6.4 Symmetric Matrices

1 Write A as M + N, symmetric matrix plus skew-symmetric matrix:
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For any square matrix, M = '”T”'T and N = add up to A.
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. 2 If C is symmetric prove that ATCA is also symmetric. (Transpose it.) When A

is 6 by 3, what are the shapes of C and ATCA?

AT = ATTa = AT h.
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3 Find the eigenvalues and the unit eigenvectors of
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Find an orthogonal matrix Q that diagonalizes A = [ ~2§].
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Find all orthogonal matrices that diagonalize A = [lg ié]
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8 If A®> =0 then the eigenvalues of A must be _. Give an example that has
A # 0. But if A is symmetric, diagonalize it to prove that A must be zero.
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9 If A =a +ib is an eigenvalue of a real matrix A, then its conjugate A = a — ib
is also an eigenvalue. (If Ax = Ax then also AX = AX.) Prove that every real 3
by 3 matrix has a real eigenvalue.
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10 Here is a quick “proof” that the eigenvalues of all real matrices are real:

xTAx

is real.
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Ax =Ax gives xTAx =ix"x so A=

Find the flaw in this reasoning—a hidden assumption that is not justified.
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i 11  Write A and B in the for llxix "4 Aox2x) of the spectral the orem QAQT:
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A:[l 3] B:[IZ 16] (keep [|x1]|| = [|x2]l = 1).
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12 Every 2 by 2 symmetric matrix is )le}x]r + kgxzxg = A P; + X2 P,.  Explain

Pi+P = x|x'1r+x2xf,f = [ from columns times rows, P; P> = Jr|.1c1T -} Xng =0
and from row times column.
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Another proof that eigenvectors are perpendicular when A = AT. Suppose Ax =
Ax and Ay =0y and A # 0. Then y is in the nullspace and x is in the column
space. They are perpendicular because _____ . Go carefully—why are these sub-
spaces orthogonal? If the second eigenvalue is a nonzero number f, apply this

argument to A — B/. The eigenvalue moves to zero and the eigenvectors stay the
same—so they are perpendicular.
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21 True or false. Give a reason or a counterexample.

(a) A matrix with real eigenvalues and eigenvectors is symmetric.
(b) A matrix with real eigenvalues and orthogonal eigenvectors is symmetric.
(¢) The inverse of a symmetric matrix is symmetric.

(d) The eigenvector matrix S of a symmetric matrix is symmetric.
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22 A normal matrix has ATA = AAT; it has orthogonal eigenvectors. Why is every
skew-symmetric matrix normal? Why is every orthogonal matrix normal? When
is [_‘]’H normal?
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23 (A paradox for instructors) If AAT = ATA then A and AT share the same eigen-
vectors (true). A and AT always share the same eigenvalues. Find the flaw in
this conclusion: They must have the same S and A. Therefore A equals AT.

[ ook af A= ] © '] _',/-}T“-[o —/z CAEAT
- 0 /¢
A

But AA = [1 o}—, A

o !
/goﬁ A cma/ 4’7’ Aaw :
Act( A-21)= det (A™-ATL) = X9/=0 = Q=i -i
[Sud 7(mr A:N=0= 4%1':["1" /K_,[*/ /]

-l -7 0 0
‘7>(‘—_~[l
[
N=-=2 A-a1° 0] ~»[//
-1 0d
:77§:[~’K
;
T SA = - [i 0
(1 VLo -



,-_ S'Za/( Samt €zjmv:6/0r$) {QVL ndVli'm Soumc

fz/af/‘/ws///'o W/‘ﬂ ﬁxz 5!a/z/ e/'fenm/ue?



24 (Recommended) Which of these classes of matrices do A and B belong to: In-
vertible, orthogonal, projection, permutation, diagonalizable, Markov?
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Which of these factorizations are possible for A and B: LU, QR, SAS™', QAQT?
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