvor 15 h=0000s s Jd.oo6§ 2l f= 0.05.
' .
=rroyr a/L A: d.00025 15 7.000% 4//{""—&05
/?rfmf af A; J-000! (S J.000] aYﬁ/f’"U'OSI
A: 0.00028 Seems Sulficient.

MATZ/}/? 600/c on /flCXVL/ajC-




clear

%-Change-afn=-@(t,y) F(Cty)5 y(0)
% afn = dy/dt = f(t,y)

afn = @(t,y) -100*y + 100*t +1;

yo = 1;

% table display times

TableTimes = [0, 0.05, 0.1];

NumRows = length(TableTimes);

StepSize = [0.005, 0.001, 0.0005, 0.00025, 0.0001];
%initialize table array

% # Cols = time + exact + # Euler tries

V = zeros(NumRows, 2 + length(StepSize));

% Populate table times (Col = 1)
for 1 = 1:NumRows
t = TableTimes(i);
V(@,1l) = t;
V(1,2) = exp(-100*t) + t; % exact solution

end
Col = 2;
for h = StepSize
% times to compute the y values
t = TableTimes(1l):h:TableTimes(end);
y = zeros(length(t),1); % pre-allocate memory
Col = Col + 1; % column for the StepSize
y(1) = y0;
Row = 1;
V(Row,Col) = y(1);
for 1 =2:length(t)
% Euler formula
y(@1) = y(i-1) + h*afn(t(i-1), y(i-1));
% display result only at specified times
it abs(t(i) - TableTimes(Row+1)) < 0-00001
Row = Row + 1;
V(Row,Col) = y(i);
end
end
end

format short

T = array2table(V);

% label the table columms and display the table

T.Properties.VariableNames = {"t°, "Exact”,
"h_005",
"h_oo1", ...
"h_0005", - ..
"h_00025",
“h_0001"%}
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S /,[—/oo/w - /oo(/fk,%)vﬁ /z
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\ = ynf/OOA//nfévf_A
nti
/ + J00k
.
t Exact h_005 h_001 h_0005 h_00025 h_0001
1 0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
E 0.0500 0.0567 0.0673 0.0585 0.0576 0.0572 0.0569
- 0.1000 0.1000 0.1003 0.1001 0.1001 0.1001 0.1000

/,:./rozf af A =0.05 for A: 0.0005 1§ 0.0009

- — . ~

Fvior af 12005 For b= 0. 00025 /s 0.0004
am/ 07‘["-0./0 for Azﬂ.wazf /s 0.000|

A: 0.00028 Scems su¥ficient
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M/IT[ﬂ/Z Foo/f o V,rx//oaje,



clear

%-Change-afn=-@Ct,y) F(t;y) y(0)

% afn from solving y(n) = y(n-1) + h*f(t(n+1l), y(n+l))
afn = @Ch,t,y) (y + 100*h*(t + h) + h)/(1 + 100*h);

yo = 1;

% table display times

TableTimes = [0, 0.05, 0.1];

NumRows = length(TableTimes);

StepSize = [0.005, 0.001, 0.0005, 0.00025, 0.0001];
%initialize table array

% # Cols = time + exact + # Euler tries

V = zeros(NumRows, 2 + length(StepSize));

% Populate table times (Col = 1)
for 1 = 1:NumRows

t = TableTimes(i);

V(i,1) = t;

V(i1,2) = exp(-100*t) + t; % exact solution
end

Col =
for h

,StepSize

mes to compute the y values
TableTimes(1):h:TableTimes(end);
z

=
e N

eros(length(t),1); % pre-allocate memory
Col Col + 1; % column for the StepSize

y(1) = y0;

Row = 1;

V(Row,Col) = y(1);

for i1 =2:length(t)

% Backward Euler formula

y(i) = afn(h, t(i-1), y(i-1));

% display result only at specified times
if abs(Ct(i) - TableTimes(Row+1)) < 0-00001
Row = Row + 1;
V(Row,Col) = y(i);
end
end
end

format short

T = array2table(V);

% label the table columms and display the table

T.Properties.VariableNames = {"t", "Exact”,
"h_005"7,
"h_001-,
“h_0005", ...
"h_00025",
“h—0001"}
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MSIVMLS MATZ/I'/g,

T =
t Exact h_010 h_005 h_001

1 0 1.0000 1.0000 1.0000 1.0000

E 0.0500 0.0567 0.0574 0.0568 0.0567

3 0.1000 0.1000 0.1001 0.1000 0.1000

Eorror af A700¢ ZCor” /\:0.0/ /S 0.0007

—

vrov af A =005 fov Af&,oas’/'s d.0001

il A=010 forr A:&Ods/ /S < 0.000]
Code 4elow.

6.008 /s 50(7(7(/'0?147{,

-~
. -
c

clear Col = 2;

% Change afn = @(t,y) f(t,y), y(0) for h = StepSize

% afn = dy/Zdt = T(t,y) h2 = h/2; % shorten calcs below
afn = @(t,y) -100*y + 100*t +1; % times to compute the y values

yo = 1;

% table display times

TableTimes = [0, 0.05, 0.1];

NumRows = length(TableTimes);

StepSize = [0.010, 0.005, 0.001];
%initialize table array

% # Cols = time + exact + # Euler tries
V = zeros(NumRows, 2 + length(StepSize));

% Populate table times (Col = 1)
for 1 = 1:NumRows

t = TableTimes(i);

V(i,1l) = t;

V(i,2) = exp(-100*t) + t; % exact solution
end

end

t = TableTimes(1):h:TableTimes(end);
y = zeros(length(t),1); % pre-allocate memory
Col = Col + 1; % column for the StepSize
y(1) = y0;
Row = 1;
V(Row,Col) = y(1);
for 1 =2:length(t)
% Runge-Kutta method

h2 = h/2; % shorten calcs below

k1 =afn(Ct(-1), y(-1));

k2 = afn(t(i-1) + h2, y(i-1) + h2*k1);
k3 = afn(t(i-1) + h2, y(i-1) + h2*k2);
k4 = afn(t(i-1) + h, y(i-1) + h*k3);

y(i) = y(i-1) * h*(kl + 2*k2 + 2*k3 + k4)/6;

% display result only at specified times
if abs(t(i) - TableTimes(Row+1l)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i);
end
end

format short

T = array2table(V);

% label the table columms and display the table
T.Properties.VariableNames = {"t", "Exact", ...
*h_010", ...
"h_005%, __.
"h_001"}
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clear

syms y(t)

egn = diff(y,t) == -10*y + 2.5*t"2 + 0.5*t; y =
cond = y(0) == 4;

y = dsolve(egn,cond) 4e 107 4

fplot(y.[0.51)

grid on

xlabel “t°, ylabel "y*©

title “Solution to y*" = -10y + 2.5t"2 + 0.5t~

]
E{z



Solution to y' = -10y + 2.5t% + 0.5t

(£)

Ms,',?B NATIAR (R2620.)
Seveval Yables ayve
/mm/ucd of Varrpus
Ss/e/) sipes (b yalaes).
Code on next page. T
ACCWW/ sfarts o S/
arownd h=0.19 and s

a/a/ 07(; ot h=0.25.

O 0O N OO g R W N =

W 00 N e RW N =

0.6000
1.2000
1.8000
2.5000
3.1000
3.7000
4.3000
5.0000

0.5400
1.0800
1.8000
2.3400
2.8800
3.6000
4.1400
4.8600

Exact

4.0000
0.0999
0.3600
0.8100
1.5625
2.4025
3.4225
4.6225
6.2500

Exact
4.0000
0.0910
0.2917
0.8100
1.3689
2.0736
3.2400
4.2849
5.9049

h =0.1

4.0000
0.0875
0.3575
0.8075
1.5600
2.4000
3.4200
4.6200
6.2475

4.0000

-1.9819

1.3369
1.2355
1.1443
2.1818
3.2817
4.2568
5.8907



clear

% Change afn = @(t,y) T(t,y), y(0)

% afn = dy/dt = f(t,y)

afn = @(t,y) -10*y + 2.5*t"2 + 0.5*t;
y0 = 4;

StepSize = [0.1, 0.18, 0.19, 0.20, 0.25];

for h = StepSize
% times to compute the y values
th = 0:h:5;
NumTimes = length(th);

% create just 9 table row display times
N =9;

% an array of N integer pointers,

% to be used as th(idx())

idx = floor(Iinspace(l, length(th), N));

%initialize table array

% # Cols = time + exact + Euler method

V = zeros(N, 3);

% Populate table times (Col = 1),

% exact solution (Col = 2)

for Row =1:N
t = th(idx(Row));
V(Row,1) = t;
% exact solution
V(Row,2) = 4*exp(-10*t) + (t"2)/4;

% time for Row

end

y = zeros(NumTimes,1);
y(1) = Yy0; i
for 1 = 2:NumTimes % Euler formula

y(1) = y(i=-1) + h*afn(th(i-1), y(i-1));
end

% populate table with Euler values in column 3

for Row = 1:N
V(Row,3) = y(idx(Row));
end

% Display table
st = strcat("h = 7, num2str(h));
T = array2table(V);

T.Properties._VariableNames = {"t", “Exact”, st}

end

(¢

% pre-allocate memory

T =
t Exact h =0.19
1 0 4.0000 4.0000
2 0.5700 0.0946 -2.8430
3 1.1400 0.3249 2.4484
4 1.7100 0.7310 -0.8252
5 2.4700 1.56252 0.5025
6 3.0400 2.3104 3.0477
7 3.6100 3.2580 2.7123
8 4.1800 4.3681 47577
9 4.9400 6.1009 6.3549
T =
t Exact h=0.2
1 0 4.0000 4.0000
2 0.6000 0.0999 -3.9200
3 1.2000 0.3600 4.3600
4 1.8000 0.8100 -3.2000
5 2.4000 1.4400 5.4400
6 3.0000 2.2500 -1.7600
7 3.6000 3.2400 7.2400
8 4.2000 4.4100 0.4000
9 5.0000 6.2500 2.2400
T =
t Exact h =0.25
1 0 4.0000 4
2 0.5000 0.0895 9.0703
3 1.2500 0.3906 -30.0381
4 1.7500 0.7656 -67.6912
S 2.5000 1.5625 232.5768
6 3.0000 2.2500 522.0400
7 3.7500 3.5156 -1.7508e+03
8 4.2500 45156 -3.9427e+03
9 5.0000 6.2500 1.3328e+04

MSI'V’CS INATLAR (fZOZOﬂ 7L0 Usc f/fx/Z/Z'vZ/ aic

I8 /”C%x’ff/.f’s‘ Varialle /\/aMfS)

)

§€V(Va/ 7La é/rd arce
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clear

% Change afn = @(t,y) f(t,y), y(0)

% afn =dy/dt = f(t,y)

afn = @(t,y) -10*y + 2.5*t"2 + 0.5*t;
yo = 4;

StepSize = [0.1, 0.20, 0.25, 0.30, 0.35];
% create just 9 table row display times
N =9;

for h = StepSize
% times to compute the y values
th = 0:h:5;
NumTimes = length(th);

% an array of N integer pointers,
% to be used as th(idx())
idx = Floor(linspace(l, length(th), N));

%initialize table array
% # Cols = time + exact + Euler method
V = zeros(N, 3);
% Populate table times (Col = 1),
% exact solution (Col = 2)
for Row =1:N
t = th(idx(Row)); % time for Row
V(Row,1) = t;
% exact solution
V(Row,2) = 4*exp(-10*t) + (t"2)/4;
end

% Runge-Kutta method

y = zeros(NumTimes,1); % pre-allocate memory

y(1) = y0;
h2 = h/2; % shorten calcs below
for 1 = 2:NumTimes

k1l = afn(th(i-1), y(i-1));

k2 = afn(th(i-1) + h2, y(i-1) + h2*k1);

k3 = afn(th(i-1) + h2, y(i-1) + h2*k2);

k4 = afn(th(i-1) + h, y(i-1) + h*k3);

y(i) = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;

end

% populate table with R-K values in column 3
for Row = 1:N

V(Row,3) = y(idx(Row));
end

% Display table
st = strcat("R-K h = ", num2str(h));
T = array2table(V);

T.Properties._VariableNames = {"t", “Exact", st}

end

R G P S [ ] o T BT I TS (P I 8 B I
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0.6000
1.2000
1.8000
2.5000
3.1000 |
3.7000|
4.3000
5.0000

0.6000
1.2000
1.8000 |
2.4000
3.0000|
3.6000
4.2000 |
5.0000

0.5000
1.2500
1.7500
2.5000
3.0000
3.7500
4.2500
5.0000

0.6000

1.2000

1.8000

2.4000

3.0000
3.6000
4.2000
4.8000

0.3500
1.0500
1.7500
2.4500
2.8000
3.5000
4.2000
4.9000

Exact
4.0000
0.0999
0.3600
0.8100
1.5625
2.4025|
3.4225|
4.6225 |
6.2500

Exact
4.0000
0.0999 |
0.3600 |
0.8100 |
1.4400
2.2500
3.2400
4.4100 |
6.2500

Exact
4.0000
0.0895
0.3906
0.7656
1.5625
2.2500
3.5156
45156
6.2500

Exact
4.0000
0.0999
0.3600
0.8100
1.4400
2.2500
3.2400
4.4100
5.7600

Exact
4.0000
0.1514
0.2757
0.7656
1.5006
1.9600
3.0625
4.4100
6.0025

R-K h =0.1
4.0000
0.1012
0.3601
0.8101
1.5626
24026
3.4226
46226
6.2501

R-K h =0.2
4.0000
0.2406
0.3680
0.8127
1.4425
2.2525
3.2425
4.4125
6.2525

R-K h =0.25
4.0000i
1.7528 |
0.8620 |
0.9722|
1.6293 |
2.2865
35361
4.5326|
6.2652 |

R-K h=0.3
40000

7.6826
14,7447 .
28.0362|
52.9446 |
99.6560
187.4282

352 6709 .
664.2207

R-K h =0.35
4|

10,9851 |
82.1260 |
611.6820
4.5606e+03
1.2456¢+04|
9.20460+04|
6.9369e+05
5.1760e+06|



The results show stdildy fov b= o0:2€,
o nd /msﬁié//,'/y for h2030. Alw for
ccuracy att Vimes <06, ¢ SV/(/& $/zc of
X 0.0 /s needed Two talles dlesonsiradng
this are shown below, alfering Fhe alove
codc wsing M=50 (Lut only disploying T rous
Lelow) and wc/ns h=0.0$, h=010 .

T = T =
t Exact R-K h =0.05 t Exact R-K h =0.1
1 0 4.0000 4.0000 1 0 4.0000 4.0000
2 0.1000 1.4740 1.4752 2 0.1000 1.4740 1.5026
3 0.2000 0.5513 0.5522 3 0.2000 0.5513 0.5726
4 0.3000 0.2216 0.2221 4 0.3000 0.2216 0.2335
5 0.4000 0.1133 0.1135 5 0.4000 0.1133 0.1192
6 0.5000 0.0895 0.0896 6 0.5000 0.0895 0.0922
7 0.6000 0.0999 0.1000 7 0.6000 0.0999 0.1012
8 0.7000 0.1261 0.1262 8 0.7000 0.1261 0.1268
9 0.8000 0.1613 0.1614 9 0.8000 0.1613 0.1616
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Mite also 1 =nkh
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met hod, sep #1in MATLAK i< y(0)= ¢,
Fhe Sndial value. /MIATIAR /s ot Zers Based,
o Vhat y (o) in MATLAR codle s Sy s
the alove focmala, 10 Hat ,, computed
m/n3 \/(n) ‘n NMATLATS | s e /r«%/'cvlco/
value af 1250 atder n MATIAS sv/e/oy.
The Y, Condains 7he j/a!a/(;’mr.
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phi = 6.2500

ans = 'n =20 h =0.2580 yn = 6.2563 err = 9.0063"'
ans = 'n =19 h = ©.2632 yn = 6.2566 err = 0.0066"'
ans = 'n =18 h = ©.2778 yn = 6.2569 err = 0.0069'
ans = 'n =17 h = 0.2941 yn = 6.2574 err = 0.0074'
ans = 'n =16 h = ©.3125 yn = 6.2578 err = 0.0078"'
ans = 'n =15 h = ©.3333 yn = 6.2583 err = 0.0083"'
ans = 'n =14 h = ©.3571 yn = 6.2589 err = 0.0089"'
ans = 'n =13 h = ©0.3846 yn = 6.2596 err = 0.0096"' =
ans = 'n =12 h = ©.4167 yn = 6.2604 err = 0.0104"'
ans = 'n =11 h = ©.4545 yn = 6.2614 err = 0.0114°'
ans = 'n =10 h = ©.5080 yn = 6.2625 err = 0.0125"'

S0

7—40(5) A:t 0.32”/5 SRS /S Y%c /argzs?l SVZ(/

S“/Ee, M‘Y// VLAf. f(wcsf # o/c Silc'/g) y/'t/o//wg ah

erroy < 0.0] (00/( e V;(Yf'/aje.



clear

% backward Euler formula for y" = -10y + 2.5t"2 + 0.5t
afn = @y, k1, k2, k3, d) (v + k1 + k2 + k3)/d;

yO = 4; % initial value

phi = 4*exp(-50) + 5.0"2/4 % exact value at t = 5.0
for h = [5/20, 5/19, 5/18, 5/17, 5/16, ...

5/15, 5/14, 5/13, 5/12, 5/11, 5/10]
round(5/h); % make an integer step
zeros(n,1l); % pre-allocate memory

) = YyO0;
1+ 10*h; % divisor in formula
1 = 2.5*%h"3;
or = 2:n
k2 G*(i-1)*h + 0.5)*h"2;
k3 2.5*((i-1)*h)”2 + 0.5*(i-1)*h)*h;
y(i) = afn(y(i-1), k1, k2, k3, d);

~
IR

end

err = abs(phi - y(n));

sprintf("’n = %2.0F h = %6.4F yn = %6.4F err = %6.4f",n,h,y(n),err)
end

Q) US/M@ ch/qce Zlfanfﬁo/m) Lﬁ},’f—. SZ{/{*//O)=SL{7?
SZ?\/?’/\Z{/]‘ 3 - f/sl'i - Sz
[iyl= sq G - . o

oy =

(é) %3 /'lfzj INATLAS, results and code n(xf/aif.



1 0 0
2 0.2000 0.2000
3 0.4000 0.4000
2 0.6000 0.6000
5 0.8000 0.8000
J 1.0000 1.0000

clear

% afn=dy/dt = f(k,t,y)

afn = @(k,t,y) k*y + 1 - k*t;

y0 = 0; % initial condition

h =0.01; % step size

h2 = h/2; % shorten R-K calcs below

lambda = [1, 10, 20, 50]; % various values

% table display times
TableTimes = [0, 0.2, 0.4, 0.6, 0.8, 1.0];
NumRows = length(TableTimes);

% times to compute the y values

t = TableTimes(1):h:TableTimes(end);

% pre-allocate memory, y holds R-K values
y = zeros(length(t),1);

%initialize table array
% # Cols = time + # lambda values
V = zeros(NumRows, 1 + length(lambda));

% Populate table times (Col = 1)
for i1 = 1:NumRows

V(i,1) = TableTimes(i);
end

()

10 k_20 k_50
0 0 0
0.2000 0.2000 0.2000
0.4000 0.4000 0.4000
0.6000 0.6000 0.6000
0.8000 0.8000 0.7905
1.0000 1.0000 -207.0715

% populate rest of table values

Col = 1; % Tnitialize
y(1) = y0;
for k = lambda
Col = Col + 1; % set display col for each k

Row = 1;
V(Row,Col) = y(1);
for 1 =2:length(t)
% Runge-Kutta method

k1l = afn(k, t(i-1), y(i-1));

k2 = afn(k, t(i-1) + h2, y(i-1) + h2*kl);
k3 = afn(k, t(i-1) + h2, y(i-1) + h2*k2);
k4 = afn(k, t(i-1) + h, y(i-1) + h*k3);

y(i) = y(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;

% display result only at specified times
if abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i);
end
end
end

format short

T = array2table(V);

% label the table columms and display the table
T.Properties._VariableNames = {"t", "k 17, ...
"k 107, ...
"k 20", ...

"k 50"}
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T =

t k_1 k_10 k_20 k_50
1 0 0 0 0 0
2 0.2000 0.2000 0.2000 0.2000 0.2000
3 0.4000 0.4000 0.4000 0.4000 0.4000
4 0.6000 0.6000 0.6000 0.6000 0.6000
5 0.8000 0.8000 0.8000 0.8000 0.8000
6 1.0000 1.0000 1.0000 1.0000 1.0000
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T =

t k_1 k_10 k_20 k_50
1 0 0 0 0 0
2 0.2000 0.2000 0.2000 0.2000 0.2000
3 0.4000 0.4000 0.4000 0.4000 0.4000
4 0.6000 0.6000 0.6000 0.6000 0.6000
5 0.8000 0.8000 0.8000 0.8000 0.7905
6 2.0000 2.0000 2.0000 1.1127 | -1.0604e+24
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clear

%-afn = dy/dt = Ff(k,t,y)

afn = 0(k,t,y) k*y + 2*t - k*t"2;

y0 = 0; % initial condition

h =0.01; % step size

h2 = h/2; % shorten R-K calcs below

lambda = [1, 10, 20, 50]; % various values

% table display times
TableTimes = [0, 0.2, 0.4, 0.6, 0.8, 1.0];
NumRows = length(TableTimes);

% times to compute the y values

t = TableTimes(1):h:TableTimes(end);

% pre=alttocate memory, y holds R=Kvalues
y = zeros(length(t),1);

%initialize table array
% # Cols = time + # lambda values
V = zeros(NumRows, 1 + length(lambda));

% Populate table times (Col = 1)
for i = 1:NumRows

V(i,1) = TableTimes(i);
end

% populate rest of table values
Col = 1; % initialize
y(1) = y0;
for k = lambda
Col = Col + 1; % set display col for each k
Row = 1;
V(Row,Col) = y(1);
for 1 =2:tength(t)
% Runge-Kutta method

ki = afn(k, t@(-1), y@{-1));
k2 = afn(k, t(i-1) + h2, y(i-1) + h2*kl);

k3 = afn(k, t(i-1) + h2, y(i-1) + h2*k2);

k4 = afn(k, t(i-1) + h, y(i-1) + h*k3);

y(@(i) = y(@(i-1) + h*(kl + 2*k2 + 2*k3 + k4)/6;

% display result only at specified times
it abs(t(i) - TableTimes(Row+1)) < 0.00001
Row = Row + 1;
V(Row,Col) = y(i);
end
end
end

format short

T =—array2table(V);

% label the table columms and display the table

T.Properties.VariableNames = {"t°, "k 17, .
"k_10°,
"k _20°, ...
"k 50"}
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1.0000 1.0000 1.0000 0.9960 -2.6334e+11
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clear

syms k t y h

h2 = h/2;

afn = @k, t, y) k*y + 2*t - k*t"2;
ki = afn(k, t, y);

k2 = afn(k, t + h2, y + h2*kl);

k3 = afn(k, t + h2, y + h2*k2);

k4 = afn(k, t + h, y + h*k3);

yn =y + h*(kl + 2*k2 + 2*k3 + k4)/6;
collect(yn,k)
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